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EDITOR'S PREFACE 


The present volume covers the three-dimensional aspects of the material 
contained in the first volume. There is an additional chapter on the special 
functions that arise in the solution of the problems treated; the basic proper- 
ties and representations of these functions are derived in a simple and straight- 
forward manner. As in the first volume, the topics in each chapter are 
motivated by their physical origins and are supplemented by examples, as 
well as by exercises. A few additional but pertinent references have also 
been included. 
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SPATIAL WAVE PROPAGATION 


5-1. INITIAL VALUE PROBLEM 


1. The mean value method 


In this paragraph we shall concern ourselves with the three-dimensional 
wave equation 


du — @ oe = —f (5-1.1) 


and determine the solution which satisfies the initial conditions 


u(x, ¥, 2,0) = g(x, y, 2), 


(5-1.2) 
u(x, Jy, zZ, 0) == WX, Jy, Z) * 


This problem is of fundamental! significance for the theory of sound propa- 
gation, for the investigation of the propagation of electromagnetic fields, as 
well as for a number of other fields of physics. For simplicity we shall first 
assume that f = 0. 

To determine the function w at a point M, we introduce the new function 


a 1 1 
iy, i= ree | “uaS = ie | al udQ. (5~1,3) 


Here S;’° denotes the spherical surface of radius r about M(%, 9, 20), and 
dQ = dS'r’* is the element of solid angle corresponding to dS. Obviously, i, ¢) 
is the average value of the function on the spherical surface S; with radius 
r about M,. We see at once that 


u(Mo, to) = (0, to) 5 


We shall soon show that the function uw so defined satisfies the homogeneous 
equation. For this pourpose we write the Laplace differential expression Ju 
in spherical coordinates 


1 a/ .du 1 @/.. au 1 au 
Ju = S(t) Qn < (sino iw Tee a ee 
Yr or or r°sin@ 00 a0 r sin’ @ dg 
Since # does not depend on @ and ¢, 


1 a/ 2é0i 1 au 
eS OO LL ees =6 
r mG x) ° 
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must be satisfied, provided our assertion is correct. The integration of the 
homogeneous Eq. (5-1.1) (when f=0) over a region 7; bounded by the 
spherical surface S;"° gives 


1 @ au 
eA Oe c= dudz= 5-1.4 
a 5 nara) 4 ia wa |. \ gare ( ) 


If now we recall that the unit normal vector of S”° is in the direction of the 
radius of the sphere and that the surface area element dS =r’ dQ, then we 


find 
i is ds = | (er dQ = pe ra] ral | a0 | : 
Mo) on sMo Jor Ar LJsMo 


Therefore, if on the left side of Eq. (5-1.4) we set de = 7’ dr dQ, we obtain 


a ci ait r*ar'| | |. a0 | = 3 \ | a0 | : 
> at? so Or |_jJso 


r Tr 
By differentiation of the last equation with respect to r and division by 7’, 
we conclude that # satisfies the equation 


1 vi =42(r ae) 
a ate oY’ ar\ ar 
Now, the Laplace differential expression has the property that it assumes 
the form 


1 = 


2 (2) = Leep 
or ar] or ar 

for a function U = U(r,t) which does not depend on ¢ and @. By using this 
property of the Laplace operator, it is easy to see that for every spherically 
symmetric solution # of the three-dimensional wave equation, the substitution 
v = 7tt leads to the one-dimensional wave equation 


av wi av 
2 


ar> a at’ 


The general solution of this equation has the form 


varia fll ~~) +(e tS) 


For r= 0, because of the boundedness of #, we obtain 


O= f+ fit) or f= -f= A) 


for arbitrary values of ¢; that is, 


varia s(t+) aaa 


If we differentiate this formula with respect to r, then we obtain 


ut rf = Ts (t- ee male 
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from which, for r= 0 and ¢t = fy, there follows 
a 2-5 
u(O, to) = u(Mp, to) = cad (to) . 


For the solution of the initial value problem formulated above, the function 
f(t) must now be expressed in terms of the functions ¢ and ¢ occurring in 
the initial conditions. By addition of the equations 


we obtain 
re] = 1 a] sa! 2 t Yr 
—(ri)+—T(rh)=—flt+—)}). 
ar‘ t) a at ) a r( ~) 
For =0 and r= at), it follows that 


Mo, to) = [20 1 = < (ri) | 


T=aty t=O 


or, if we introduce the expression (5-1.3) for 7, 


1 a ] Ou 
M), ee dQ? =a IQ 
Mo, to) alee . a Pe e ot ‘ ia 0 


Here, if we substitute the initial values and drop the index 0 from M, and 
to, We finally arrive at the so-called Poisson formula 


u(M, t) = erie |£as+ | [fas (5-1.5) 
4za\_at sm r Sa r 

This formula was derived under the assumption that a solution exists for the 

problem considered. Our formulation simultaneously shows the uniqueness of 

the solution for the prescribed initial conditions (see Section 2-2). As we can 

prove directly, the Poisson formula under very general assumptions on ¢ and 

@~ yields the solution of the problem. 


2. The method of descent’ 


In the x, y, z-space, formula (5-1.5), which was obtained in the preceding 
section, gives the solution of the homogeneous wave equation with initial 
conditions which are, in general, arbitrary functions of the variables x, y, z. 
If the initial values y and ¢ do not depend on z, then obviously the function 
iw defined by (5-1.5) is also indepedent of z. Consequently, this function satisfies 
the equation 


1 
Usr + yy — tte = 0, 
a 


1 This designation is due to J. Hadamard; see R. Courant and D. Hilbert, Methods 
of Mathematical Physics, Vol. II, Interscience, 1962, pp. 205-206, 686-688. 
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and the initial conditions 
w(x, y, 0) = v(x, ¥), 
u(x, 7,0) = P(x, ¥) . 


The Poisson formula, therefore, leads not only to solutions of spatial 
problems but of plane problems as well. 

In formula (5-1.5) the integration extends over the spherical surface Sy. 
Since the initial value is independent of z, the integration over the upper 
hemisphere can be replaced by an integration over the circular surface 2), 


f 


which we obtain by cutting the sphere S2, with the x, y-plane (Figure 77). 


Z 


FIG. 77 


The surface area element dS of the sphere is related to the surface element 
da of the circle by 
da =dScosy. 


Therefore, we find 


Vay a WI = eG 


ees al al 


We perform the integration over the lower hemisphere precisely as before so 
that the integral over the circle is taken twice. Therefore, we arrive at the 
formula 


= eee Ee (a em Coe) / 
NER YON pee fe | AP cirerrs rc 


PE, 9) dé dy | ea 6 
’ | len = Ca oe 


in which the integration is to be extended over the interior of the circle of 
radius af with center (x, y). 

Completely analogous is the case where the initial values ¢ and ¢ depend 
on the variable x alone. In this case, with the aid of formula (5-1.5) we find 
a function u(x,t) which is the solution of the equation 
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1 
llix Zz ltet = 0 
a 


with the initial conditions 
ix OS = es a(x, 0: = gx). 


For this purpose we introduce polar coordinates whose polar axis has the 
direction of the x-axis. The surface area element dS then assumes the form 


dS =r’ sind di dg -— - rde dé, 
since 
F=x+rcosét, dé = —rsinéddé. 


Hence, by integration of the Poisson formula (5-1.5) with respect to ¢ we 
obtain 


1 a x-at a-at 
u(x, 1) = la (di dé + | 8) a 
2a ot 3. at x at 
Further, if we carry out the differentiation with respect to ¢ in the first 

integral, we arrive finally at d’Alembert’s formula (see Section 2-2) 


ux, f)= 


Hes = x-al 
g(x t+ at) + (x a) | 5a | ede. (5-1.7) 


2 n 2a 


The wave equation with three, two, or one-position variables is known, 
respectively, as the spherical, cylindrical, and plane wave equation. This 
terminology corresponds completely to the method of descent used above 
because for the solution of the wave equation in the two-dimensional or one- 
dimensional case, we started from the corresponding three-dimensional problem 
and thus ‘‘descended’’ to a smaller number of variables. The solutions obtained 
for two variables or one variable correspond to cylindrical and plane waves, 
respectively. 

The descent method is applicable not only to the wave equation, but also 
to other types of differential equations. In a series of cases, by starting with 
this method, we obtain from the solution of the corresponding equation in 
several variables, the solution of the equation with fewer number of variables. 


x-at 


3. Physical interpretation 


Formulas (5 1.5) and (5-1.6) make it possible to obtain an idea of the 
physical form of the propagation of spherical and cylindrical waves. We shall 
consider first the three-dimensional case. As we have already seen, the physi- 
cal character of the propagation processes for three variables can be distin- 
guished essentially from that of two variables.’ 

We shall limit ourselves to the investigation of a local excitation, that is, 
we shall assume that the initial state described by the functions » > 0, ¢ > 0 
is different from 0 only in a certain bounded region 7,. First, we consider 


2 Usually they are the position variables. 
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the change of state u(M],,¢) at a point M,, which could lie outside of the 
region JT). 

The state « at the point A% for time ¢ is determined according to formula 
(5-1.5) by the initial state at those points which lie on the sphere S2;° of radius 
at with center Af). The function «(M, ¢t) is then different from 0 only if the 
sphere S,/° intersects the region T, of initial values. Let d and D be the 
nearest and farthest distances of the point MM from the points of the region 

Mg 


T, (Figure 78). If ¢ is sufficiently small (¢ < 4; =d/a), then Sa,° does not cut 


Mo 


FIG, 78 


the region 7), and the surface integral in formula (5-1.5) is equal to zero; 
the excitation has not yet penetrated up to the point 44,. From time ¢t,=d,a 
up to time ft, = Dla, the sphere Sz/° (t; < ¢ < te) cuts the region 7); the sur- 
face integral in (5-1.5) in general is different from zero; the point M4 is in 
an excited state. For larger values of ¢, the region 7, lies in the interior of 
the sphere S.¥°, and the corresponding surface integral vanishes; the excita- 
tion penetrates beyond the point Af. Therefore, in the case of propagation 
of local excitations in space, no secondary effects occur. 

We now consider the instantaneous spatial form of the excitation 
uM, t,) for time t,. The points M which are found in the excited state are 
characterized by the fact that the initial excitation cuts the spheres Son of 
the region 7J,. In other words, the set WW of points on which the excitation 
is different from 0 consists of those points which lie on a sphere Si, of radius 
at) about a center P of the region 7T,. The envelopes of the family of spheres 
Soi form the boundary of the region W. The outer envelope is called the 
forward front, the inner envelope the backward front of the propagating wave. 
Figure 79 shows the forward and backward fronts of the wave [(1) and (2)] 
for the case where the region 7, is a sphere of radius R,. 

Accordingly, the initial excitation, which is spatially localized, produces 
a localized excitation at each point MM], of space-time; hence there follows 
Wave propagation with a sharply defined forward and backward front (Huygen's 
principle). 

We turn now to the consideration of the two-dimensional case. Let the 
initial excitation be prescribed in a region S, of the x, y-plane. We are 
interested in the change of state «M),¢) at a point M, which lies outside of 
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So. On the basis of formula (5-1.6), the state w(M),t) at M, for time ¢ is 
determined by the initial value at those points P which belong to the circle 
ae with radius at, about M,. For t <t, =d/a (d denotes the shortest dis- 
tance of the point M, from the points of region S)), «u(M), t) = 0; the excitation 
still has not penetrated up to the point M,. For t>%t,, u(M,t) +90. This 
means that at the time t =¢,, at the point M,, an excitation occurs which, 
in general, increases and then, from a fixed time on, decreases to the value 
O (for f-» co). 

The essential difference between the plane and the spatial case is in their 
secondary effects. The influence of the initial excitation localized in a bounded 
plane region is not localized temporally. In contrast such an influence is 
characterized by its longer lasting secondary effects. Therefore Huygen’s 
principle is not valid in this case. 

The instantaneous form of the excitation in the plane case consists of a 
precisely defined forward front, but no corresponding backward front. Problems 
in two variables can be treated as spatial problems in which the initial exci- 
tation is given on an infinitely long cylinder and does not depend on the third 
coordinate. In this way we can also easily obtain an idea of their secondary 
processes. 


4. The method of images 


The initial value problem for the wave equation can be solved by the 
method of tmages, provided the region under consideration is bounded by 
planes. 

Thus we treat the following problem for the half space z > 0: 

Determine the solution of the wave equation 


1 
Ju = yz lett 
a 


which satisfies the initial conditions 


MENG Uy S oie) 4 SQ) 
(x, v, 2,9) = P(x, v, 2), 
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and the boundary conditions 
Ou 
Ulz=9 =O or — =0 
0z z=0 


The solution of this problem is given by formula (5-1.5) if the initial 
conditions are continued in the entire space: indeed. as an odd continuation 
(for w!,-9 = 0) we have 


(x, ¥. 2) = —¢(x%, y, —2), Wx, ¥, 2) = —G!X, ¥, —2), 
or aS an even continuation (for (é7'6z)|,-) = 0), 
oy, V2) = (4,9, — 2), G(X, ¥,2) = OX, ¥, — 2) . 


We shall now prove that for odd continuations of the functions ¢ and ¢, 
the boundary condition x#l,-» = 0 is automatically satisfied. In fact, 


WP, t) = wx,y,00= rena [ssn8 76) ds +- | [ene 7 §) as | 
4za | at sP at 7 at 


since the surface integral over the sphere, whose center lies at the points of 
the plane z= 0, is equal to zero for odd continuations of » and 9. 

We treat analogously the problem of a stratified plane OS zS/ with 
boundary conditions of the first or second kind and corresponding initial 
conditions 


0, 


u=0O for z=0 and z=l, 
or 

wr=0 for 2.0! “and: 2ST; 

O02 

Formula (5-1.5) immediately yields the solution, if the initial conditions 
are continued evenly (or oddly) with respect to planes z=0 and z=/. The 
inttial functions ¢ and « defined in this manner are then periodic functions of 
z with period 2/. 

If the initial functions ¢ and @ in the layer 0 <z</ are chosen so that 
they differ from 0 only in a region TJ), then the continued functions differ 
from 0 only in a sequence of regions 7,. We obtain these from 7, by images. 
The function «(M, t) is then, for each M and ?, a sum of finitely many sum- 
mands, which are determined by the excitations in the regions T, (see Sec- 
tion 2-2.5). The physical significance of this procedure ltes in the fact that 
during a finite time interval, finitely many reflections from the walls z= 0 
and z=/ occur. Correspondingly, we solve the initial value problem for a 
parallelepiped. 


5-2. THE KIRCHHOFF FORMULA 


1. Derivation of the Kirchhoff formula 


To solve the equation of the vibrating string, 


] 
Wy sla — ff, 
a 
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by means of the wave propagation method, the idea of the characteristic angle 
is used extensively. Here, to solve the two- or three-dimensional wave equation 
l 5-2 
Ju- ste = —f., (5-2.1) 
a 


we use the surface 


Pao = If — fol, 


with the so-called characteristic cone occurring at point MM, and time f,.. The 
totality of points of the phase space (M, ¢) at which a signal arrives, which 
is sent at the time ¢, from the point M, and which propagates with velocity 
a, is determined by the equation 


1 

SF AL Sta t— to, (f >to), 

a 
l.e., the points form the upper part of the characteristic cone belonging to 
the point M,. Correspondingly, a signal sent at the time ¢ from the point M 
reaches the point MM, at time f), provided 


l 
—Yrum,Ht—t, (t < to). 
a 


The geometric locus of the points (M,t¢) is therefore the lower part of the 
characteristic cone (Figure 80). 


For the case n = 2 


FIG, 80 


To determine a solution «(M,t) of Eq. (5-2.1) at the point (M, to), we 
introduce in place of time ¢, a ‘‘local time’’ ¢*, corresponding to the point 
M,, by setting 


Now if we also introduce a polar coordinate system (7,0,¢) attached to the 
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point M,, we arrive at the new coordinate system 
ee * x oe r 
r°=r, =, og =c, f"=tf—-—(t,-—). 
a 


At this point the question arises as to which equation the function 
Ur, Oeh) = u(r OF ®t + ty — =) SU Oe) 
a 


must satisfy, if «w(W, t) satisfies Eq. (5-2.1). In polar coordinates the Laplace 

differential expression has the form 

a2 cal a a a2 

au 2 Ou 1 af... ou 1 a tt 
Se te Om S50 os 

or r or yr sing a a) r’sin’@ Go 


we note the relations 


1 
up, = U, + —U;y- , its = Us. , tee = Use, 
a 
9 : ty = Uy, lise =U wags: 5 
iby, = Uy +r oe — Uys ate BRoe ’ iy = Uy ’ ee = Ure 
a 


between the derivatives with respect to the new and old coordinates. Eq. (5-2.1), 
therefore, is transformed into 


2 4G 


MU = Soa: = (r*U,-) — F(r*, 0%, 0%, t), (5-2.2) 
a 


or® 
where 
F(r*, 6°, 07,0) = f(r, @,¢, t). 


Now let the point Mo(x», ¥o, 20) lie in a spatial region 7, which is bounded by 
the surface S. Then we interpret Eq. (5-2.2) as an inhomogeneous Laplace 
differential equation in which ¢* is a parameter, and we apply Green's formula 
(Chapter 4) to the region T. Thus, if we set t* =0, then we obtain® 


1 aU ofl 
An i = —_— — pee ee 
Mes) | | Ee on us r ) jas 


ae or ck es F 
ie \\ | ox aa? ae) : We 


The point M, here is the origin of the polar coordinate system. There- 
fore, the volume integral in the last expression is to be understood as follows: 
If Ts is a sphere of radius « about M,, then the integral is extended over 
T Tez and we pass to the limitas ¢— 0. For the second summand we obtain 


ft 2. @ (- i) a 
2 A“ © 
gear Or at* 


\\ | et (2) sin 0* dr* di* de* , 
P=1 


a ot* 


a 


I, 


3 According to the conventions in Chapter 4, the signs in the formula correspond to 
the exterior normals. 
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and by integration over r* 
2 aU * 2 aU 
pa he sty _( (2 BY as, 
| | or* oF cos (n,r°)dS |. or oF dS 
since 
dS, = dS cos (n, r*) = r* sin 0* d0* dy™ . 


The second summand in /, approaches 0 as <->0, since the area of the sur- 
face S, equals 4ze’. Therefore, for the limit value of J, as <-»>0, we find 


20 4 (x OU 2 aU dr* 
I - Tyke AK le = ok x 7 , 
: iI, ar*? ae? a) Ries at* dn oe 
since’ 
art 
cos (72, 7") = 7 
Therefore, 
n A“ * 
4U(Me,0)=\ |e UZ (4) + oe Te ase | | Bae. 
S roo oon on \r ar” at” dn Pale 


We now return to the original variables and to the function 


u(M, t) = U(M, t*), ¢ Se ee a hee as ; 


Hence there follows 


U(M,, 9) = uM, to) 
and 
ou aU , 1 aU adr 


A a ~ AY . 
on on a ot” dn 


Finally, we obtain for the function w{(M),¢)) the so-called Kirchhoff wave 


formula’ 
Mie) = ral I Fa = a2 (—-) + male dS 
4z Js Jr Lon on\ r ar | ot _|on 


AY (aw 5-2.3) 


47 r 


The square brackets signify that the corresponding function values for ¢* = 0, 
that is for ¢ = (tf, — ru,m)ia, are to be taken, so that [f] = f(M,t — rusia). 


4 For this transformation we use the expression dr = r*?dQdr*?, integrate over r* 
and, finally, set dQ = dS/r*?. 

5 The Kirchhoff formula was generalized by S. L. Sobolev for the hyberbolic differential 
equation with an even number of variables. By means of this Kirchhoff-Sobolev for- 
mula, the solution of initial value problems for such equations is possible. See S.L. 
Sobolev, ‘On a Generalization of the Kirchhoff Formula,’’ Doklady, New Series, 1933, 
p. 256. 
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2. Consequences of the Kirchhoff wave formula 


Formula (5-2.3) is used for an entire series of problems. As a first ex- 
ample, we consider the following initial value problem: 
Determine a solution of the wave equation 


l 
Ju—sun=9, 
a 


which is defined in the entire space and satisfies the initial conditions 
wlr.9 = V(X, ¥, 2), tele o = P(X, V, 2). 


The upper part of the characteristic cone r = a(t) — t) of a point (Mbp, to) 
cuts the manifold ¢ = 0 in the sphere San (vy = aty) with a radius at, about M). 
Now we set § = Sa and apply formula (5-2.3). For each function uM], t), 
[v] on the sphere S,/° has the form 


[v] = »(m, i= Het) = v(M,0). 
Therefore 


[2], =uM,0) =o(M), 
aty * 


Fa = “(M, 0) = gM), 
sio at 


at 


Ee = 0,0) = 2m). 
an silo or 


Furthermore, we find 


1 fu 6 (1 1 de ofl I. @ 
ll se) oe ee es 
r Lon an\r r or ér\ r r” Or 


If we insert this expression into formula (5-2.3), we obtain 


(My, tp) = — PSE eas 
4z 80 Yr or ar 
L[oa 1 | i 
=| 5dQ+— rp AQ : 5-2.4 
4x E lea = ft a tal ea Jr=aty 
0 0 


Hence, if the index 0 is dropped from Mot), we obtain the Poisson formula 


uM, t) = hala | \fas+ | /\= 4s] 
SF, ‘ o r 


4za |_ot ? 


at~ 


As a second example, we consider the solution of the inhomogeneous wave 
equation with homogeneous initial conditions. We again set S = Sie and note 
that the surface integral in formula (5-2.3) is equal to zero. Consequently, 
we obtain 


r 


a 


uM, to) = ral ’ | [f] dca , (5-2.5) 
PIIT GO 
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where 723 is a sphere with radius at, about M,. We shall investigate in 
detail the case in which the inhomogeneous part of the wave equation is a 
periodic function of time: 


(MH) =filMe™. 
Therefore let # denote a given frequency. From Eq. (5-2.5) we obtain 


-tkr 
(Mo, to) = cnter \| : | fm) c dzs , (7 =ruu,, k= <) : (5-2.6) 
e IT a0 


ore Yr a 


Now let us consider the function /.(M), which is different from 0 only in 
the interior of a certain spatial region T. If M, lies in the exterior of 7 and 
if the distance between M, and the nearest point of region T is equal to d, 
then the integral over Tar, for ty < da is equal to 0. For such values the 
excitation has still not reached the point M,. If the distance between M, 
and the furthest point of 7 is equal to D, then for ¢t, > Da, the integral on 
the right side is constant and reduces to an integral which extends over the 
entire region 7. Consequently, from the time ¢,— Da on, at every point 
M,, a periodic vibration occurs with amplitude given by 


tkr 
v(M,) = + \\ | fom) c s dz, (y = Fun,) » (5-2.7) 
zJJr J 


so that 
u(M), ty) = v(M, Je’? F 


By insertion of expression (5-2.6) for w (for tf) > D,a) in the vibration equation, 
it follows that the function v(M) must satisfy the differential equation 


dv+kRv= —fi(M), (2 > <) , (5-2.8) 
@ 


which we call the wave equation in the following discussion and which we 
shall investigate further in the Appendix. 
We consider now formula (5-2.3) for the case of forced vibrations where 
u(M, t) = v(M)e* . 


Let v(M) be the amplitude of vibration, and let it satisfy Eq. (5-2.8). 
Here, we have 


uM \ _ tlwt kx: ou OV stwiskri 
= = 2 pS eM je , = 1 = 57 e , 
[2] u( M. : a ) uM) Ea on 

1 oO * itwt-kri i(wt—kr 

J [SE] = aeocmetor Lf) fametort” 


If we substitute these expressions into formula (5-2.3), then we arrive at the 
integral formula for the wave equation, 


Cc ,-tkr -tkr 
v(M,) = ral leona ) | aS 
4z}5 ron On r 


eg Ore 


? 


dtm , (,=Yrum,); (5-2.9) 
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which is usually called the Kirchhoff formula. 
For k = 0, formula (5-2.9) is transformed into Green's formula (Section 4-2) 
for the inhomogeneous Laplace differential equation. 
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1. A general scheme for the method of separation of 
variables. Standing waves 
The problem of the vibrations of bounded spatial regions can be formu- 
lated in the following manner: 
Determine the solution of the equation 


div (Rk grad w) — qiM)u = po Muu (5-3.1) 


[the point MJ = M(x, y.z) traverses the interior of a fixed spatial region 7 
which is bounded by a closed surface S| which satisfies the following auxiliary 
conditions: 


u(M, 0) = c(M) 
w(M, 0) = gM) 
wsg=0 fort >0. (5-3.3) 


in the interior of 7 (5--3.2) 


In the case of a homogeneous medium (k - const, p const), Iq. (5-3.1), for 
q=0, takes the form 


1 k F 
dus atu —f, (du. faz), 


We are led to this and similar problems when studying, for example, 
vibrations of a membrane (two independent position variables), acoustic vibra- 
tions of a gas, and electromagnetic processes in nonconductors. Of special 
significance are those problems which are related to forced electromagnetic 
vibrations in cavity resonators (endovibrators, klystrons, magnetrons, and so 
forth). 

Let us note that the homogenity of the boundary condition (5 -3.3) signifies 
no loss of generality. 

The case 


uls = ft, (5-3:3 ) 


Where ys is an arbitrary function of the point P on the surface S and the time 
f, can very easily be incorporated in the case for the homogeneous boundary 
condition and, indeed, has already been explained for one variable in Section 
2-3. There we considered the difference of the prescribed function; corre- 
spondingly, this is true of the second and third boundary-value problems. 

We shall now determine the solution u(M, ¢) of the homogeneous equation 
(5-3.1) under the conditions (5.3.2) and (5 3.3) by separation of variables. We 
shall limit ourselves, therefore, to the investigation of some formal solution 
schemes. Tor this purpose, we first consider the following auxiliary problem 
(see Section 2-3): 
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Determine the nontrivial solution of the homogeneous differential equation 


div (k grad #) — qu = pun, (5-3.1') 
with the boundary conditions 
“wls=O0, (5-3.3) 
which are representable as a product, that is, in the form 
u(M, t) = v(M)T(t) . (5-3.4) 


If we substitute Eq. (5-3.4) into Eq. (5-3.1) and separate variables in the 
usual way, we obtain the following equations for the functions v(M) and T(t): 


div (k grad v) — qgu+ 4pu =0, vie =O (5-3.5) 
EY halt 0: (5-3.6) 


The differential equation (5-3.5) represents an eigenvalue problem; that is, we 
must determine the eigenvalue 2, which corresponds to the nontrivial solutions 
(the eigenfunctions) of the homogeneous equation with homogeneous boundary 
conditions. 

We shall now go into further details of this problem which is analogous 
to that in Section 2-3. In our case, the equation for the eigenfunctions is a 
partial differential equation. As a result, the derivation of an explicit repre- 
sentation of the eigenfunctions for an arbitrary region 7 presents difficulties. 
Therefore, we consider in Sections 5-3.2 and 5-3.3 a region T for which an 
explicit representation is possible, even if it becomes necessary to introduce 
a new class of special functions. At this point we shall specify only general 
properties of eigenfunctions and eigenvalues and use the formal scheme of 
separation of variables. We begin by enumerating these properties. 

1. There exist countably many eigenvalues 4; < 42 <++- <4, < +++, which 
correspond to the eigenfunctions 


Ue 2) UR Vr 2)s 2k DI 2s ee 
The eigenvalues increase unboundedly with increasing index 2: 2, — 00 as 
11 00, 
2. For g=0 all eigenvalues 2, are positive: 4, > 0. 
3. The eigenfunctions v, are orthogonal to each other with respect to the 
weight function in the region T; p(x, t, z): 


Um(M)u,(M)o(M) dey = 0, (nm #N), 
| en M)v4( MoM) de ) er 
M= M(x, y, 2); dtu = dx dydz. 

4. Expansion theorem: Every twice continuously differentiable function 
F(M) which satisfies the boundary condition F = 0 on S can be expanded in 
a uniformly and absolutely convergent series of eigenfunctions v,(/M): 


F(M) = x F,v,(M) , 


where F, are the coefficients of expansion. 
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The proofs of properties 1 and 4 are usually carried out by using the 
theory of integral equations. We shall be content with the proofs of properties 
2 and 3 which require no special apparatus. First we show the orthogonality 
of the eigenfunctions v, (property 3). Let y,(M) and v,~(M) be two eigenfunc- 
tions which correspond to different eigenvalues 4, and 2,.. Then 


a A A a nA An 
af, 60 a (, av 6 [ov . 
(eo) 7 2 (eo) - (eS) — Gln + dnptn = 9, 
ox OX ov oy 92 rd 


cal cat A nN A A“ 

Oo av . @ Ov 0] Ov 5 
(eat) = 2 (aa) + SRS) — ave + tnpve = 0, 
Ox OX oy ay 02 Uz 


where v, =0 and v,=0 on S. Multiplying the first equation by v,(M), the 
second equation by v,,(iM), and subtracting the second equation so obtained 
from the first, we have 


\{ liv. div (k grad vn) — Um div (k grad v,)} de + Um — in| |vwwap de =0. 
T T 


Hence, after some transformations similar to those which were carried out 
for the derivation of the second Green's formula,® we obtain 


ov av 
| Urk— = Unk a “ 
si av ov 


where v denotes the direction of the exterior normal. From the boundary 
conditions, however, vx =0 and v, =0 on S, so that 


) da + Gin — 20\ |onse de =0, 
T 


(hm — An: \| |oarse dee 0, 
a el, 
Hence, for 4, # 4, there results 


\\ |onvse do Cm 1; 3 
T 


that is, two eigenfunctions which correspond to different eigenvalues are or- 
thogonal to each other with respect to the weight function piM). 

In the investigation of the corresponding boundary-value problem for one 
independent variable 


XxX" ~ipX =0, X(0)=0, XU;=0. 


we have shown that each eigenvalue corresponds exactly to one normalized 
eigenfunction. For two and three variables this is no longer the case. It 
will become clear from the examples to be given later that for eigenfunctions 
of a rectangle or a circle (see below) one and the same eigenvalue can corre- 
spond to several eigenfunctions. However, it is known from the theory of 
integral equations, that to every eigenvalue there belongs at most a finite 
number of linearly independent eigenfunctions. 


6 In this formula, the normal derivatives of the eigenfunctions are on the surface S. 
For the derivation of this formula for Liapunov surfaces, see V.]. Smirnov, Textbook 
of Higher Mathematics, Part IV, VEB Deutscher Verlag der Wissenschaften, Berlin, 1958. 
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Now let the eigenvalue 2, correspond to the system of linearly independent 
tly 12) (m 


eigenfunctions vz, Un ».-.., UV,” . Obviously, then, every linear combination 
of these functions 


™. 4 
a 'a) 
va = 2D avs 
t=1 


is also an eigenfunction with the same eigenvalue 4,. With the help of the 
well-known Schmidt orthogonalization process,’ we can construct an orthogonal 
set of functions 7,°,...,0,"' which are linear combinations of the original 
eigenfunctions. Therefore, the eigenfunctions belonging to the eigenvalue 2,, 
which are not orthogonal to each other, can be transformed by orthogonali- 
zation to a system of eigenfunctions which are orthogonal to each other and 
correspond to /,. 

The totality of this system of eigenfunctions for different 4, forms an 
orthogonal system of eigenfunctions of the boundary-value problem under 
consideration 


div (k grad v) — qu + zpv =0, y= Oon.S: 


The expression 


is called the norm of the eigenfunction v,. By multiplication of v, with 
11/N,, we obtain a system of normalized eigenfunctions (that is, eigenfunc- 
tions whose norms are all equal to one). 

For the proof of property 2, it is sufficient to apply Green’s first formula 


\\_(c grad v,)° dz = | 


|r. div (k grad v,) dt + | | ok gen ds 
JS 


a ] on 
| T 


|v’ dz + in| | v0 dz. 
- RAL! & 


eel’ 


From this formula it immediately follows that for g 20, the eigenvalues 4, 
are positive. 

We shall now make use of the expansion theorem (property 4) whose proof 
we assume is known from the theory of integral equations. Therefore let 


F(M) = 3 Fyv(M). 
n- 1 
Then, in the usual manner, by using the orthogonality relation (5-3.7) for the 


expansion coefficients, we obtain 


pr. = SUN Fv, Mp de 
" {§7§ vap de . 


We turn again to our partial differential equation. The solution of the 
differential equation 


(5-3.8) 


7 See, for example, V.I. Smirnov, Textbook of Higher Mathematics, Part IV, VEB 
Deutscher Verlag der Wissenschaften, Berlin, 1958. 
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To + AT. =0 
has the form 
T(t) = An cos Want + Bysin W2at 


so that the solution of our auxiliary problem has the form 
un(M, t) = Ta(t)vn(M) = (A, cos Want + Basin VAat)on(M) . 


The general solution of the original initial value problem is written in the 
form 


uM, t) = > w(M,t) = F(A, cosVWaat + BesinVatodM). — (5-3.9) 
n=1 n 1 
If these are to satisfy the initial conditions (5-3.2). 


mM, 0) = gM) = 5 Ayva(M), 


mM, 0) = GM) = 3 ByV Fave) 


then, as we know by using the expansion theorem, we must have 


An=¢n5 BV Fa = Cn 


Where o, and ~, are the Fourier coefficients of the functions ¢(M) or ¢(M) 
in their expansion in terms of the orthogonal system of eigenfunctions v,(M) 
with weight p(M). Thus the formal construction of the solution of the initial 
problem is completed. 

The physical interpretation of the solution obtained is completely analogous 
to the case of one variable. The individual solutions 


ttn(M, t) = (A, cos Want + B, Sin Wint)vn(M) 


represent standing waves which can occur in the interior of a bounded spatial 
region T. 

The ‘‘profile’’ of the standing wave, defined by the function v,(/M), can 
differ at different times only by a proportionality factor. Lines or surfaces 
(for two or three variables) on which v,(M)=0, are called nodal lines (sur- 
faces) of the standing waves v,(M). The points at which v,(M) assumes a 
relative maximum or minimum are called maxima of the standing waves 
considered.° 

The general solution can be represented as an infinite sum of such standing 
waves. The possibility of this representation means that every vibration can 
be obtained by superposition of the standing waves.° 

Consequently, the problem of the vibrations of a membrane or a spatial 
region essentially leads to the determination of the corresponding eigenfunc- 


8 [f a membrane is strewn with a fine powder and set vibrating, the powder collects 
in the nodal lines, whereby the so-called Chladni sound figures result. These reproduce 
the nodal lines of the eigenfunctions. 

3 The method of separation of variables in the case of several variables was estab- 
lished in the work of O. A. Ladyshenskaya, Doklady, 85, 3, 1952, p. 481. 
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tions. In the following two sections we shall investigate the vibrations of 
rectangular and circular membranes. Therefore, we shall direct our attention 
principally to the construction of the eigenfunctions. As already noted above, 
the determination of the eigenfunctions in an explicit analytic representation, 
when we are dealing with a complicated region, causes great difficulties. 
For an arbitrary region, approximation methods can be used for the con- 
struction of eigenfunctions; indeed, there exist different methods which depend 
on the use of integral equations, variational principles, or difference methods.’ 


2. Vibrations of a rectangular membrane 


The vibrations of a plane homogeneous membrane, as represented in Section 
2-2, is described by the wave equation 


tu =a’ du. (5-3.10) 


Let the rectangular membrane under consideration be in the x, y-plane, 
let it have sides of length b, and b., and let it be fixed along the boundary. 
Through an initial displacement and an initial velocity, the membrane is made 
to vibrate. For the determination of the function u(x, y, ) which describes 
the displacement of the membrane from the equilibrium position, we must 
solve the wave equation 


au of dau aru , 
ae = 4 oe + SF) (5-3.10) 
with the initial conditions 
u(x, y,0) = g(x,y), oe , OVS Ws (5-3.11) 
and the boundary conditions 
u(0, 7,4) =0, u(b,, vy, t) = 0, (5-3.12) 
ux 0; 1)= 0; u(x, bg, t) = 0. (5-3.13) 


As usual, we try to determine the solution with the help of the method of 
separation of variables; we make the Ansatz 


u(x, y, t) = v(x, y) TC) . (5-3.14) 
By putting Eq. (5-3.14) into Eq. (5-3.10) and separating the variables, we 
obtain for the function 7(t) the differential equation 
T’ +@iT =0, (5~3.15) 
and for the function v(x, y) the boundary-value problem 
Vig by + Av = 0, 
v0, y) = 0, vb, 9) = 0, (5-3.16) 
v(x,0)=0, v(x, b2) = 0. 
10 See, for example, Kantorovich-Krylov, Approximate Methods of Higher Analysis, 


Berlin, 1956. English translation: Interscience Publ., Inc., New York; P. Noordhoff 
Ltd., Groningen, The Netherlands, 1956. 
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The eigenvalue problem, therefore, consists of the solution of a homogeneous 
partial differential equation with homogeneous boundary conditions. This 
problem can also be solved by separation of variables. Therefore, we set 
v(x, y) = X(x)¥(y). 

For the functions N(x) and Y(y), we have the eigenvalue problems (in 
one independent variable) 


xX" +uX=0, X(0) = 0, X(b,) = 0; (5-3.17) 
y" 4: ny =0, Y(0) =), Y(b.)=0. (5-3.18) 
Here v and ye are constants which arise from separation of variables and are 
connected with each other by the relation # + v = 4. The boundary conditions 


for the functions X(x) and Y(y) result from the corresponding conditions for 
the function v. For example, the condition X(0) = 0 follows from 


v0, y) = XO)Y(y)=0, 


since Y(y) # 0. (We naturally consider nontrivial soluttons.) 

We have already discussed the solution of problems similar in nature to 
problems (5-3.17) and (5-3.18), when we investigated the vibrating string. 
The solutions of problems (5-3.17) and (5-3.18) have the form 


ay 


X,(x) = sin TE, Y,(y) = sin 
b 2 


2 2 
Mz NZ 
Vn = | 7 ; [in = A 
i ( be ) 
2 2 
Nz INT 
An,m = 5 + ue) 
Ge ( be 


correspond, therefore, to the eigenfunctions 


iz 


yo 


The eigenvalues 


INT 


- AT é 
Un,m = Aan.m sin —¥%* sin 
1 2 


V5 


where An, are arbitrary constant factors. We choose these factors so that 
the norm of the functions v,,, with weight 1 are equal to 1: 


Pipe. » Nx Pe wi 
4 . 3 a . © 
| | Vn,m AX dv = Ain | sin pxae| sin? —ydy=1. 
0 J0 0 b, 0 be 


From this follows 


4 
aoe. 


The orthogonality of the functions v,z,_ obviously require no proof. Therefore, 
the functions 
= 7 ran ee 
Va, m(X, y) = a sim bb sin bs J (5-3.19) 


form an orthonormal system of eigenfunctions for the rectangular membrane. 
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The number of eigenfunctions belonging to 4, .. (the multiplicity of 4.) 
depends on 7 and mw, the number of integer solutions of the equation 


na\? ma\r 
aah He aoe 
G) ( by ) , 

The system of eigenfunctions v,,» thus determined has the property that 
every twice continuously differentiable function which satisfies the correspond- 
ing boundary conditions can be expanded in an absolutely and uniformly 
convergent series with respect to the functions v,,,. This assertion is proved 
in the theory of multiple Fourier series. 

Now we shall show that the system (5-3.19) contains all eigenfunctions of 
our eigenvalue problems. Let us assume that there exists still another eigen- 
function mw. Let this belong to the eigenvalue 4. Since mw is orthogonal to 
all eigenfunctions which correspond to other eigenvalues 4, there remains in 
the expansion of mw) with respect to the system (5-3.19) only a finite number 
of members. These terms correspond to the eigenfunctions of (5-3.19) which 
belong to the eigenvalue 4,,, == 4%. Therefore, uw is a linear combination of 
functions which belong entirely to the system (5-3.19) and correspond to the 
eigenvalue 4... = 4). Thus all eigenfunctions of the rectangular membrane 
are contained in (5-3.19). 

If we now return to the original problem for Iq. (5-3.10), we see that 
the individual solutions 


Urn m = te Bici cos Vax at + Baim sin ye Fe at) 


represent standing waves whose profile is determined by the eigenfunctions 
Un.m- the geometric locus of the points within the rectangle at which the 
eigenfunctions vanish are the nodal lines. For simplicity, we consider a square 
with sides of length 6(b,  6.). The nodal lines of the functions 
Vawm = cs sin x sin y 
met ND b be 
are then straight lines which are parallel to the coordinate axes (Figure 81 a). 
In the case of multiple eigenvalues, the linear combinations of the cor- 


a) 
Via Vie V3,3 
FIG. 81a 
S 
V1.9 Vea V3 M34 a 


FIG. 81b 
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responding eigenfunctions are likewise eigenfunctions whose nodal lines can 


402 
be of a very complicated nature (Figure 81 b). 
The desired solution of Eq. (5-3.10) with auxiliary conditions (5-3.11) to 


(5-3.13) has the form 
in 
vdxady, 


wx, y,t)= > y (Brim COS Van mat + Bam Sin Van.mat)0n,m(X ¥) 
min tl 
Hence the v,,, are determined by the formula (5-3.19), while the coefficients 
Me 


(x, y) sin Ne x sin 
0 eed by b, 


B,.m and B,., are calculated in the following manner: 
= es 


ary dx dy . 
2 


2 by poo 
Baim = | | G(X, V)Vn,m(X, y) dx dy = 
0 0 
1 “aA re’ _ NT. 
Bam a V@ anim Aan \ \ Hn, y) a De oe b 
3. Vibrations of a circular membrane 
To investigate the vibrations of a circular membrane we use polar co- 
ordinates. In these coordinates the wave equation has the form 
1 G/ au 1 du. 1 au 
——(r—) + S =>. (5-3.20 
r ml a 4 ry’ 00? a? at? ) 
We shall seek a solution of this equation which satisfies the initial 
u(r, 0,0) = filr, 0) , u(r, 0,0) = folr, 8) (5-3.21) 
(5-3.22) 


conditions 
and the boundary condition 
u(r,0,t) =0; 
that is, we shall consider a circular membrane of radius », fixed along the 
length of the boundary. As in the case of a rectangular membrane, we shall 
By the Ansatz 


also determine the solution by separation of variables. 
utr, 0,t) = v(r, O)T(t) , 


there results for T(t) the differential equation 
T’ +@iT=0, 
T=C,cosVa@st+C.sinVait , 


while for v(7, 0) the following eigenvalue problem arises: 
1 dv , 
+—sastw=0, O<r<%), 
r° a0 
Boundedness condition, 
Boundary condition, 


\v(0, 4)| < e0 
Periodicity condition. 


v(1o; 0) = 0 
v(7, 9) = vl, 0 + 2r) 
The function v(r, 0) must be a single valued and differentiable function of 


l Go (2 
position; however, since @ is a cyclic coordinate, we must require the perio- 


ar 
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dicity of v with period 2z, i.e., u(r, 9 + 2z) = u(r, 8) in order to guarantee the 
single valuedness of u(r, 6). 

Now again we set u(r, 0) = R(r)O(0). If, in the above equation, we use 
the Ansatz and divide by RO, we obtain 


7 (AR) 
dr\ dr ree cee 
P a 6 are = 0s 


From this we obtain the equations 
9” + 0 =0, 
O(0)= 00+ 2r), 0(0)= 00 + 2z), 


2 
Fors) + ( — f\R=0, 
ry dr\. ar Y 
Rin) =0, | RO)| < oo. 


The nontrivial periodic solutions 6(@) exist only for x? =n” (m is an integer); 
it has the form 
@,(0) = Dy, cos nO + Dayz sin nd . 


We note that two linearly independent eigenfunctions belong to the eigenvalue 
n°’, namely, cos 2 and sin 0. 
For the determination of the function R(r), we have to solve the equation 


2 2 
ort B+ (a—S)R 0 (5-3.23) 


dr’® ry dr — 
with the homogeneous boundary conditions 
Rin) = 90, |R(O)| < oo. (5-3.24) 


The determination of R(r), therefore, amounts to solving these eigenvalue 
problems. 

The second requirement placed on Riv), namely, that for r=0O it must 
be bounded, is related to the fact that y = 0 is a singular point of the equation. 
For singular points it is sufficient to requize boundedness as a boundary con- 
dition (see Section A--2.3). 

We now introduce the new variable 

x=Vir 


and write 


Rin = R(y) =A 4) 


For the determination of (x) we then obtain the equation for the cylindrical 
functions of the wth order (see Appendix). 


2,, 2 


with the boundary conditions 


VE h= Oy (x =VWV 2nd), iWO)| < co. (5-3.26) 
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The general solution of the equation for cylindrical functions has the form 
Wx) = A Jn(x) + doN,(X) , (5-3.27) 


where /,(x) is the Bessel function of the mth order and N, is the Neumann 
function of the sth order (see Appendix). Then d,=0 follows from the 
second condition. The first condition yields 


TAV 2% 1%) =0 or Fe = 0 (n=V i 1). (5-3.28) 
If yx’ is the mth root of the equation /,() = 0, then 
(nly 2 
Anim = (“) . (5-3.29) 
Yo 


To this eigenvalue belongs the eigenfunction 
Rim = WV i n= AG r) ; (5-3.30) 
0 


The eigenfunction (5-3.30) posseses the following properties: 
1. The eigenfunctions R(r) which belong to different eigenvalues 4, are 
orthogonal to each other with weight 7; 


ia) ™ 
| (ROR a0. 1G Lis 
29 

or 


* on oy : 
rIn( : r) jn( S21) dr=0. (5-3.31) 
Q ; Yo 


Yo 
2. The norm of these functions is defined by 
TQ ne 2 , ; F 
| rsi(“=r) dr = aS ers ae (5-3.31’) 
0 Vo 2 
In particular, for the norm of the function J,((/n’ 79)r) we have 

TO (0) 2 tna 

| r| Jo Sr) | dr = SUN I. (5 -3.32) 

79 0 sas 


3. Every function f(r) which is continuous in the interval (0, 7.) and 
which possesses there piecewise continuous first and second derivatives and 
satisfies the boundary conditions of our problem, can be expanded in an abso- 
lutely and uniformly convergent series 


JHye2 ¥ SaJa( ry, (5-3.33) 
where the expansion coefficients are given by 
TO ee 
Sr da{ . r) dr 
fn == a (5-3.34) 


ro te ini 
> nlm | 


11 See Section A-2.1. 
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We now turn again to the eigenvalue problem for the circular membrane. 


Its eigenvalues are 
th 2 
digi = (=) F 
To 


and each of these eigenvalues corresponds to the two eigenfunctions 


(mn) tn) 
Cin = jn( r) COs 110 , Vic Jn( r) Sin ne . (5-3.35) 


Yo Yo 


By a linear combination of such eigenfunctions, there results 


(nl 

yf, (fer) Ans cos 20 + Baim Sin 10) . (5-3.36) 

Yo 

We shall now calculate the norm of the eigenfunction vy,m; the orthogo- 

nality of the eigenfunctions follows from the general theory. For simplicity, 
we shall limit ourselves to the calculation of the eigenfunctions 0,,m. 


2x TO 
| | Uny.mUng, mr dr dO 


v0 e 


(ny) lage Qn 
=|" Jn,( r) Jn, r)rar| COS 22,0 COS 22 dO 


0 


O for #2, # ie, 
lo for 2, = %, Ml, = My. 


2 
=~ Bday IIe for 2; = =n #0 and m,=—m,=—m, (5-3.37) 
re 
alee ne ben forse 0 and #2, =.= mM. 
The corresponding relations are obtained for the functions 
In) 
Vinw= p( r) sin 20. 
Yo 
The expression for the norm of v,,, can be written in the form 
| [ot da = #8. —z 5 rend In ttm IP (da = rdr dé), (5-3.38) 
where 
for-fia 0 
en = 
1 for 27+#+0. 


Furthermore, from the general theory we conclude: 

I:very continuous function F(r,@) with continuous first and second deriva- 
tives satisfying the boundary conditions of our problem can be expanded in 
an absolutely and uniformly convergent sereies 


F(r, 0) = ¥ (An. mda.m(, 0) + Baimtn.m(%, 9)) (5-3.39) 
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in terms of the eigenfunctions of the eigenvalue problems corresponding to the 
circle. 
The expansion coefficients can be calculated from the formulas 


azer (nm! 
| | Fer ayn A \cos nd r dr a 
A — Jo Jo Yo 
oe PEO to ty Seagae ’ 
a eal Jnl fem )) 
(5-3.40) 


2x ro (no 
| | Flr, oye r) sin 20 r dr do 
DE cpp NO = a 


=e 
Sale IP 


We still note that the function 


(0; 
Yo.n(1 8) = 1( r) 
To 


does not depend on @. 
If the prescribed function F depends only on 7, say F = Fir), then the 
expansion of F with respect to the eigenfunctions includes only the function 


Vorm: 
(0) 
F(r) = > Ao, nJo( r), (5-3.41) 
Yo 
where 
TO rs 
| Fonho( r)rdr 
Ao.m = Se ae a (5-3.42) 


y? (0) 
> (fm ) 
All of the remaining coefficients A,,m and B,. are equal to zero. 

The solution of our original problem, which was to determine the vibra- 
tions of a circular membrane with given initial displacement and initial velo- 
city, can be written in the form 


oo in) 
UP Ot) = > Dealt; a(A n,m COS ——— Gem t+ Bim sin oie t) 
n,m -0 Yo lo 
+ > Vel? (Cam cos Ut "-¢+Dam sin ——™ Cte t) . 
nym--0 Yo Yo 


The coefficients Ayim, Bu,m» Cr,m and D,,, can be calculated from the initial 
conditions 


u(r, 0,0)= ¥ (Anminm + Camin.m) = fils 0) 


Ns 0 


) Uem 


00) > (Bi phe Deer = flr, 0) 
n,m 0 


0 


according to the formulas 
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et erg — 
| | (1, OSV an. mr) Cos nor dr dO 
A..n = eS — 


2 
Vr ¢ = 6 
2 edna) 


er erg _ 
| | (7, OJ (V an mr) sin nO x dr dO 
C _ Jo Jo 

n,m — mri ; os ; 
2 LJ, 2n, mr) 
Analogous formulas for (@W2n,m)Bn.m and, correspondingly, for (@1/in.m)Dn.m 
are valid. 


Problems 


1. Solve the initial value problem for the three-dimensional wave equation 
wu, =a’ du, assuming that the initial velocity is everywhere equal to 0, while 
the initial displacement w|,.. = ¢ has the following form: 


(a) =| 


1 in the interior of a unit sphere, 

0 in the exterior of the unit sphere; 

ee a cos ((z/27y)r) in the interior of the sphere of radius 7, 
0 in the exterior of the sphere of radius 7. 


2. Determine the vibrations of the half space z>0 for a homogeneous 
boundary condition of the first or second kind if we prescribe (a) a local ex- 
citation, that is, the initial velocity and initial displacement are in a fixed 
region 7); (b) a concentrated force which acts according to an arbitrary law. 
3. Solve the same problem for the slit /’ < z</. 

4. Solve the wave equation for a region which forms a wedge with the vertex 
angle x/2 or x/n (” is an integer), if homogeneous boundary conditions of the 
first or second kind as well as initial velocity and initial displacement are 
prescribed. 

5. Derive an analog of the integral formula (5-3.3) for the equation 


iy, = a’ 4u +cu with c =const. 


Consider the case c < 0 and solve the initial value problem for the inhomo- 
geneous equation. Give a physical interpretation of the results. 
6. Determine the function w(p, ¢,¢t) which describes the vibrations of a mem- 
brane under the influence of a concentrated impulse A; this acts 

(a) at the center of a circular membrane, 

(b) at an arbitrary point of a circular membrane, 

(c) at an arbitrary point of a rectangular membrane. 
7. Determine the eigenfrequencies and eigenfunctions of a membrane in the 
form 

(a) of a semicircle, 

(b) of a ring, 

(c) of a circular sector, 

(d) of a ring sector. 
Consider the first and second boundary-value problems. 
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8. Determine the forced vibrations of a circular membrane (e. g., membrane 
of a microphone) under the influence of a periodic force which is distributed 
on the membrane with constant density f-- /lsinwt. Solve this problem for 
the case f Al — rr’ c*)sinwt, where ¢ denotes the radius of the membrane. 
9. Derive the equation of sound propagation in a medium which moves with 
constant velocity. Convert the equation obtained by transforming to a co- 
ordinate system which moves with the medium. 


5-4. APPLICATIONS OF CHAPTER 5 


]. Reductions of the equations of the theory of elasticity to 
wave equations 


The theory of elasticity is concerned with the problem of determining 
the deformation and motion occurring in elastic bodies with the help of 
mathematical methods. The deformations and motions resulting from the 
influence of an external force can be described by the displacement vector u. 
Its projections on the three coordinate axes x, v, z, will be denoted by w(x, ¥, 2,0), 
u(x, y.2z,t) and w(x, y, z,¢), respectively. Displacements in an elastic body occur 
under the action of internal forces (stresses). These form a symmetric stress 
tensor denoted by , 


. 
x 


Trx Tey Gz 


Here o,, try, Tr: AVe the components of the force per unit area (stresses) acting 
on the surface element perpendicular to the x-axis. Correspondingly, t,., ay. Tye 
and Tzr,Tzy, 0, are the components which act on the surface element perpen- 
dicular to the y- and z-axes, respectively. The components o,,0,, 0, are called 
normal stresses and the quantities ¢,,,7..,... tangential or shear stresses. 
The equations of motion for an element of volume read 


a A A 
Gi 000 | Oty | IT 4X 
' or ¥ 5 4 A U 
ut GX oy Oz 
av ot Go Or 
© yx a: © yz ~ 
Pap =H tH eH SEY, (5-41, 
ot OX oy OZ 
n2 cal a“ “A 
OT OTry G ry 
pie. Huy Bos Be yg, 
at OX oy 02 


where e is the density at the point (x, 1, z), while X, Y, Z denote the compo- 
nents of the external forces. The relation between the stresses and strains 
are described by Hooke’s Law, which we can write as follows: 


a, = 2G fe, he >} ’ Try Gres ’ 


Q 
“ 
lI 


2G {«, a g } ; ey = Ges '5-4.2) 
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where the quantities 


(5-4.3) 
mA av _ av aw . ow | alt 
Try re + mee YT yz ae im , bi > TIS antes 
OX 02 ay OX 2 


form a symmetric strain tensor denoted by 


ey Vey [xz 
Tyr €y [ye 
Tex Tzy &2 


Formula (5-4.2) has the following significance: G is the shear modulus and m 
the coefficient which characterizes the contraction of the body crosswise due 
to elongation of the body lengthwise. Further, 


a a ~ 
. ol ov ow 
?=divu= ae = Cane ts 
Ox oy 02 


To Eqs. (5-4.1) and (5-4.2) we must still add the boundary conditions in 
question (on the boundary, we can prescribe, for example, the displacements 
uw, v,w or surface forces), which we shall examine further here. 

Equations (5-4.1) and (5-4.2) form a system of partial differential equations 
for the stresses and deformations. If we introduce the expression for the 
stresses from [qs. (5-4.2) into Eqs. (5-4.1) and subtract Eqs. (5-4.3) from the 
result, we obtain the following system of equations for the displacements. 


a2 ¢ A 
p—_ = Cf au + ot +X, 


at” m — 26x 
a2 A 
pit = Gf av +~— a fy (54,4) 
at m— 20y 
a2 . A 
out = G aw sae at ay Ae 
at m— 202 


Frequently, in place of the constants G and m, the so-called Lamé con- 
stants 4 and y are introduced. These are related to G and m through the 


relations 


2 
=G, A= G. 
C m—2 


With the help of the Lamé constants, the system of equations (5-4.4) can be 
written in the form of a single vector equation 


0 =(i + 2) grad divu— prot rotu+ F. (5-4.5) 
0 


Here wu is the displacement vector with components u, v, w,and F is the vector 
of volume force with components X, Y, and Z. 

Now we shall show that Eq. (5-4.5) can be reduced to two wave equations 
for suitably chosen functions.’ 


12 Pp, Frank and R. V. Mises, Differential and Integral Equations of Mechanics and 
Physics, Braunschweig, 1927:1930, Chapter VII. 
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An arbitrary vector F can always be written in the form 
F=gradU+rotL, 


where U is a scalar and LE is a vector potential. 
We now set 


u=grad?+rotA, 


where 
a2 a2 
RO det 1, jae L 
ot ot 
holds. 


By substitution, we can easily verify that the vector uw so introduced 
actually satisfies the system of Eq. (5-4.4) of elasticity theory. 

In the absence of volume forces, we then obtain for the potentials ¢ and 
A the homogeneous wave equations 


2 


2 
at at 


In certain cases, in a Cartesian coordinate system for example, the wave 
equation for the vector potential A separates into three scalar equations. 
However, the question of how to restore the equations of elasticity theory 
to single scalar wave equations without considering the boundary conditions 
is not completely answered, as the boundary conditions under certain condi- 
tions can couple the different components and make complete separation of 
the equations very difficult. 


2. The equations of the electromagnetic field 


1. The equations of electromagnetic fields and boundary conditions. An 


electromagnetic field is characterized by the electrical field vector FE and the 
magnetic field vector H as well as by the vectors of electrical and magnetic 
induction D and B. The complete system of Maxwell's equations relating 
these quantities reads 


rot H= — 4 f+ 5", (5-46) 
ot Cc c 
rot E = ee (5-4.7) 
c at 
divB=0, (5-4.8) 
div D =4rzo . (5-4.9) 


Here 7 is the current density of the convection current, j° is the current 
density produced by the action of the given electromotive force, p is the 
charge density, and c is the velocity of light in a vacuum. In the following 
discussion, we shall assume j“’ = 0. 

To these equations we must still add the so-called material or constitutive 
equations of the fields 
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D=:E, (5-4.10) 
B=nH, (5-4.11) 
J=oE. (5-4,.12) 


Here « denotes the dielectric constant, # the magnetic permeability, and o@ 
the conductivity of the medium. In the following discussion, we shall assume 
that the material under consideration is homogeneous and isotropic. Then, 
é=const, #=const, a=const. We often consider electromagnetic phenomena 
in a vacuum, where «= = 1, ao = 0, for no charges or currents present. In 
this case, Maxwell’s equations simplify to 


Pe | oe ee divH=0, 
c oat 

ptpea 2s. divE=0. 
c ot 


Equations (5-4.6) and (5-4.9) are consistent with each other since there exists 
between p and jf the relation 


dp Bila 
—4+divj=0, 
at 2 

which expresses the law of conservation of the charge. 


The laws of electromagnetic fields, which are represented in differential 
form by Eqs. (5-4.6) to (5-4.9), can also be written in integral form 


§ is =| fi ae GIB 
Cc C JS 
c la 1 d@ ! 
E,ds = -—— — B,do = —— —.. 5-4.7 
f . c at \.| : c at ( ) 
Here 
: . : 1 oD . 
= Jy = — 5-4,13) 
i=j,+ 7 in ot + J ( 


is the total current, and j, = (1/4%)(@D/dt) is the displacement current. The 
integration is extended over a curve C or over a surface ¥ which is bounded 
by this curve C; @ = Sr) B,do is the flux of induction passing through C. If 
T denotes any closed spatial region and ¥ the bounding surface of 7, then 
the equations 


| \2, = Oe (5-4.8") 


| |D. do = ral \p dz = 4ze (5-4.9') 
5 r 


replace Eqs. (5-4.8) and (5-4.9), where e is the total charge in the spatial 
region 7. 

Equations (5-4.1') and (5-4.4') have a simple physical significance. They 
represent the mathematical formulation of simple experimental facts and form 
the basis on which Maxwell’s equations are derived. Thus Eq. (5 -4.6’) is the 
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generalization of the known Biot-Savart law. Equation (5-4.7’) expresses the 
Faraday induction law, and Eq. (5-4.9’) can be derived directly from Coulomb’s 
law. Equation (5-4.8’) results from the fact that the lines of force of the 
magnetic field are closed. 

If the medium is inhomogeneous, then other boundary conditions are 
added to Maxwell’s equations. On the boundary surface between two different 
mediums (1) and (2), the following conditions must be satisfied: 


eae) (continuity of the tangential components 
of the electrical field FE), (5-4.14) 
HH,’ =H," — (continuity of the tangential components 
of the magnetic field H), (5-4.15) 
and further, 
Bu, = By, (continuity of the normal component of 
the magnetic induction B) (5-4.16) 
dD," = D.. = 4ry or aE n, = e2En, = 4a, (5-4.17) 


where nm, and n, are the normals to the surfaces separating both mediums. 
Here mn, is directed into the interior of the first medium, and n, is directed 
into the interior of the second medium; »v denotes the surface density of charge. 
We easily obtain these conditions from Eqs. (5-4.6’) to (5-4.9’). 

From Maxwell’s equations and the corresponding boundary conditions, the 
electromagnetic field can be uniquely calculated from a given initial condition. 
In other words, for the unique determination of the field the conditions, 
Eqs. (5-4.14) and (5-4.15) are sufficient (that is, the requirement that the 
tangential components of both field vectors EF and H are continuous). 

If we are dealing with a stationary electromagnetic field (that is, inde- 
pendent of the time), then Maxwell’s equations assume the following form: 


rot&—-0, 

divcE = 4z0 , 

rot H = BL 9 + aE gi ; 
Cc c 


divrpH =O. 

Moreover, if the medium is nonconducting, i.e., g¢ —0, then there exist 
two systems of equations, independent of each other, for the electric and 
magnetic field: 

rotH=0, 
dive = 4zp , 


equations of electrostatics: 


Ae ies 
ro.H=—y* , ‘ d 
Cc equations of magnetostatics. 


dive.H=0, 


The electrostatic equations were considered in Chapter 4 and in the appli- 
cations of Chapter 4. 
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In the case of a homogeneous medium, we easily obtain an equation for 
the individual vectors F and Hf. We therefore assume that p = 0 and j'*' = 0. 
By applying the curl operator to Eq. (5-4.6), we have 


rot rot = — rol E+ ay rol Ek 
c at c 


from which, because of Eq. (5-4.7) and 
rot rol # = graddiv W-— JH, 


we obtain the relation 


grad div iq Si — ge ang. ag ae 
cot c at 
or 
LH tzon ON 2 ; 
By gaya ere fe ( 7" £), (5 -4,18) 
a ot c at eft 
since 
divi =0., 
In a corresponding manner, we obtain for EF the equation 
a2 yy = yy 
JE nee na ae Sam ue (5-4.19) 
a oat Cc ot 


In particular, the components Fy, £,, F, and H,, W,, HW, satisfy Eqs. (6-4.18) 
or (5-4.19), that 1s, each of them satisfies the equation 
1 au Azan ou 


Jit a (5-4.20) 


2 A,2 : 2 A 
a oat Cc ot 


The type of this equation is determined by the properties of the medium 
and the character of the process. If the medium is nonconducting (¢ = 0), 
we obtain the ordinary wave cquation 


Ju= a2 (5-4.21) 
that Is, in a nonconducting damp-free medium, the electromagnetic process 
propagates with the velocity @=c/V%er. In particular, the propagation velocity 
in a vacuum is equal to the velocity of light c. 

If the medium possesses a large conductivity and the displacement current 
in contrast to the conduction current can be neglected, then the process is 
described by the parabolic differential equation 


du ae aa (5-4.22) 
coat 


In the general case in which the conduction current and the displacement 
current are of the same order of magnitude, Eq. (5-4.20) represents a hyperbolic 
differential equation. The propagation process is then connected with a damp- 
ing which is produced by an energy loss because of the conductivity. 
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For example, for induced processes, in diffraction problems, we set 
iwt 


u= v(x, y, ze 


and arrive at the elliptic differential equation 


ju + (kh 4+ ig) =0, (5-4.23) 
where 
2 w 2 4zapm 
ko = = q = ar : (5-4.24) 


Static fields, as already noted in Chapter 4, are represented by the Laplace 
differential equation. 


2. Potential of an electromagnetic field. For the determination of an 
electromagnetic field, we must generally calculate six quantities, namely the 
components of the vectors EF and H. Ina number of cases, the problem can 
be reduced to the calculation of four quantities (under certain circumstances 
even fewer). To this end, we introduce the vector potential A and the scalar 
potential @ of the field as follows: We consider Maxwell’s equations in a 
homogeneous medium, say in a vacuum. From the equation 


divH=0,,. (5-4.8’) 


it follows that the magnetic field vector H is source-free and, therefore, with 
the help of another field vector A can be represented in the form 


H=rotaA. (5-4.25) 


By introducing this expression into 


we obtain 


that is, the vector EF + (1/c)(@Ajdt) possesses a potential. Thus this vector can 
be represented as the gradient of a scalar function ¢: 


E+ a: ae = —grad¢. (5-4.26) 
c ot 
From this equation it follows that 
1 0A 


E = —grad¢ —- — — 
c ot 
The vector potential A introduced in this manner and the scalar potential 
y are not uniquely determined. From formulas (5-4.25) and (5-4.26) we know 
that we obtain one and the same field when we replace A and ¢ by the 
potentials 


A’=A+gradF, J =e 


5-4, APPLICATIONS OF CHAPTER 5 AS 


where F is an arbitrary function. In order to remove this ambiguity. we 
impose on A and ¢ that auxiliary condition 


divas = oO. (5 4,27) 


which is ordinarily known as the Lorentz condition. We shall now show that 
under this condition the potential A and ¢ satisfy the equations 


a2. 
4g — = - £ = --4zp , ‘3 4.28) 
c at 
a2 me 
PAs eA se 5 4.29) 
c at c 


where p is the given charge density and j is the given current density. 
If we put expressions (5-4.25) and (5-4.26) into Iq. (5 4.6), then by using 
the identity 


rotrot A = graddiv A — JA 
we obtain the expression 


grad (div A +) —JA ee “i age 
: c at coat” co 

As a result of the above and condition (5-4.27), Eq. (5-4.29) follows. Now if 
we Substitute expression (5-4.26) into the fourth Maxwell equation 


div E = 4zp (5 -4,9') 


and use condition (5-4.27), we obtain Itq. (5-4.28, for ¢. 
In the case of a homogeneous conducting medium ‘us 7 0), the potential 
is introduced by means of the expression 


1 aA 


B=rotA, E= -gradc - —— (5-4.30) 
: C: at 


A and ¢ are then related to each other by the expression 


ra 


dived ee ej Tate sg (5-4.31) 
l Cc 
and satisfy the equations 
JA — ehPA Acro GA Meese (5-4,32) 
cat” cat c 

2 i a - 
fea SE ey (5 4.33) 

cat cat g 


For these equations, the considerations used above for Eqs. (5-4.28) and (5-4.29) 
are valid. 

If no free charges are present (p = 0), then ¢ = 0, and the field vectors 
can be expressed through the vector potential A alone, which here satisfies 
the auxiliary condition 


divA=0O. 
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In a series of cases, the electromagnetic field can be described by a vector 
field which has only one component different from zero. 

Some of these examples will be considered in the following discussion. 
(see also Section 7-5.1.) 


3. The electromagnetic field of an oscillator. 

(a) In the theory of radiation of electromagnetic waves, the notion of an 
oscillator is often used. This concept is closely related to that of linear cur- 
rent. An oscillator represents a linear current of infinitesimally small length. 

We shall consider a rectilinear current L, whose strength undergoes time 
dependent changes. In the simplest case, we shall assume that the strength 
of the current does not change with the length of the conductor. 

One such current, constant along the conductor, is related to the presence 
of charges at the ends of the conductor which changes with time. By analogy 
with an electrostatic dipole, which we represent by a system of two charges 
e and —e, an oscillator can be characterized by its moment 


p(t) = etl. (5-4.34) 
The strength of the current in the oscillator is then obviously equal to 
Jit) = elt), .. 
so that 
QP _ ray, (5-4.35) 
at 


The product J(t)l = J,(t) is called the moment of the current. 
(b) We seek the electromagnetic field which is generated by an oscillator 
with the moment 


P= Pif(t) (5-4.36) 


in unbounded space under the assumption that o = 0, «=1, # = 1 (vacuum). 
Moreover, we consider the generation of an electromagnetic field by a 
rectilinear current L, when we regard the oscillator as the limiting case. 
Outside of the current L, the electromagnetic field is defined by Maxwell’s 
equations 


rotH= te ldiv=o, 
cat (5-4.37) 
rote=—-124 , divE=0. 
c at 


On the line of current L, the field vectors H and E must have a singularity 
which, moreover, is characterized by the fact that the circulation about one 
of the current lines enclosed by an infinitesimally small circle K, has the 


value 
td ease eer, (5-4.38) 
Ke c 


e—0 


where J = /(t) denotes the strength of the current. 
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From this condition it follows that the component //s must have a singu- 
larity of the type 


Hs = %! (5-4,39) 


on the line of current. Here, » = M,P, M, is a point on L and P is a point 
on K, (9 =). 

For the unique determination of the field, initial conditions are given 
which we assume to be homogeneous. 

For the solution of the problem, it is convenient to use the potentials A 
and ¢, introduced above, with whose help the field can be described as follows: 


H=rota 
1 aA (5-4.40) 
= —— —- - grado, 
c ot 
where 
diva eG (5-4.41) 
c at 


The vector potential satisfies, outside of L, the homogeneous wave equation 


42 

JA et 2G; (5-4.42) 
c ot 

We now introduce a rectangular system of coordinates, whose z-axis has the 

direction of L. Then we set 


A= A(x, vy, 2)2°, 


where z° is the unit vector in the direction of the z-axis. 


Obviously, the function A(x, y,z) outside of the line current L, satisfies 
the homogeneous wave equation 


n2 
Ey = ie) =0. (5-4.43) 
c oat 


For the determination of the singularity of A on the line current, we use 
condition (5-4.39). From (5-4.40) there follows 
_ oA 

dp - 
By use of condition (5-4.39), we then find that the function A(x, y, z) at the 
points of the line current ZL must have a singularity of the form 


Hs 


Aw ting. (5-4.44) 
c 
The potential A is taken in the form 
ACP, t) =| AUP, M,t)dly (P= Plx,y, 2). (5-4.45) 
LL 


Therefore, A,(P, M,?) = A.(P, M, t)dly is the vector potential of the elementary 
current of the oscillator whose moment is equal to J, = J dl. 
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Hence, if the potential A possesses the required singularity, then A,(P, M, t) 
must have a singularity of the form 


AAP, M, t) = 202 | 
CY pm 
Namely, if we assume that A, has the desired singularity, and calculate the 
value of A in the neighborhood of L (0 < z < /) according to formula (5-4.45), 
then there results 
L t 
1 J de 
\, CYup c Ve af he 
i sees J elt Ver tel 
| _— 2 _— 2 ee ces ] a 
Tine 6 + Ver + 2 SPI, = = In Fe paler 


A 


a 


II 


2 

!—z|-1+14+—"—+}+.. ‘| 

Dia | -t+1+a het Be cae 
c z+Ve+2 é 

Here, the dots imply terms which, for » =0, assume a finite value. 


(c) Consequently, with respect to the variables P(x, y, z) and t, A(P, M, t) 
must everywhere satisfy the wave equation 


i 


=0 (5-4.46) 


with the exception of the point M, while at this point it possesses a singularity 
of the form 


Ay ~ Jo(t) 


(5-4.47) 
CYup 


The initial conditions, according to previous agreement, are homogeneous. 
The solution of this problem, as we have seen in Chapter 5, is given by 


the retarded potential 
Jot — Tur) 
AM, P, t) ="... 


(5-4.48) 
cYur 
As we have noted above, the moment of current is equal to 
Jit) = J(t) dl = EP = Po fi) : (5-4.49) 


dt 


Therefore, the field vector of the oscillator can be represented in the form 


(5-4.50) 


Often, instead of the vector potential, the polarization potential (the Hertz 
vector) z is used and we obtain 


A=——, (5 -4.51) 
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The Hertz vector wz likewise satisfies the homogeneous wave equation 


Ean ae Laren (5-4.52) 
Cc 


and is connected with the scalar potential by the relation 
g=-—divaz. (5-4.53) 


The field vectors # and AH can be expressed through the polarization potential 
as follows: 


a2 
E = grad div x — = ae = rotrotz (5-4.54) 
20 
H=+ pot, (5-4.55) 
c ot 


By using Eq. (5-4.50), we obtain for the polarization potential of the oscillator 


the expression 
r 
Pof(t a <) 
ee tee 


To 


or 
™ =——__—“. (5-4.56) 


(d) For the calculation of the electrical field EZ and the magnetic field 
H, we use spherical coordinates 7, 9, ¢, at whose origin lies the oscillator. 
The z-axis (9 = 0) has the direction of the vector p, (Figure 82). We denote 


the unit vectors of the polar coordinate system, by 1,, i, iy. 
The vector x, parallel to the vector p can be represented in the form 


Wy = 2 COS Oi, — 2 Sin Oly , (5-4 97) 


= | 79 | : 
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By substituting (5-4.57) in Eqs. (5-4.54) and (5-4.55) and using the represen- 
tation of rot F in spherical coordinates 


ro. F = u [isin 9F.) - oF9 |i 


rsin 9L09 og 
Cc ] Sal ~“ : nN Sal mae 
ee eee S(rF | is + | ge erFo ue lis 
r [ sin 9 o¢ or ry Lor o9 


and the relationship z) = 2(7./), we obtain the expressions 


7 2cos 9 dZ, 


Bi ie or” 
if (5-4.58) 
2 sin 9 o OZ 
Es 2 (re), E.=0, 
Yr or or 


A,=0, Hy=0., 


: 1 0, 
H, = —sin 9——=.. 
c orot 


(5-4.59) 


From Eqs. \5-4.58) and (5-4.59) it follows that the electric and magnetic fields 
of the oscillator are perpendicular to each other. 

te) We shall now consider the case in Which the dipole moment depends 
periodically on the time 


-iwt 


p.t)= poe 


In this case formulas (5-4.58) and (5-4.59) read 
E, =2c089( - #) 2, 
r r 


Eo = sin (= ape lies i) B, (A =<). (5-4.60) 
r r 


H. = ik sin a( ih : -) Ze. 
; 
where 


Ri=pe—e . (5-4.61) 


If we proceed from formula (5 4.60), we can easily establish the particular 
characteristics of the oscillator field. At distances which are small compared 
to the wave length 4 = 2= k (kr « 1), we can limit ourselves to one term in 
formula (5-4.60). The formula obtained in this manner for the electric field 
corresponds to the field of a stationary dipole. whose electric moment p is 
equal to the instantaneous value of the oscillator moment p(t). For the 
magnetic field we obtain an expression which corresponds to the Biot-Savart 
law. At larger distances from the dipole, R » 4 (kr > 1), all terms in formula 
(5-4.60) which are of higher order than l’ry can be neglected. Hence we 
obtain 


E.=0., Ey = H. = —k’ sin 9Z,: (5-4.62) 
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that is, the field is transverse with respect to the direction of propagation. 
Such a subdomain of the field in which the radiation field is transverse is 
called a wave zone of the oscillator. For determination of the energy flow 
through a spherical surface of radius R whose center is at the oscillator, we 
must first calculate the Poynting vector 


c Cas 
=-—|FH|! =—EH 
5 4, : As 


and integrate this over the entire sphere. 
From formulas (5 -4.61) and (5-4.62) it follows that in a wave zone the 
real part of the vector //, and Fy, is defined by the expression 


7 w' sin 9 v 
i E5= 2 pacos w(t — *) . 
: cr Cc 


Hence, we obtain 


24 0:2 
wm sin’ g 2 r 
S= poe =) . cos’ a{ f — «) 2 
4x RC c 


Accordingly, the energy flow through a sphere of radius R during an entire 
period T = 27 wm is equal to 


aT ax paz 9 3 at T . 5 
a d | dt \ | SR* sin 9d9 de = za =| cos” oft “) dt 
T No Jo Jo : 3c T hy c 
or 
ve pow" 
ae 


The energy emitted by a harmonic oscillator is, therefore, proportional to the 
fourth power of the frequency 
< 


2 ewa' or vw~ 


where 4 is the wave length. 
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6-1. HEAT PROPAGATION IN UNBOUNDED SPACE 


1. Green’s function 


In Chapter 3 the propagation of heat in an homogeneous isotropic media 
was described by the heat-conduction equation 


u,=a’du, G = =) . (6-1.1) 
._ cp 

Here «(M,t) is the temperature at point M(x, y, z) at time ¢, @ is the density, 
c is the specific heat, k = const. is the heat conductivity, and a’°=k'co is the 
temperature conductivity. Equation (6-1.1) is also known as the diffusion 
equation. In this case « denotes the concentration of the diffusing substance 
and a’ = D is the diffusion coefficient. 

We begin with the consideration of the following problem in an unbounded 
space: 

Determine the solution of the inhomogeneous heat conduction equation 


b= a de + Z (6-1.2) 

cp 
(f denotes the density of the heat source) which satisfies the initial condition 
u(x, y, 2,0) = g(%, y, 2) . (6-1.3) 


The solution of this problem can be represented in the form 
w= Ut) + Ute , 


where wz, is the solution of the homogeneous equation (6-1.1) with inhomo- 
geneous initial conditions, and zw, is the solution of the inhomogeneous equa- 
tion (6-1.2) with homogeneous initial conditions. For the investigation of the 
corresponding homogeneous problem, we see that it is sufficient to determine 
Green’s function for its solution. 

We shall now construct Green’s function for the heat conduction equation 
in an unbounded space. 

First we prove the following lemma, which will be of use to us later: 


Lemma. If a solution of the equation Ju — (1/a’)«, = 0 depends only on ry and 
f, then the function v = ru satisfies the equation 


422 
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a2 

au 1 dv i 

— = — —, (6-1.4 

or? a’ at ) 
Thus, if we write the Laplace differential expression in polar coordinates, we 
see that the function «= (r,t) satisfies the equation 


2 A A a 
0 ut 2 ale 1 ou ] aru) ] au 
a2 Pe ge or ar a ees aes 70. 
or ry or a at ror a at 


Now if we set ru = v, then for v we obtain equation (6-1.4)." 

At the origin of coordinates lies a continuously acting heat source with 
a constant intensity g. While in the remaining space the initial temperature 
is equal to 0: 


ur,0)=0 forr#0. 


Obviously, in this case the temperature zw is a function which depends only 
on ¢ and f. 

The presence of the heat source for ry = 0 indicates that the heat flow in 
a unil time through a sphere S, (with the center at »=0 and radius ¢) as 
e— 0 is equal to gq, that is, 


im | — | | ase da | = 
+0 sed ON 


Since the normal derivative d/é2 = du/dr is constant because of symmetry on 
the spherical surface S,, we have 


Ou 


—k— - Arr’ ->qg fore->O. 
or 


rH=e 


This means that the derivative du/dr for r= 0 possesses a singularity of the 
form —gq/4zkr*. Consequently, for r= 0, the function itself must possess a 
singularity of the form 


q 
Ankr ’ 


~ 


so that the product ru =v for y =0 remains bounded. 
The function v defined by the conditions 


av _ 1 av 

ar” a ot’ 

ijpS==5,5 6-1.5 
v(0, t) Anh Vo ( ) 
v(r, 0) = 0 


can be represented by 


- ] 2 az ~a2 
,t) =v.) 1 — 0(—4—)| = q— — me 
v(7, t) vf =a) | 4 ak Vn Lex 7 


13 See Section 5-1.1. 
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[see formula (3 3.35)}. Consequently, the heat-conduction equation for a con- 
tinuously acting source of intensity q. which Hes at the origin Gr — 0), has a 
solution given by 


5 yo 


ae =| eda, (6-1.6) 
. 


mrt) =qunth=¢q ee 


Loo Sr (ovate) 


where U(r, f) is the temperature corresponding to a unit source (q— }). 

Now, in order to go to the case of an instantaneously acting source, we 
consider a source of intensity q lying at the point (¢. 9,35) which may act 
continuously during a time interval :. Such a source is equivalent to two 
sources of intensities, +q and —q, one of which acts at time f = 0, the other 


at time f=. Thus the temperature distribution can be described by 
ur, t) = qlU(r.t) —- Ut — 2). 


During the time interval <, the amount of heat Q — qz is set free, so that we 
obtain 


u(rt)= = [Ur th) - Uat—-— >]. 


If we now pass to the limit as s—»0 and assume that Q remains constant, 
we obtain 


ou on Q 2 r= 4o%t r 


wir.) = lima... td) = = — ee 
alr £) ro ee) at dzkr loa 41 ce 
or 
tour, t= ac GO ie 2 eas 
cp 
where 


asa (6-1.7) 


l : ss 
GEG He eer iS (=) ‘ee aaa 
: ‘ 2\/ sat 
is Green's function of the heat source. It represents the temperature at the 
point (v,¥,2) at time ¢. which is produced by the point source of intensity 
Q=cp at the point ($,7,¢), at the time ¢ = 0. 
It can easily be shown that 


an . 


| |" | Gur, M2 ty Es Cede =. bs (6-1.8) 


The triple mtegralt (6-1.8) can thus be written as a product of three 
integrals, each of which is equal to unity: 


eS 1 ff yale pe 1 oe if Soe ik 
ae FO EE —= | ec” da—l, (« - | ‘ 
| wo lV nat aa caer ae ey Get 


From Eq. (6-1.7) it is apparent that Green's function G ts symmetric: 


PU Om Gara Pee eA Gare eee on ie a 


‘ 
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This property is the mathematical expression of the reciprocity principle: 
The action, due to a source lying at the point (&,7,¢€), at the point (x, y, z) is 
equal to the action at the point (€,7,¢), due to the same source found at the 
point (x,y,z). For the variable ¢ such a symmetry is not valid. This cor- 
responds to the irreversibility of heat processes with respect to time. 

In order to determine Green’s function G for two variables, we consider 
a Straight line, parallel to the z-axis and passing through the point (€, 7). On 
this straight line let there be distributed an infinitely long linear source; we 
denote by Q = const the intensity of the source per unit of length. Green’s 
function G, of such a source does not depend on z. It is determined com- 
pletely by its value in the x, y-plane. For the calculation of G, we therefore 
proceed from the fact that the amount of heat leaving the element dC is 


dQ=Qdt. 


Then the temperature distribution in space is given by the integral 


“= \" Qe Gx, JY; 2; t; a ; C) c 
-o Cp 


From the calculation of the integral 


| ene 31 /4art a= 2Vat | 


oo 
—o — 


ae re : — C — 2 
0 dw = 2V=at , (« = ed) , 


o 


we obtain 
— Qe, ‘ 
cp 
where 
G , ss 1 : -[tx- $12) ty y)*]/sae 6-1 9! 
(X,Y, t; g, n) = 2 nat (2 . ( ‘ ) 


By comparing (6-1.8’) with formula (6-1.7) we recognize the corresponding 
structure of Green’s function for both two and three variables. 

Green’s function for the one-dimensional case can be obtained in the same 
manner. If we consider an infinite plane source with constant density Q, we 
obtain 


a as a Q dy de x : — Q 1 —tx-€)2/4a"% 
a \. cp REPT: Si cp 2 nat. 


= Q Gus, t, §) ’ 
Cp 
where 


1 ~tx- $12 /4a5e 
Gilx, t; €) = ——ee 
i( ) 2V zat 
is Green’s function (source function) for one variable. In Chapter 3, we gave 
a graphical representation of G(x,¢;&). The properties of Green’s function 
described there hold also for the spatial case. 
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2. Heat propagation in an unbounded space 


We shall now use Green’s function constructed in the preceding section 
to investigate the propagation of an initial temperature in an unbounded space. 
Also we shall find a solution of the equation 


u.=ardu, (6-1.1) 
which satisfies the initial condition 
U(X, y, Zz, 0) = (x,y, z) i. (6-1.3) 


The initial temperature state obviously can be represented as the super- 
position of the actions of the instantaneous sources which produce the initial 
temperature. Therefore, we consider an element of volume d&dy df, which 
contains the point (€,7,¢€). For the production of the initial temperature 
g(E,, C), the amount of heat dQ = cp¢(&, yn, 6) d&dyd€ must then be present in 
dé dy do. 

At another point (x,y,z) at time ¢ this amount of heat produces the 
temperature 


Ge, 9.2.8.9, 0 = CH, 9. 268m OEE. 1 OAS dnas. 619) 


On the basis of the superposition principle, the solution of this problem can 
be obtained by integration of Eq. (6-1.9) over the entire space: 


co 


u(x, y, 2, £) = \\ |G, 92,058, 9, OE, n, Oddy dl . (6-1.10) 


We obtained formula (6-1.10) by heuristic considerations, without regard 
to the limits of its applicability; hence it is not a proof. 
We shall now prove the following theorem: 


Theorem. If ¢ is a piecewise continuous and bounded function, ¢| < A, then 
the function 2 defined by the relation 


co 


: 2 2 ry2 2 , 
u(x, yy zy t) — (=7=a) \\ ie ly mbes (2-20) /4a el€, %, *) dé dy d< (6-1.10 ) 


is 

bounded in the entire space (‘| < A); 

a solution of the heat conduction equation for ¢ > 0; 

3. for ¢ = 0 continuous at the points of continuity of the function ¢ for 
which the condition u(x, y, z, 0) = o(x, v, z) holds. 


nwNo—_— 


For proof of 2 we use the following well-known lemma (see Section 3-3). 


Lemma. If for an arbitrary value of the parameter €, U(x, y, z, t; €) is a solu- 
tion of the equation L(mu) = 0 (ZL denotes a linear differential operator), then 
the function 


Ne aie a) | U(x, ¥, 2, t) HelE) dé 
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is likewise a solution of the equation L/w) = 0, if the derivatives of the func- 
tion w# occurring in L/w) can be calculated by differentiation under the integral 
sign. 


In our case U =G satisfies the heat-conduction equation for arbitrary 6, 
7,2. As is well known, an improper integral can be differentiated with respect 
to a parameter under the integral sign, when (a) the derivative of the in- 
tegrand is continuous with respect to the parameter, and (b) when the integral 
which we obtain after the formal differentiation converges uniformly. 

If we formally differentiate the integral in formula (6-1.10’) with respect 
to x, then we obtain 


\\"| or | tana catia ¢(€, 7, C)dédndt . (6-1.11) 
The integrand for { >¢>0is continuous, while the exp — ({(x—&)’+(y—7)’ +(z—2)’]/ 
4a°t) guarantees the uniform convergence, provided ¢ is bounded: |¢\ < A. 
Corresponding results are obtained by repeated differentiation with respect 
to x and by differentiation with respect to ¢. This also holds true for dif- 
ferentiation with respect to y and z. Thus for ¢ > 0, G satisfies all assump- 
tions of the lemma and thereby satisfies the heat-conduction equation. 

The boundedness of the function « defined by formula (6-1.10’), which 
we can also write in the form 


Mh = \\" Gow. M’, theo M’) dey: 
(M= Mx,¥,2), M' =M'é,7,2)), 


can be determined directly if we use Eq. (6-1.8): 


dere All | Gas aA. (6-1.12) 
We now proceed to the proof of the continuity of w(x, y,z,t) for ¢=0. 

For this purpose we consider a point M)(x%o, yo, Zo), at which the function ¢ is 

continuous and prove that for each < > 0, a d(s) > 0 exists such that 


uM, t)- ¢(M,) < « for MM,| < ds) and t < de). (6-1.13) 


Now let 7,, containing the point /,, be an auxiliary region whose size 
will be prescribed later. The remaining part of the space is denoted by 7». 
By considerating the equations 

u(M,t) = \| 


\cuw, M’, the(M') dea + \| |com. M’, the MW’) dew , 


Ty T, 


g(M,) = \\ Gum M’, t)e(My) dea + ¢(M)) \| ou, M’, t)dem 
Ty 


Ts 
and the relation GM, M’, t) > 0, we obtain 

w(M,t)— cM) S/it+ Je, (6-1.14) 
where 
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es \\ | cow. M', Dig(M') — eM) dear» (6-1.15) 
ry) 


fea vA \| um, M’, t) den: . (6-1.16) 
Ts 
On the basis of the continuity of g at the fixed point M, for an arbitrarily 
chosen 7 > 0, there exists a 0’(7) > 0 such that 
'e(M") — (My); <7. when !M’M,! < 6'(y). 


Thus if the diameter of 7, is not larger than 6(¢/3), then 


n<z\l [Gan < |" [Ga=. (6-1.17) 
Mets wi3 


We shall now study more precisely the selection of the region 7,. For 
7,, we can choose a sphere with center M(x, y,z). This choice proves to be 
suitable for the estimation of the integral J,. The estimation (6-1.17) of the 
integral J, remains valid when the radius p, of this sphere is chosen equal to 


s0(§) 


By transforming to polar coordinates whose origin is at the point M, we 


and ‘ALM, < po. 


obtain 
1 : i) 4409 
G d- = (=a) | C r tart 2 dr 
te | 2 set! Vo 
Z plan ee : oy 
— a |" 24 Sent du —> | we a de=1 , 
lv = Jo to 1 =z jo 
(«= 57m) 
2/ at)’ 

since 

| we da = — baer") +3 | eo da= ME 

20 0 Jo 4 


Therefore we arrive at the relation 


\| |ea: -1 I \Ga: 30° Fond 3G: 
Ty T,3 


ow 


that is, for each < > 0, a 6’(e) can be found such that 


Gas. 
\\,,\ < 3A 


and consequently 


In< = (6-1.18) 


when ¢ <6 (s). 
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Now we denote the minimum of the numbers (1 2)4’(e:3) and 4’(s) by dle). 
Then the inequality 


lu(M, t) — ¢(M,)| < « for |MM,| < de) and ¢ < sls) (6-1.13) 
holds. Thus we have proved the continuity of «(M, ¢) for ¢ = 0 at each point 


M,, where ¢ is Continuous. 
We shall now solve the inhomogeneous equation 


f 


wm =aduet es 
co 


with the homogeneous initial condition 
u(x, y,2z,0)=0. 


For this purpose we consider a point (é,7, 2) at the time + < ¢. The amount 
of heat which appears in the volume clement dé dnd during the time dz and 
equals 


dQ = f dé dn do dt 


produces the temperature 
1 ~ a tod 74 ~ lod 
eee yy 2, t; Grr &s thE, Ye &s T) dé dy dé dt 


at the point (x, y, z) at time ¢. 
On the basis of the superposition principle, the solution of our problem 
can be written in the form 


t 00 } 
ula, ¥, 2,0) = | \\ |= Gtx Vib tbo COI Gast, Ode Ap dtide. (6119) 
0 - 09 cp 
We shall neither delve further into the proof of the correctness of this 
formula nor go into the conditions which guarantee its applicability. 
The first and second boundary-value problems with homogeneous boundary 
conditions for the half space are solved by the reflection method. 
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1. Scheme of the method of separation of variables 


In Section 6-1 we investigated heat propagation in an unbounded space. 
To investigate heat propagation in a bounded region of space, certain bound- 
ary conditions must be added to the equation and to the corresponding initial 
condition. The simplest of these cases are those with boundary conditions 
of the first, second, or third kind. 

To begin we formulate the simplest problem with a homogeneous bound- 
ary condition of the first kind: 

Determine the solution of the heat-conduction equation 


u, = aJu in the interior of T, 


with the initial condition w(x, y,2,0) fx, y.z), (6-2.1) 
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and the boundary condition ws =O, 


where £ denotes the boundary of the region 7. 


Again, the solution of this problem begins with the help of the usual method 
of separation of variables which was applied earlier for the investigation of 
the wave equation mm, = a’Ju in Section 5-2; the situation here is completely 
analogous. 

For this purpose we consider an auxiliary problem: 

Determine a nontrivial solution of the equation 


u —adu=0, 
which satisfies the homogeneous boundary condition 
tls = 0 (6-2.2) 
and is representable in the form 
u(M,t) = vM)T) . 


By separation of variables in the above manner we arrive at the following 
equations for v(M) and T(t): 


dv+iv=0 in T, 
v=0 ond, (6-2.3) 
and 


T’ +a@iT=0. (6-2.4) 


For the function v, we have an eigenvalue problem which was already seen 

in the study of the vibrations of a bounded spatial region (see Section 5-3.1). 
Let 4,, 42, ...,4, be the eigenvalues and v;, v2, ...,v, be the corresponding 

eigenfunctions of problem (6-2.3). The functions v, form an orthogonal system. 
The corresponding functions T,(f) have the form 


T(t) = Ceo , 
so that the auxiliary problem has the nontrivial solution 


ttn(M, t) = Cadn(M e722 (6-2.5) 


The general solution of the original problem can, therefore, be written in the 
form 


u(M, t) = = Cre ty, (M) « (6-2.6) 

From the initial condition 
u(M, 0) = ¢(M) = >. C.v,(M) , (6-2.7) 

we obtain the coefficients 


[eM ws) de 


Ca = N, ’ 
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where 


N, = | v.(M’) dty: 


T 


denotes the norm of the function v,. The function (6-2.6) is, therefore, 
actually a solution of the problem. 


The solution of the inhomogeneous equation 
2 F 
wu, —a du = f(M, 1), f= oe (6-2.8) 
p 
with homogeneous boundary and initial conditions can likewise be obtained 
with the help of this method. 
To this end we set as usual 


u(M, t) = > T,(t)v,(M) (6-2.9) 


and expand the function /(M,f) with respect to the eigenfunctions v,(M). 
The result is 


JI(M, 1) = X Salton) ’ Int = | FM’, thv,CM') drm. (6-2.10) 
n= n JT 
For the determination of 7,(#) we then find the equation 
PEG ole a) (6-2.11) 


with the initial condition T,(0)= 0, provided u(M,0)=0. This equation is 
solved by the function 


LAS yee tS ae x (6-2.12) 
0 
Thus we obtain 
1M, t) = \'\ { ee ye LT ee ee 
oJr\lu=t n 


The expression in brackets corresponds to Green’s function of an instantaneous 
source of intensity Q = cp, which at time < is at the point M’: 

2 ua M )v(M') _a2at- 

GUM, t, M',2) = 5 PxWD ot) pnotagiery (6-2.14) 

n=l N,, 
The solution # of the first boundary-value problem for the heat-conduction 
equation with an inhomogeneous boundary condition #|: = ys can easily be 
converted to the solution w of the inhomogeneous equation with the homo- 
geneous boundary condition u|y = 0, if we set 


wo—ut+?@, (6-2.15) 


where # is an arbitrary (sufficiently smooth) function which assumes the value 
ye on X (see Section 3-2). The most frequently occurring case of a constant 
boundary value jz. = const can be transformed with the help of the function 
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a =ut fo, (P = const = fto) 


into the corresponding problem with a homogeneous boundary condition; there- 
fore # is the deviation from the stationary solution. 

From these considerations, it follows that the fundamental difficulty in 
the investigation of heat propagation in bounded regions consists of the 
determination of the eigenvalues and eigenfunctions for the given region. 

The form (6-2.6) of a solution obtained by separation of variables proves 
to be particularly suited for the investigation of sufficiently wide progressive 
stages of the propagation processes for large ¢. The eigenvalue 4, increases 
rapidly with the number » for an arbitrary region. Consequently, for / >» 0 
the series converges rapidly, so that after a certain time the first term dif- 
ferent from 0 dominates in comparison with all the remaining terms: 


uM, t) = Cyu(M eo" 62.16) 


This result corresponds to the physical fact that independent of the initial 
distribution, after a fixed time, a ‘‘regular’’ temperature process develops in 
the body for which the ‘‘profile’’ of the temperature changes only slightly 
with time and the amplitude decreases exponentially with increasing time. 
The nonstationary methods for the determination of temperature conductivity 
coefficients depend on this process. By measuring the temperature of the 
body at an arbitrary point M,, we find 


In |u(My, | & — a?2yt 4+ In'Cyv,(M) . (6-2.17) 


The graphical form of this function is represented by a straight line with 
slope equal to —a’/, at a fixed time. If we know the magnitude of 4,, which 
naturally depends on the shape of the region, we can then determine the 
temperature conductivity. 


2. Cooling of a circular cylinder 


We shall now investigate the problem of cooling an infinitely long cylinder 
of radius 7, which possesses a fixed initial temperature, while the temperature 
on its surface is equal to 0. Furthermore, we shall assume that the initial 
temperature does not depend on z (the z-axis is in the direction of the axis 
of the cylinder). The subsequent temperature states are then similarly inde- 
pendent of z. The temperature state can change, therefore, only in the cross 
section S of the cylinder. In this cross section we choose a polar coordinate 
system whose pole coincides with the center of the circle S. Our problem 
then leads to the determination of the function u(r, ¢,¢) which satisfies the 
equation 


a2 2 
Ou l ou 1 ou 1 ou i 
a 4555455 -6-2.18) 
r ror roo a ut 
with initial condition 
ur, c, 0) = Wr, ©) \6-2.19) 


and the boundary condition 
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UK et) SO. (6-2.20) 


As stated earlier, the solution of such a problem can be represented in 
the form 


u = SCe "Ww M). (6-2.21) 
Here the summation extends over all the eigenfunctions of the problems 
a’v 1 dv 1 av 
SS i a ee Os Ur e)=0. (6-2.22) 
or r or r° do 


We have already investigated this eigenvalue problem in connection with the 
vibrations of a circular membrane (see Section 5-3). We found that each 
eigenvalue 


(nt 2 
ise (“) (6-2.23) 
Xo 

corresponds to two eigenfunctions 


in) 

= ft 

Dam = J.(4 a r) COS HO , 
e 


0 


and 
in) 
oes (4 r) sin iy , (6-2.24) 
Yo 
whose norms are equal to 
2 
ee ere 1 forn+#0, _ 
mm => = n m ’ En = 6-2.2 
mM Ldn rem DI . for 20. rere) 


Here ,,' denotes the 2th root of the equation 
/ 


JAjO =O. (6-2. 26) 
By using the expression for v and 2, we obtain 


© fon) _ = o in) A 
u(r,o,t) = 2 > (Cam COSC + Com sin ng) Ja( 4 rere fro. (6-2.27) 


m=l1 0 


where the coefficients C,m and Crm are calculated from the initial values ac- 
cording to 


0 Yo 


Cr. fon (nd 
| “| Or, on (4 r) cos ngr dy dr 


2 
re ay) 


cel J allie Ol 


(n) 


a) 
SD Uae 
oe {’ for 1 #0, 
“"""\2 forn=0. 
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If the initial temperature # depends only on 7, then the double series (6-2.27) 
reduces to the single series 


ur, td) = > Cube( HE re aim irate (6-2.29) 


Yo 


where 


2\" br) Jo (“ tm r)rdr 


oe a ,=- Ji), (6-2.30) 
Fee J Jo) 


while Mn denotes the mth root of the equation J/,(s) = 0. 

We now wish to discuss, in somewhat more detail, the cooling of a 
uniformly heated cylinder. Let the temperature on the surface of the cylinder 
once more equal 0. If 


u(7,0) = P= ty 


is the initial temperature, then 


r {0} (0) a 
2 | "Jo r)rdr 2tto Tor a rir] rh (! = r)] : 
C = 0 Yo —_ Yo 0 = 21ko 


= - = neon (6-2.30' 
rer “RLGE He Ae) 
since w/p(a) = [a/,(a@)]’. Thus we obtain 
u(r, t) kes 27 ol ttm’ p) = tp6O) 29 Y 2) ; 
wr 1) 2S oltm P) g- tiem 20 Se Pee Mea 
Ho m= Gia. (c Yo rj 


In the table of cylindrical functions (see Vol. I, Appendix), the numerical 
values for the roots pm’ as well as for J,(#,') are given. In particular 


DAY, Jit YS 0.52% 
je SS) Do. Tilia”) = — 0.34. 
The series (6-2.31) converges very rapidly, so that we can limit ourselves 


to the first term for large ¢. In particular, on the axis of the cylinder we 
have 


u(r, t) “s 2 ~12.40)20 __ 
lo 2.40 ~ 0.52 


2 
= 1.600 *™ (0 =o! Ms (6-2.32) 


3. Determination of the critical dimensions 


In Chapter 3 we showed that the process of diffusion of an unstable gas, 
whose velocity of decomposition is proportional to the concentration, leads to 
the equation 


uy -=- adu 4- Bu, (a O)s (6-2.33) 


Diffusion processes are of great interest when chain reactions are present. 
Chain reactions are characterized by the fact that the number of particles of 
the diffusing material increase by reaction with the surrounding medium. 
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Thus, for example, a nuclear fission results from the collision of neutrons 
with the active uranium nucleus, which leads to the occurrence of new neu- 
trons whose number is greater than one. These neutrons, in turn, react with 
active neuclei and lead, in the same way, to fission whereby new neutrons 
again occur. In this way the number of neutrons increases. Here we are 
dealing with a typical chain reaction. 

If this process is treated approximately as a diffusion process, we arrive 
at the equation 


u=a’du+ fu, (68 >09), (6-2.33’) 


since the chain reaction is equivalent to the existence of sources of diffusing 
materials (neutrons) proportional to the concentration (neutron density). 

We consider the following problem: 

Determine the solution of the equation 


u, = a’4u + Bu in the interior of T, (6-2.33’’) 
which satisfies the initial condition 
u(M, 0) = o(M) (6-2.34) 
and the boundary condition 
ag=0. (6-2.35) 
With the help of the substitution 
u(M, t) = a(M, te, (6-2.36) 


Eq. (6-2.33’’) leads to Eq. (6-2.1). The initial and boundary conditions thus 
remain unchanged. Therefore the desired function u(M, ¢t) has the form 


u(M, t) = by C,e'F- n'y CM) (6-2.37) 


The coefficients C, are fixed by the initial function according to formula 
(6-2.10). In case § < 0 (diffusion with decomposition), the exponents of the 
series (6-2.37) are larger than the corresponding exponents in the series (6-2.6). 
This means that for decomposition phenomena the concentration decreases 
relatively faster than in the case of pure diffusion (8 =0). In case 8 >0 
(diffusion with reproduction) if, at least for one exponent, §—a2>0, ie., 
8 > a’d, holds, then in general (C, # 0) there is an exponential increase of the 
concentration with time (chain reaction). The quantity § is characteristic of 
the substance in question (reproduction coefficient), while 2 is essentially 
dependent on the form and dimensions of the region. We shall say that a 
region 7,, possesses critical dimensions for a given §, when 4, = §/a’. In the 
following we shall calculate the critical dimension of a slab, an infinite cylinder 
and a sphere. 


1. The slab O<x<lJ. If we consider the problem as a one-dimensional 


problem, then 
Ne a 
Rn = (=) and 2,= 7 : 
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‘see Section 2-2). The critical thickness /,,, resulting from the concentration 
w by an avalanching increase, can also be determined from the expression 


ly = ae ~ 3.14¢ 
V 3 Vp 


(3 >0). (\6-2.38) 


2. The infinite cylinder. We consider this problem as a two-dimensional 
problem. Hence we see that the smallest eigenvalue 4 corresponds to a 
radially symmetric eigenfunction and that this eigenvalue is equal to 


(Oi 2 
j= (“) a, (pi? = 2.4048) . 


Thus we obtain for the critical diameter the formula 


21a _ 4.80a 
a a oo. Tt 3 
dy aaa (6-2.39) 


3. The sphere. The smallest eigenvalue here corresponds to a spherically 
symmetric eigenfunction. It is equal to 


so that for the critical diameter D,, 


oxa 6.284 
D,- = SS = oo 6-2.40 
k 17 3 V 5 ( ) 


holds. 


6-3. BOUNDARY-VALUE PROBLEMS FOR REGIONS WITH 
VARIABLE BOUNDARIES 


1. Green's formula for the heat-conduction equation and 
Green’s function 


For the heat-conduction equation boundary-value problems arise for regions 


whose boundaries depend on the time ¢. 
lor the purpose of simplicity we shall consider this problem only for the 


equation with one position variable 
LoS tg =i =; (6-3.1) 


although the following investigation can also carry over to the case of many 


variables. 
First we start with a region BAEF which is bounded by the two charac- 


teristics AB and EF (t = const) as well as by the curves 
x= yt) for AE 


and 
x= y(t) for BF. (Fig. 83) 
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FIG. 83 


The first boundary-value problem for this region consists of the determination 
of that solution of the heat-conduction equation (6-3.1) which satisfies the 
initial and boundary conditions 


uw = o(x) on AB, 
Hla = sult) itl e~yo tt) = pta(t) . (6-3.2) 


It follows immediately from the principle of the maximum that this 
problem can have, at most, one solution. We formulate the other boundary- 
value problems correspondingly. 

We shall now establish Grceen’s formula for Eq. (6-3.1) and, therefore, 
give an integral representation of the solution of this problem. 

lor this purpose we consider the differential expression 


2 
M(v) = a? —= += - (6-3.3) 
ax 
If we integrate 


ple) — pM) 
over a region PABQ (Figure 84) [here ¢(x, t) and g(x, ¢) are arbitrarily often 


FIG. 84 


differentiable functions], then we obtain after a simple transformation 


OX Ox 


|e — yM(¢)\ dx dt = |e dx +a (ve = sf) an 


where the integral on the right side is extended over the closed contour PA BQ. 
If Efe) =0 and M(¢)=0, then after splitting up the integral on the right 
we obtain 
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| yap dx | gy lx | | | vihetx hog: (vst y 4 aw] 
JY Vai 


JY OX OX 
pie dee: ae st) i) . 6-34 
| | ena toa Ce bape dt (6-3.4) 


Now let edn ht) aa, ty) be any solution of the heat-conduction equation Lad -- 0, 
while or Galax, 1, €, 7) is the Green’s function of this equation on the unbounded 
straight ines: 
Clee: ee eg (6 -3.5) 
2y nat ct) 

Gi(x,&r) is usumlly called the fundatnental solution of the heat-conduction 
equation, Tt satisfies the equation L(Gy) 0 with respect to the variables x, 
fand the adjoint equation AICG,) 0 with respect to the variables &, 7. 

Furthermore, let Mex, 0) be any fixed point in the interior of the region 
HARE ino which we want to determing the value of the function w(x, z) 
whereas M, is a point with coordinates x, f 1 hk, fo > 0. Lf we now place the 
Charneteristic ?’Q through the point M, replace x by & and ¢ by cin formula 
(G34), aud apply the resulting: formula and the funetions 


p uxt) and po Gilat lh &.r) (6-3.6) 
to the reyion ABOP (ignrve 84), we obtain 
rae, 28 40th 
a ee = 1 Tf ’ G(X, li, U lg 
* VAT SENS | até eae TE 
| “( ty He K Be de. (6-3.7) 


hy pussing to the limit as 4 +O and by bearing in mind the continuity of 
the funetions Gite ft €or) and aG /oé on PABQ with respect to # as well 
as the equation! 


iis Chath 
lin , poe MEL IVE atx 1), (6-3.8) 
ho Jno Zt rath 


where (vf) Hes on PQ, we obtain the desired integral formula 


. in y . on aG are 
ux, tf) | ME, civ tf, &, co dé | | 0 (Ge — UW oe) de. (6-3.9) 
JUNG Jair 0€ a& 
Mach solution of Che heat-conduction equation can be represented by formula 
(O90) We write the formula in pereater detail: 


J te QF yaa ter ed , tr Sr8ytakit eo 


a“ 7 on 
nen, t) | ‘y oO mé, tc) Jé | a a ar aT 
Je tng ra races tT) HOVE I Z\ rae(t T) ag 
ase te CrP eaa tee oes 
: se r 
‘ | w(Esz) (‘ —=—s) lies (6 3.91) 
Jngire NE 2) matt T) 


Obviously, [his Tormula ts not yet useful in the solution of the boundary- 


8 See Section wb i. 
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value problem, since for the calculation of the right side, not only #, but also 
du/o§& must be known along the curves AE and BF. 

Using transformations similar to those which we carried out for Laplace’s 
equation by introducing Green’s function, we can eliminate the derivative 
oujoé from this formula. 

Let v be an arbitrary solution of the adjoint equation M(v) =0 which is 
equal to zero on PQ, and let « be a solution of the heat-conduction equation 
Liu) = 0. By applying formula (6-3.4) to the functions v and zw in the region 
PABQ, we obtain 


0= | Ec r)u(é, r) dé + a (oS = ye | (6-3.10) 
PABQ 


t= 
0& a& 


If we now subtract Eq. (6-3.10) from (6-3.9), then 


Wa; f-= | EG )G(4,t,€, 7) di +a’ (cz _ wear ; (6-3.11) 
Gls Oks 


PABQ s 


where 
G(x, t, 6,7) = G(x, t6,r) —v. (63.12) 


If we choose v such that G=0 on PA and BQ, we obtain the integral 
representation for (x, ¢) in the form 


A 


BQ. OS 


ux, t)= | wu(€, 7)G(x, t, €, 7) dE + «| we dr — «| 10 dr. (6-3.13) 
0 


AB AP 


Formula (6-3.13) gives the solution for boundary-value problems on whose 
boundaries the values of the function # are prescribed on AP and BQ. 

We now study Green’s function as defined by formula (6-3.10), where the 
function v(€, r) was characterized by the following properties: 

1. v(&, 7) is defined in the region PABQ and for < < ¢ satisfies the adjoint 
equation Mv) = 0. 

2. v=0on PQ, ie., for <= t. 

3. v(&,7) = — G(x, t,&,7) on PA and QB. 

On the basis of these conditions, v is dependent on the parameters x, f¢, 
thus v = v(x, t,&,7). Consequently, for the determination of v we must solve a 
boundary-value problem for the equation M(v) =0. This problem is equiva- 
lent to the solution of a boundary-value problem of type (6-3.2) for the equation 
Liu) = 0, as we can easily see by changing the sign of +r. Therefore, the 
principal difficulty with the representation of the function w(x, ¢) by means of 
formula (6-3.11) as a solution of the boundary-value problem (6-3.2) lies in the 
determination of the function v(x, ¢t, §, 7). 

We consider the function d(x, ft, &,7) defined by the following conditions: 
(a) v(x, t, €, 7) is defined in the region PABQ for ¢t >< and satisfies the heat- 
conduction equation L(v) = 0 as a function of the variables x, ¢; (b) 7 =0 on 
AB, i.e., for f= 7; (c) v= — G, on AP and BQ. 

In the following demonstration we shall prove v(x, t, ¢,7) = v(x, f, §, 7). 

For this purpose we consider the function G(x, t, £,7) = Gy) + 0. Obviously, 
for an arbitrary solution 7 of equation M = 0, the formula analogous to (6-3.9) 
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fie, 7) = | aGodx +a (a a0; a) dt (6-3.9'’) 
BQPA ox ON 
is valid, as is the formula analogous to (6-3.13) 
“(3ic) = | aG dx + a| adi = | pe as: (6-3.137) 
PY Bq OX ar Ox 


These formulas can be obtained from (6-3.9) and (6-3.13) by changing the 
signs of <, since by this change, equation M=0 is transformed into the 
equation L = 0. 

By applying formula (6-3.13) to the region PRSQ (Figure 85) where RS is 


‘tp Q 


FIG. 85 


the straight line segment corresponding to the ordinate #, ¢ > @ >< and to the 
continuous solution 2z(x, f) = G(x, t,§,7) of equation L(w) = 0, we obtain 


G(x, t, &, = | G(x’, 0, &, G(x, t, x", 0) dx’, 
s 


R 
since the integrals along RP and SQ on the basis of the requirement C are 
equal to zero. 

Further, if we apply formula (6-3.13’) to the region ARSB and to the 
continuous solution u(5,7) = G(x, t,¢,7) of equation M=0 in this region, we 
obtain 


GG. 42)= | Get # O60. S dk 
Ss 


R 
since the integrals over BS and AR are equal to zero. By comparing the 
last two formulas we obtain 


G(x, t, é, t) = G(x, t, ss 2) é 


This equation shows that G as a function of x, ¢ possesses a singularity 
characteristic of the Green’s function for ¢ =<; and x= &. 

Furthermore, we recognize from this formula that G for =<: and x #¢ 
is equal to zero, satisfies the equation Z =O in the interior of APQB and 
vanishes on AP and BQ. Because of these properties, G is called Green’s 
function for the heat-conduction equation for region APQB. 

From our reasoning we arrive at the following conclusion. Every solution 
of the heat-conduction equation can be represented by Eq. (6-3.13) by means 
of the corresponding Green’s function. 
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If the mnhomogeneous equation La - fix,f is given, then mn formula 
(6 3.13) we must add to the right side the following term 


| lors fee code de: 


2. Solution of the boundary-value problem 


Formula (6 3.13) obtained above gives the solution of the boundary-value 
problem for a bounded interval with time dependent end points. If the end 
points of the segment AB are independent of f, then the curves Ale and BF 
reduce to two straight-line elements parallel] to the f-axis. The region S in 
this case, therefore, has the form of a rectangle whose sides are parallel to 
the axis of the coordinates. From the general formula (6 3.11) and by passage 
to the limit, we can now obtain the Poisson formula for the solution of the 
heat-conduction equation with prescribed initial conditions on the infinite 
straight line. 

We assume that in the part of the region which is bounded by the two 
characteristics f= 0 and ¢ 6 (these pass through the points A and /¢) the 
Inequalities 

wx, te? <N and “He aN (A; 

ax 
are satisfied for the functions « and a,; thus let A + 0 and N > 0 be fixed 
constants. We then replace the segment BQ (Figure 86) by the straight-line 


FIG. 86 


element x — 7. Let 7 be a positive number which we shall later increase 
without limit. Thus we arrive at formula (6-3.9) which we write in the form 


rang 2V nat — 7) ug At — 


We shall now show that, as /-» co, the expression 


| C excb 2 gazes cd a () _ ul 3 x - / Jas 
ng 2YV xe =i 05 Jent WE Dd 


NPG aN, Glee eS t \ i ee 
7 ee SS —————————— Iz ts (dl, a ay ~ I. 
\\« ( a) pel7 sels) : \, 2V rat — c)(t — ee 


oa Oe 2dakil ort a é 7 
c P . | _ 
Wx, t) = | Woo | t) ds + wee dz us, “= Moa | . 


approaches zero, 
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For large values of / the estimate 


IIA 


vA Na’ _ gkl?~ 11216028) \ dt 
: 2 xa? VA Se 
holds for x < J/2 and (¢— +r) <6. Obviously, as /— 0, |/;| approaches zero, 
since N is a fixed number while 6 can be chosen arbitrarily small. In par- 
ticular, we find that 
1 
K<—>. 
16a°6 

Correspondingly, we prove |/,|-»0 as /— co. If for the function u(x, ¢) and 
its partial derivative du/dx, the inequality (A) is also satisfied for negative x, 
then for A& we can choose the straight segment x = —/. By repeating the 
above reasoning, we find that the integral over PA in formula (6-3.9) ap- 
proaches zero by passage to the limit. Hence, we arrive at the Poisson 
formula’® (Section 3-3) 
too yx £1? /407t 


1 é fa 
U(x, t) = OW nat \"" vy Q) dé . 


If we consider a one-sided unbounded region and assume that for Green’s 
function G(x, t, €, 7) the inequality (A) is satisfied, then by analogous reason- 
ing we obtain 


fee ee | a 42) 2 ite \" (G(x, t €,0) dé , (6-3. 14) 
PA S fsx 4 x4 


where 
pet) = wx4,t) and (x) = w(x, 0). 
Green’s function for the one-sided unbounded straight line x =0O can be 
constructed by means of the reflection method. It is equal to 


1 mize ty? 2cfe tx f)2 2i4—r) 
G x a fr) = e (x-€)*/4at(t—r) e (n+ $)% /4aell—r 
cote BV naa a | } 


since it is representable in the form (6-3.12), satisfies the heat-conduction 
equation with respect to the variables x, ¢, and is equal to 0 for x= 0: 


GO tc) = 05 


, 


Now we calculate 
aG _ x ett iserie) 
OF g=0 2V xila’(t — <j]? 


By substitution of these values into Eq. (6-3.14) we obtain the formula 


~ta-2)2 /4e2 =ipeei2 te ok 
ux, t) _ le (x-$)%74a2t e (x~-€) {4a2t) (2) dt 


1 \ 1 
2Vxz jo Vat 
1 ( ax 


+ OW sz let —P" me aaa Co) dz, (6-3.15) 
Zz 0 EN 


16 This cannot be considered as a derivation of the Poisson formula since the derivation 
of formula (6-3.9) is based on the Poisson formula. 
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which defines the function w(x, ¢) satisfying the equation 


l= Ati, Oc<xcw, t>0) 
and the conditions 
u(x, 0) = c(x), 


(O< x < ow). 
(0, t) = u(t) , 


3. Green's function for an interval 


The solution of the heat-conduction equation in a bounded interval 0 < x < / 
is given by formula (6-3.11). If the ares PA and BQ are replaced by the 
corresponding straight-line segments and the origin is placed at the point A, 
then this formula assumes the form 


{Same pt 3 I 
u(x, t) = a | a6 fa(z) dz — a*\ Le tlt) dz -- | CUNT ee yds « 
0 OF |F=0 Jo Os |t=! 0 


Here 
p(t) = uO, t), pelt) = lb), er) Sr 0) 


Green's function G(x, ¢t, €,-) for an interval can be obtained with the help of 
the reflection method. Here we assume that the positive sources are at the 


points 2n/ + and the negative sources at the points 2”7/—<:. Then the 
desired Green’s function can be represented by 


wx, t= > [Go(x, t, 2a/ + 3,7) — Golx, t, 2ul — 5.2). (6-3.16) 


where 
& 1 aty—é 2/4g2:¢-- 
G,(x, ¢, =, 7) = ——— =e 
of ) 21/xaX(t — =) 
is Green’s function of the unbounded straight line. 


It is easy to confirm that the series converges and that the boundary 
conditions 
G 29 =0 and Gl.ws=0 
are Satisfied. 
In Section 3-2 another form of Green's function was given, that is, the 
representation 
2 2 mtn 2 2rqhit—-r) 2 wd . Me a 
Gx, tc) DY OP" gin Ee ysin=e . (6-3.17) 
Ll n= l l 
We shall now prove the equivalence of the two representations. 
Formula (6-3.17) can be interpreted as the Fourier expansion of Gx, t. §. 7) 
in terms of sine functions in the interval (0, /): 


n 


re] rs 


G(x, t.é, 2) = > Gala ts) sin Pe. (6-3.18) 


For the Fourier coefficients G, of the function G defined by the series 
(6-3.16) we obtain 
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G,= a G(x, t, €, 7) sin me dé 
pa tee = . Ta x 
-— > Go(x, t, 2d + €,, 7) sin—§, dé, 
1 nz 0 0 l 
t 
= | Gx, t, 2nl — Ss; T) sin, 2 dé} P 
0 


Now if we introduce new integration variables 
€’=2nl +2, and &'' = 2n]-—6&,, 
we obtain 
2 co ‘Qn+14 TH ag 
G=+ 3 {\ Gola te 81,2) sin Het ds 


ant 


(Qn--1l 


2nl 
+ | Gules 8", 2) sin Se” ag" 


From this it follows that 


2. mH 
i G,(x, t, &, 7) sin — § dé 


OE Nes 
2 ts ] = reti2-4q2it rc) oe TH 
et pe aor go. di . 

l | wo 2V nat — =e rg ‘ 

Then if we set 
eee aed 
2V att — 7)" 

we obtain 

dé 

A =a _ 5g 
@ 2 att — 7) 


sin oe -= sin a(x + 2y/ att — 7) 2) 
2n_ »——— ne 
= sine x cos i Vali ==) i + cos x sin" ; Vartt— ri, 


= Zi gi BE re |e cos aE ai di 


2 An (0? azn p~—————— 
+ cos x | of sin =~ a@(t—rsds. 
The second integral is equal to zero since the integrand is an odd function 


with respect to the origin. 
The first integral is a special case of the integral 


ies) = Nes cos pid , 
which was calculated in Section 3-3 and is equal to 


eee a (een 
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In our case, 
we, pe Vea) 


holds, so that 
em Vai =(a2n2 7202-0) 
a é@ 


and 
Gee 2 tatntadazitar aa eu gy. 
1 l 
If we introduce this expression for the Fourier coefficients G, into formula 
(6-3.18), then we obtain the second representation (6-3.17) of Green's func- 
tion directly. Therefore, the equivalence of both representations (6-3.16) and 
(6-3.17) is proved. 


6-4. HEAT POTENTIALS 


1. Properties of heat potentials of single and double layers 
As we have seen, the solution of the heat-conduction equation can be 
represented in the form 


u(x, f) = | Gou dé — i Gow dé + | Gu dé 
AB 


BQ 


+a | (GSE — 1 Pe) de 
BQ+PA Og OS 


We now turn to the investigation of the individual summands of this sum 
and show first that these individual summands satisfy the heat-conduction 
equation. The first summand is a Poisson integral and therefore, as already 
proved. satisfies the heat-conduction equation. 

In order to investigate the other summands, we next prove that for in- 
terior points of the region res the Pe 


AP 


{= a | CGiges rae | af a a gary Aide. 
AP ? Vas = \ ) 
(§ = nile )) » 
r 6G 1 Mg (r) —(a-y,¢01]2/4a2(t-+) 
W=2e\ eo d= |) later OSE Tas cde 
: . ca Qa/ = \o(t — 2” He) 


satisfies the heat-conduction equation. 

The derivatives of these functions with respect to the parameters x and 
t can be calculated by differentiation under the integral signs for x # x,(t), 
since the integrands and their partial derivatives with respect to x and ¢ are 
continuous. For ¢--»>: and x # y,(f) the integrands approach zero exponentially. 
For example, 

G(x. ft. wi(), sys) eat = a es 5 Berets =H 

: ene 2 Vat — 2) 


vT=t 
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The differentiation with respect to the parameters x, f is, therefore, related 
to the function G, which is itself a solution of the heat-conduction equation. 
The remaining summands are treated analogously. 

Now we consider the behavior of the functions V and W on the curve 
AP (x = 7,(t)). Obviously, the integral V is continuous for a passage of the 
points (x, f) through the curve AP, since this integral converges uniformly 
(see Section 4-5). On the other hand, as we shall prove at once, W undergoes 
a jump by passage through the curve AP, that is, 


W  x=7, +0 — Wh e=yy its + yf), 
Wh ry, (t)-0 _ Whraz te = pect) : 
We carry out the proof for this by assuming the differentiability of y,(t) and 


pet). 
First, we consider W for constant density s(t) = peo: 


1 te Cr) ~(x-y,(71)2/4a2(t—37) 
West —| Eg TY to dz 
en) 2Qav x ei eS 
and besides, the integral 
~ 1 ¢ 2yi(t) —[x-y, (7) )2/se2t-7) 
Vx, = =| eases ise lo At 
WAS Se Nie | bs 


is continuous, on the basis of the above statement, at the points of the arc 
AP. 


For the difference W° — V° we then obtain 


17 l Ltenyp(r) 22 /da2tt~o) = T 2yi(c 
ay Pam Ferre 


is =|" eda, (« = nS) 
Wa (x44 (tg) /2v'a2 tt) 2V at — 7) 
with 
a= +c for x> x(t), 
a —90 for x= 4it)= x» 
@=— oc for x < y,(t). 


By passage to the limit as x > x +0, we obtain 


[Wx +0, t) — W(x, 2] — [Vivo £0, £1) — Vix, £)] 


2. 42 25 
ay ae e”* da= cE flo . 
a 0 


Because of the continuity of V, there holds 
Vixo + 0,t)— Vivo, t) =0. 
Thus 
W(x +0, t) = W(x, t) + foo - 
If #(t) is not constant, then 


Wa, t) = W"(x, t) — $x, t) 
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with 


2 
a 2 Fle) -fx-x, (7) 1240210 aH 


He d= are \ teal 


Since (f) is assumed to be differentiable, this integral possesses the same 
singularity as V for r= ¢; it converges uniformly and is a continuous function 
on AP. Consequently, the limit value of W(x, ¢) is equal to 


pt) — pr) de. 


Wia + 0,1) = W(x, t) +: I 


as x-> x, +0, which was to be proved. 
We can easily sec that the partial derivative 9V/dx, like W(x, ft), is dis- 
continuous for x = x). This derivative is equal to 


av et iL 1 ('x — y(t) —[x- yr) )274a2tt-7) 
ax (ss Da x 2 La ~ rye eee 
and equals — W(x, t) with density 
v(t) 
j=—~—.. 
HE) 5 
Hence, it follows that 
ON te Opt) = ON Geis ti a 
Ox Ox 


where the integral 


oV 1 1 (' x5) ~- rir) tr) )2/4a20t 
— (Xo, t) = a 2 a 2 e iy a , o 
0 (t 2s r)/ 


om Se gr u(t) dz 


is equal to half the sum of the right and left-sided derivatives of V at the 
point x9: 


}pav aV 
—|—— (x) + 0, t) + —(x% — 0, f)]. 
5 | oy tO) + Te ~ 0,0) 
We must still point out that V(x, ¢) itself does not possess a derivative at the 
point xp. 

Thus, we conclude the investigation of the potential along AP. The 
properties of the potential along BQ are completely analogous. 


2. Solution of boundary-value problems 


The heat potential represents a suitable analytic means for the solution 
of boundary-value problems. 

We begin, with the first boundary-value problem for the one-sided bounded 
region x = x(é): 

Determine the solution of the equation 


m=a'u, for xzy,(t,t2 bh; 


which satisfies the conditions 
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wx, toy o(X), v > x(t) 
wly(), D= fee) , tf -> to. 


Without loss of generality we can assume that ¢(v:- 0. Therefore, if we 
form the difference between u(x,t) and an arbitrary solution of the heat- 
conduction equation v(x, 4) which satisfies the same initial condition, we obtain 
a new function for which ¢(x) = 0, while the boundary values are as before. 

es the assumption that the reduction to the homogeneous initial con- 
dition ¢(x) = 0 has already been accomplished, we represent the solution in 
the form 


win, t) »f) == Ve = * (x, t, ylti. cite) de 


0 Us 


1 1 x — 4(f) xt PART MS Pa ii 


A = Vie= oe 


This function satisfies the equation for x > y,(/), is bounded at infinity, and 
satisfies the homogeneous initial condition for an arbitrary choice of jf). 
For x = yx,(¢) it is discontinuous and its limit value for x = y,(¢) + 0 must be 
equal to :(f): 


mat) aie eal yilt) =F yz) -Cyyit oxy ca dPpta®ie es 
2d? 4 = olar(t ie 2)? 


This expression is a Volterra integral equation of the second kind for the 
determination of the function 7(<) which defines the solution u(x, ¢). The 
existence of a solution follows from the general theory when x = x,(f) is a 
differentiable function. 

This equation is especially simple when the boundary of the region under 
consideration is independent of time: 7,(4) =x). In this case, the integral 
occurring in the equation is equal to zero, and there remains 


it) = 2a? st) . 


fo) dz = phts 


so that the desired solution then has the form 


] f bare 
2ZaV = Sot — 2)” 


We have already encountered this formula twice before (see Sections 3-3 and 
6-3.3). However, here it provides the proof that this function indeed satisfies 
the differential equation and the auxiliary conditions. 

The second and third boundary-value problems are solved analogously by 
means of the potential. We shall now consider the boundary-value problem 
for a bounded region for which the auxiliary conditions have the form 


iG ara 0) an ag 9 (0) < x < x2(0) , 
uyi(t), t) = pat), y(t). £2) = pelt), (E> 90). 


We assume that this problem has already been reduced to the corresponding 
problem with homogeneous initial values (¢(x) = 0). We can then represent 
the solution in the form 


ux, £) = GPR OE dew. 
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*6Go 


AG 


0 OS 


w(x, t) = 


3 (W, + W2) = | (4, f, yz), Tah) de 


) 


‘dG 


72 (xz, t, yal), t)fia(t) de 
0 Gs 


+ 


This function already satisfies the differential equation and the homogeneous 
initial condition as well as the functions f(t) and 7,(t) selected. It is dis- 
continuous for x= y(t) and x= y,(f). Its limit value for x = y,(f)+ 0 and 
x = y(t)-—O must be equal to s(t) and y(t). These considerations lead to 
the system of integral equations 


7) (t) 1 y (t = (r) - (t: (2192/42 rhe 
2a x wri, Ar = a Ree ees) Pane (ee 
; 1 f xt _ X2(7) Cxylti-xgts )2s4a2tt-cr- poy 
+ opel ecare? a cm 
Felt) ] : x(t aa yi(7) —Exgtt) gos) 34sda2 tac 
—— " vs ry ——) SS et i. n 2 G ka 
2a° AVY x | [a(t — r)}°” Hae 


1 f y(t —_ X2(7) -(x9lti—-z9it) 22 /4a2.t—r) = 
-L SAS ae SAS ar TS ee Se t)dz = polt), 
4)/ = | [a(t rc)? Heol ) fol ) 


a system of two Volterra integral equations which indeed possesses a solution. 


Problems 


1. Let a sphere of radius Ry be filled with a gas of concentration 2 at the 
initial moment. Let the concentration be equal to zero outside of the sphere. 
Find that function « which describes the diffusion process of the gases into 
the unbounded space. Solve the same problem for the half-space in the 
presence of a gas-permeable wall z= 0. 

2. Treat the problem of heating a sphere of radius A), if the initial tempera- 
ture is equal to zero, while the surface of the sphere maintains a constant 
temperature 2. 

3. Determine the temperature of a sphere on whose surface a heat exchange 
occurs with the environment. Let the temperature of the environment be 
equal to zero and the initial temperature of the sphere be equal to wo. 

4. Let a homogeneous fixed body be bounded by two concentric spheres with 
radii a@ and 2a. Let the interior surface of the body be heat-insulated, while 
a heat exchange with the environment occurs on the exterior surface. Let 
the temperature of the environment be equal to zero. Find the temperature 
distribution in the body at time ¢, when the initial temperature of the body 
is equal to ap. 

5. Derive the diffusion equation for a medium which moves with constant 
velocity. Give an expression for Green’s function in an unbounded space. 

6. Consider a stationary diffusion process in a moving medium, where the 
velocity is regarded as constant and the diffusion along the direction of motion 
of the body can be neglected. Find Green’s function for the half-space under 
the assumption that the plane z= 0 is impermeable to gas. 
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7. Construct Green’s function for the layer which is bounded by the planes 
z=0 and z=J, as well as Green’s function for a wedge with aperture angle 
r/mt (2 1S an integer) with homogeneous boundary conditions. Investigate the 
solution. 

8. Construct Green’s function for a momentary heat source of intensity Q 
which is distributed uniformly on the surface of a sphere of radius a. 

9. Solve the problem of the heating of an infinitely long cylinder whose 
initial temperature is equal to zero, while the surface maintains a constant 
temperature. With the use of tables for Bessel functions, determine the 
temperature profile (select ten points on the radius) and the average tempera- 
ture of the cross section for large time. Give the corresponding graphical 
representations. 

10. Investigate the magnetizing of an infinitely long cylinder by a constant 
magnetic field which is parallel to the axis of the cylinder. With the use of 
tables for the Bessel functions, calculate the magnitude of the induction cur- 
rent through the cylinder cross section. 

11. Construct Green’s function for an infinite cylindrical region of arbitrary 
cross section with boundary conditions of the first kind. Consider the special 
case of a circular cross section. /dint: Represent the solution in the form 


u(M, 2, t) = y itn(2, t),(M) ’ 
nid 


where ¢,(M) are the eigenfunctions of the cylindrical cross section. 


6-5. APPLICATIONS OF CHAPTER 6 


1. Diffusion of a cloud 


In the following section we shall investigate the diffusion of a gas cloud 
after it is released by the explosion of a grenade. 

In the explosion of a grenade a fixed amount Q of smoke occurs which 
propagates to all sides and leads to the formation of a cloud. The cloud in- 
creases initially, then clears on the boundaries, its darker opaque part decreas- 
ing until the entire cloud has cleared; it then begins to disintegrate and 
finally disappears entirely. This form is especially discernible on clear days 
when the blue sky is present as a background. 

The process of the propagation of a smoke cloud can be treated as the 
diffusion of smoke from an instantaneous point source of intensity Q in an 
unbounded space. Such a diffusion process is not of molecular, but rather of 
turbulent character; it corresponds to a certain effective coefficient D of a 
turbulent diffusion. We shall disregard the initial propagation of the smoke. 
Furthermore, we can disregard the almost entirely unessential influence of 
the earth. With these assumptions, the concentration of the smoke is given 
by 

] 


3 
UX, Y, Z, t) = (sm) printer? ah pape : (D po a?) . 


if the origin of coordinates is set at the place of the explosion of the grenade. 
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We shall now examine the question of the visibility of the cloud. The 
time duration during which the cloud is completely disintegrated depends on 
the absorption of light in the atmosphere and on the sensitivity of the apparatus 
of observation (the eyes, photographic plates, etc.). 

As is known, the intensity of light which passes through a homogeneous 
layer of gas is approximately equal to 

Pee 
when J) is the initial intensity of the light, a is the coefficient of absorption, 
and / is the thickness of the layer. The absorption coefficient a is proportional 
to the concentration of the absorbed gases, i.e., @ = @ott, @ = const, where uw 
is the concentration of the gases. 

If two layers of thickness 7, and /,, respectively, exist with different gas 
concentrations #, and “2, we obtain 


I = Tye 781 1g 70u2!2 = Te Oe : 


Thus it is evident that the intensity of light which passes through a cloud 
whose smoke concentration changes continuously obeys the formula 


T= Ine 70S"! . 
The visibility of the cloud is determined by the ratio //J, which depends on 


Sud. 


Let 6 be the sensitivity limit of the observing apparatus; then the cloud 
is visible for 


l—TI 


<6 or —>1l-6 
Th I k, 0 
and is completely opaque for 
I,—I I 
—>1—-6 or —<o. 
Io Io 


If 


the cloud appears partially transparent to the observer. The degree of trans- 
parency depends on the magnitude of the ratio 


I e720 \udl , 


0 
that is, on the value of the integral Jz dl. 

Now we place the z-axis in the direction of sight and assume that the 
observer is at infinity. In so doing, the cloud is projected on the x, y-plane. 
For an estimation of the visibility of different cloud particles which correspond 
to the points (x, y), we calculate 


o) 3 Poco 
\« dl = | u(x, y,2z,l)dz=Q (=m) | on etty? 221 fant as 


= ] : —(22, y21/4Dt 
= °(a7=m) : 
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If the amount of smoke in the direction of sight is small 


ud < >, 
ee) 


then /:/, > 1—46 and the corresponding cloud particles are completely trans- 
By contrast, if the amount of smoke in the direction of observation 


parent. 
is large 
|» dl > ea ’ 
ea) 
then /[//, <e~ =6 holds, that is, for a corresponding choice of J = In//6, the 
corresponding particles are completely opaque. For 
oe \" ale, 
M% (XQ 
the condition 
w \ db=6 or a 0(— A) or" i (p? = x’ + y’) 
: oY \ 2 7 Dt j 
The 


defines the limit of visibility outside of which the cloud is invisible. 


radius of the cloud is obviously equal to 


a ee 64zDt 
f \ Dt \n On 
(Figure 87). For small ¢ values the radius p of the cloud is small. It increases 
p 
Ym 
0 To fh 
FIG. 87 
with ¢. For 
aQ 
t = t Sse 
°  4ze5D 
p assumes the maximum 
laQ 


Pmax = 2V Dts = \ =ea 


for f > to, » is smaller; and for 
os Qa 


i= , 
64x D 


it is equal to zero (the cloud has disappeared). 
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By recording the disintegration of the cloud, the coefficient D of turbulent 
diffusion in the free atmosphere can be determined (for example, from the 
formula for ¢,; or for ¢o). 


2. The demagnetization of cylinders 


We shall treat the problem of demagnetization of a cylinder wound with 
wire. This problem arises in connection with the theory of ballistic galvano- 
meter.’° 

By switching a magnetic field on or off, an induction current is produced 
in the cylinder covering. For an accurate treatment of this problem we must 
naturally consider the reverse action of this current on the field inside the 
cylinder. Ordinarily, however, this inhibiting action of the covering is not 
considered and the problem is solved under simplified boundary conditions. 

Above all, we shall limit ourselves to this simple representation of the 
problem. Moreover, we consider an infinitely long cylinder of radius R, about 
whose surface is wound a conducting wire. The cylinder is found in a homo- 
geneous magnetic field H,, which is parallel to the axis of the cylinder. The 
axis of the cylinder coincides with the z-axis. At time ¢=0, the field is 
disconnected. 

Obviously, the equation 

Si Bo. - eS (6-5.1) 


a at 


holds in the interior of the cylinder. Here 


2 (os 
a 


nyo 
Because of the axial symmetry of the field, we have 
Her 1). 


so that Eq. (6-5.1) assumes the form 


n2 al ” 
oon 4 aL oH = aye (6-5.1') 
or yr or a oat 


If the influence of the induction current produced in the covering by the 
demagnetization of the cylinder is neglected, then the boundary condition on 
the surface of the cylinder takes the form 


ACR, t)=0, (E> 0): (6-5.2) 


The solution of Eq. (6-5.1’) with the boundary condition (6-5.2) is obtained 
by separation of variables: 


Hows FE rane (ies (6-5.3) 
Je Tue) 


) 


Here /, and J, are Bessel functions of zero and first order, and me is the 


16 B.A. Vvedenskii, Zhurnal Russkovo fiziko-khimicheskovo obshchestva 55, 1, 1923. 
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kth root of the equation 
Jo) =0. (6-5.4) 
Since @’ is very small, then for sufficiently large ¢, we can limit ourselves 
to the first term in formula (6-5.3): 


H(r, t) & 1.60+ Hyen8-77'22/8 jo 2-4 +) (6-5.5) 


From this we obtain for the flux of induction 
R 2 
w= 2x | nH(r, Or dr = A Qe tier/Ree (6-5.6) 
0 {41 


where is the initial flux (at ¢ = 0). 

Formula (6-5.6) is used for practical calculations of measurements by 
means of a ballistic galvanometer. 

For the determination of the region of applicability of (6-5.6) we have to 
solve the problem described above without neglecting the induction current 
arising in the covering on the magnetic field. 

The electromotive force in the covering, as is known, is equal to 


Bia $ Ed. 
L 


By using the second Maxwell equation and Eq. (6-5.1), the line integral 
can be transformed as follows: 


Eins = | | rote as ~ -\ [a ds = s =| [anas=—7< $ oH i 
S C ds ot Azo Ss Aza L ov 
or 
cR dH(kR) 6 
w= 5.7 
ie 2a dv ( ) 


Here S is the cross section of the cylinder, L is the bounding curve, and » 
is the normal to L. 
The boundary condition on the surface of the cylinder reads 
H. 


| 29 


—H meets @ 
c 


where / is the induction current in the covering and » is the number of 
windings per unit of length. By using H,, = 0 and 

Etna 

pl 

(9 is the linear resistance of the windings: / is the length of a winding), we 
obtain 


{= 
fs ne 3 (0 eee ae 
c pl 


By comparison of expressions (6-5.7) and (6-5.8), we arrive finally at the 
boundary condition 


(6-5.8) 
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H(R, t) + - HAR, t) =0. 
pa 


Therefore, the following equation 


| en; eee (6-5.9) 
Yr a 


with the auxiliary conditions 
H(r,0) = Ab, 
HOR, 1) + aH(R,t)=0, (« _ 2) 
pa 


is to be solved. We try to determine the solution by separation of variables 
and therefore set 


Hr, t) = X(r)T) . 
The functions X(r) and T(t) satisfy 


X! 4 =x’ Pay) mnie (6-5.10) 


X(R) + aX(R)=0, (X00) < &), 
Tia =O; (6-5.11) 


respectively, where 7’ is the separation parameter. 
From (6-5.11) we immediately find 


Ti) = er. 
Particular solutions of Eq. (6-5.10) are /,(4r) and N,(Ar) (see Appendix); 
however, only J)(4-) is bounded for r=0. Thus 
X(r) = AJ,(Ar) . 
The boundary condition for r= R for the determination of the eigenvalues 
yields the equation 
P AR 
JR) + cts =0 
or 


If y) — By) = 9, 


where 


b= aoa: (6-5.12) 


a 
R y 
The roots of this equation can be determined either graphically or by 
expansion of the Bessel function in powers of y = AR. 
Now let y, be the roots of (6-5.12) so that 


joa 


R 


The general solution of our problem then assumes the form 
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Her, ty > y Acdo( sea Je aoe (6-5.13 
E=1 R 


The coefficients A, can be calculated from the initial condition 


‘ awe 
| HoJo (x al dr 2H S\( Ve) sy 
Ae = i) + Jfol | (6 5.14) 
“2 Ve \ a Vel Jol Ve) 7 SN Vee 
( Jo () ae qd 


The members of the series (6-5.13) decrease very rapidly since @ = ¢ dave 
is large (~ 10" to 10"'). Therefore, we can limit ourselves to the first term 
with sufficient accuracy: 
2Hadh( ys Jol -) 

R yela2/ Ret 
wil Jo v1) 7a Jit} 


This result leads to the following expression for the flux of tnduction: 


Hr, l) = (6 5.15) 


ATi) 2¢@2/R2)¢ k 
Dt) & Dy ret (6-5.16) 
VLRO) + LOI 


Here 
@, = NH xR’ , 
if N denotes the total number of windings. 


Numerical calculation leads to the following formula for the flux of induc- 
tion for different values of the parameter §: 


0.8040,c°°'" for 3 


a 
ect tee 


Ly 
R 


= 0. 
P(t) = 0.8720,¢ °°" for 8 = 0.2 g= 


0.9120,c°° *" for §=0.3, 


These formulas permit us to follow the tnhibiting action of the current in- 
duced in the winding on the fading of the field in this cylinder. As 3 
increases, that is, as the current in the covering increases, the rate of decrease 
of flux is small. For 8=0, expression (6-5.6) is obtained for the flux of 
induction. Therefore, this ts the zeroth order approximation. 

In the theory of ballistic galvanometers we must know the time =< in 
which the flux of induction ®, decreases to values determined by the sensi- 
tivity of the galvanometer which characterizes the inertia of the instrument. 
Let 7 be the relative sensitivity of the galvanometer, that is, the galvanometer 
can register only the value @>70,. Then < can be easily determined by 
setting ® = 7®, at time f=7 in 


O(t) = aOye" . 


By comparing the solution (6-5.16) with the approximate solution ©6-5.6%, 
we sec that the coefficient in formula (6-5.6) is larger. This indicates a larger 
value for the sensitivity of the instrument for one and the same value of <:. 
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The following table contains the values of < for different 5, in particular 
for 3 0.and 7#= 10, 


R a?! R? 2(5 = 0) (53 —0.1) 705 = 0.2) (35 0.3; 
Iron 
p = 500 lem 1.59 0.71 0.888 1.15 1.28 
go = 105(1/n cm) 
Alfesi!? 
p = 2000 lcm 5.12 0.217 0.272 0.330 0.405 
g = 1.3- 105 


3. The difference method for the heat-conduction equation 


For the determination of the approximate solutions of the heat-conduction 
equation, we often use the difference method. [In the following discussion, 
we shall treat the first boundary problem of the heat-conduction equation. 


du ge Oe (OSL ys OS PTS. 6-5.17 
ot OX 
te, 0) SCOR), 6 5.18: 
WO, t) = patty, 
wl, t) = pelt: . 6-95.19) 


In order to convert the differential equation (6-5.17: into a system of difference 
equations, we first divide the interval ‘0,7, by the points 


K-= 0; MSs sstg Hah (n=4i fal. n) 
l 


into # equal subintervals. We then replace the differential quotients with 
respect to x by two difference quotients. so that we obtain the system of 
difference equations 


ot = q? Hit Me Si a Ee 6-5.17') 
ux(0) = (xi) , (6-5.18") 
olf) = pact) , 
ltn(t) = pelt) 5 (6~5.19') 


for the functions z#;(f). This is a system of #— 1 ordinary differential equa- 
tions of the first order for the determination of the 7 — 1 functions u;. The 
solution of this system is uniquely determined by the initial conditions. 

Now if we solve the system (6-5.17') to (6-5.19') numerically by any 
method, we then have a system of functions w;(f) which can be regarded as 
the approximate value of the function u(x,t), that is, the solution of the heat- 
conduction equation at the points x;. Not only the approximate value of the 


17 Aluminum-Iron-Silicon alloy. 


458 SPATIAL HEAT PROPAGATION 


function w(x, /) at the points x # x,;, but also the approximate value of the 
derivatives can be calculated by interpolation. 

In order to justify our method, we must show that the functions 2;(f) 
approximate the value of the function ax,/) with arbitrary accuracy for 
sufficiently small /. 


Theorem. The solution of the first boundary-value problem of the heat-con- 
duction equation, with continuous initial and boundary conditions (¢(O) = 44(9), 
g(l) — ye(0)) can be approximated with arbitrary accuracy by solving the system 
(6-5.17'); that is, for any ¢ > 0, there can be determined an f(e) such that for 
all ¢ 

lux, fy - uD] <e 


provided we choose h < h(¢) in system (6 5.17’). 
‘irst we prove several lemmas: 


Lemma I. Vf the funetion u(x, 7?) is a solution of the first boundary-value 
problem of the heat-conduction equation, which ee cen its second derivative 
is continuous with respect to x in the closed region Ox <¢/,0<4¢<¢ T, then 
the functions u(t) ufx;, 4) satisfies the system of eat 


dit; 2 iy4y -t- jg 2, 
————— _-. ad aT ae 
dt hh 


Ilere, the Q:(f) are uniformly bounded by a number Q)(k). where Qo) ap- 
proaches zero as A->0. 


— Qi) . (6-5.20) 


Proof. To prove the lemma we put x, f) into the system (6-5.17’). 
By using the equations 
2 


Minh) aay + ht) > xy, 2) + dey, f+ Fal + Oh, t), O20. = Ty, 


2 


it;-i(f) = UX; cam h, t) oe WX; , f) hu (x;, f) + Twas = Oolt, t) , (0 = 0. a 1) 
and also Eq. (6-5.17), we then obtain 
2 
Qi(f) = Fela, LOW, 2) + tay — Olt, 0) — Qe, 0). (6 5.21) 


Since the region under consideration is closed, the uniform continuity of 
(x, f) in this region follows from the continuity of v(x, f), that is, for any 
y > 0, there exists an dy) such that 


\tte(X + Oh, t) — 6x. Al <7 
holds for arbitrary x and ¢.) From this, however, 
AMD) <Q. a’y 
follows for Jt < IQ), whereby the lemma ts proved. 
Note. Tf the function w(x, 4) has four continuous derivatives, then 


2 
ah 


12 


Qo % CN, (6 5.22) 
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holds, where U'Y is the maximum of w#'*(x, ¢) in the regionOd<x</,0S?tsT. 
This result follows from the equations 


3 


2 
u(x; + h, t) = (Xi, t) + husx, t) + Fal, t) + tas ti t) 


hi 
a Pra Ga + O,h, t) ’ 
= h? h° 
u(x; — h, t) = u(x, t) — hie(xi, 2) + easly i= By eel Xin f) 
4 
+ ner — 62h, t). 


Lemma 2. The minimum of the solution of the system of equations 
dw; _ gq? iti + Win — 20; 
dt he? 


cannot be smaller than the minimum of the initial value or the minimum of 
the functions zv,(¢) and w,(t). 


= Qt) for Q:(¢) = 0 (6-5.23) 


Proof. The minimum of the set of functions 2,(¢) for 7 = 7) must be attained 
for t = fy (fo > 0), that is, w(t) = Wi,(to). 
We consider the equation for wi, at t = bo. Obviously, 


holds (the ‘‘<’’ sign can only hold for ¢) = T), and 
qrvigtt F Wig~l 
h? 


This conclusion, however, is a contradiction, in the case Qi,(t0) > 0. However, 
if Q,,(to) = 0, then 20;,41(to) = wi,-r(to) = 2: ,(to)- 

If we continue this argument for %,+1 and so forth, we arrive at a 
contradiction when Qi,+«(to) 1S positive for one R. If, however, 


Qi why=0, 
then we would necessarily have 


ome 2Wig 6 


Wig lo) = Wigsi(lo) = +++ = Wiyzu(to) = +++ = Wallo) » 


from which it would follow that the minimum of the set of functions w(t) 
(@=1,...,2—1) cannot be smaller than the minimum of the function w,(t). 
A corresponding lemma holds for the maximum of the solution of the system 
(6-5.23) when 


Qift) <0. 
Conclusion 1. If the set of functions {#;(¢)} (( = 1,...,%2— 1) satisfies the 
system of equations 
dv; 20j4, + Di-y — 
—-a 


25; 
i i “i = Ot), 
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and the set of functions {vj é} (¢ =1,...,2—1) satisfies the system of equa- 
tions 
dv; sed guint + Di-y — 20; 


dt he = Qf) 


where 
QiNsQit. tit) S Blt). Flt) S5At), 90) S 5,0) 
holds, then 
v(t) S 0,(t), (@=1,2,...,2—-1). 


The proof of this follows directly from Lemma 2, when it is applied directly 
to the functions w(t) = @,(t) — uit). 

Conclusion 2. The solution of the homogeneous system (6-5.23) satisfies 
the condition 


wih] <e, 
provided 
ww (O0) <<e, w(t) << and w(t) <e. 
This assertion also results directly from Lemma 2. 


Lemma 3. Vf the function wx,t) is a solution of the first boundary- value 
problem of the heat-conduction equation, which including its second derivative 
with respect to x is continuous in the closed region 0<x</,0S¢t<T, then 
it can be approximated for suffictently small # with arbitrary accuracy by the 
solution of the system of difference equations (6-5.17'.. 


Proof. For the proof we consider the difference of the functions @j/t) = u(x;, ¢) 
and uit: 
tridv=tet ut 


These functions satisfy the svstem of equations 


where 


We shall prove that 
rit SQot, @=1,2,...,n -1 
To do so we consider the system of auxiliary functions 
hile sO lor allige: Oy lh ono ges 


This system satisfies the equations 
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with the auxiliary conditions 
v;(0) a 0 ’ Dole) = Qot , y(t) _ Qot . 
On the basis of Conclusion 1 of Lemma 2, the relation 
0,(t) S V(t) = Qot 
holds. Correspondingly, by consideration of the system of functions —2,(t), 
we obtain 
vit) = — Bt) = — Qo . 

Hence it follows that 


|v.(t)| = Qot ’ (2 = 1, 2, a | 1) , (6-5.24) 
where 
Q(t) ->0 for ho, 


thus proving Lemma 3. 
We shall now list several properties of the solution of the heat-conduction 
equation which will be of use in the following discussion. 


Lemma 4. If the function w(x,f) is a solution of the first boundary-value 
problem of the heat-conduction equation where the initial function ¢(x) in- 
cluding its derivatives up to the second order are continuous in the interval 
0<xsS/, and if the boundary values ;(¢) and ;/(f) including its derivatives 
of the first order are continuous and satisfy the transition conditions 


20) = 70), gp = 1200), "(0 = 0), "= pa). 


Then the function w(x, ¢) possesses a continuous second derivative with respect 
to x in the closed region 0<x</,0<t<T. 

We consider a function 2,(x, t) which satisfies the heat-conduction equation 
and the auxiliary conditions 


zi(x, 0) = a’o'"(x) , 2,(0, t) = yn(t) , ai(l, t) = pat) , 


and we form the function 
a(x. 1) = ole) + | ala ode 
The initial and boundary values of the function so formed are then 
a(x, 0) = 9(x), 
200, = (0) + | pede = mi, (90) = 0), 
al, t) = pelt) . 


On the basis of 


az taz 1 Ti C02 5. ew A 
apes oo! "(x) + | we (x,t) dz = Bele 0) + ea a (x, c)dz = ae ale t), 
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we recognize that the function zx,¢, for f > 0 satisfies the heat-conduction 
equation. Consequently, 


z(x,f) = ux, t), 


whereby the continuity of the function (x, f) and its derivatives up to and 
including the second order is demonstrated. 

Conclusion. The solution of the first boundary-value problem for the heat- 
conduction equation can be approximated for sufficiently small h# by the solu- 
tion of the above system of difference equations with arbitrary accuracy. In 
this case it is assumed that the initial function g(x) including its second 
derivative, and the boundary value together with its first derivative are 
continuous, and the transition conditions are satisfied. 

We turn now to the proof of our principle theorem. Here it is sufficient 
to show that the additional differentiability requirements on the functions 
g(x, ¢y(tj), and soft) in the previous conclusion of Lemma 4 are superfluous. 
We consider the function w(x,/) which is a solution of the following first 
boundary-value problem with continuous initial and boundary conditions: 


wx. 0) = clx), ulO, t) = galt), wl, t) = pelt) 
(¢(0) = yO). ¢(L) = prs(O)) « 
Furthermore, we consider arbitrary functions @(x), 4,(t), and f(t) with the 
following properties: The function ¢(x) and its first two derivatives are 
continuous, while 4,(f) and 4,(f) and their first derivatives are continuous and 
satisfy the transition conditions 
(0) = f,(0) , PU) = Aix(0) , 
G0) = 10). O""(1) = fa(0) . 


Finally, these functions are to approximate the initial and boundary values 
of our function so that simultaneously 


os ee a 
1AxX) — ¢(xX)| < 3 
(A(t) — aD] < = 
|Ax(t) — pal)| < = 


hold.’® 
Let f(x, f) be the solution of the corresponding boundary-value problem. 
On the basis of the principle of maximum, we have 


E 

f(x, t) ~ ux, ti <<. 

3 

18 Such functions can be constructed in many ways. For example, they can be 


obtained so that (x), /ui(t), a(t) can be replaced by linear segments; and these change 
at the corner points so that the differentiability and transition conditions are satisfied. 
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Correspondingly, because of the principle of maximum for the difference 
system (Conclusion 2, Lemma 2) the inequality 


s(t) — wei(t)| < = 


holds, where #,(¢) and u;(¢) are the solutions of the corresponding difference 
system with the auxiliary conditions 


a(0) = G(x;) , fio(t) = Ar(t), ft, (t) = fill) 
(0) = ¢(%), io(t) = pale) , unt) = pte(t) - 


Because of the conclusion from Lemma 4, the expression 


I! 


[A(x 1) ~ AD < = 
holds when /: is chosen sufficiently small [see formula (6-5.18)], and hence 


(3 
Se 
Qo 37 
From the inequalities obtained, we therefore find 
je(x, £) — 25(f)| S lux, 2) — M(x, OD) + [Ay t) — GD) + 4D — ud] <e, 


whereby our theorem is proved. 
Now, in the system of equations (6-5.17’) we replace the derivatives with 
respect to ¢ by the differences 
wit) — ui 


k 


where k= 4! and ud = u(X;, b;)- Then we obtain the system of difference 
equations 


a ee 
uw? — ot = pau), + ud_1 — 2u2) , (7 a 7) 


(f§=1.2 050-1: G20 hiwNSie We x) 


or 
wd) = (1 — 2a? ye + a y(t + eh), (6-5.17"”) 


with the auxiliary conditions 
w=e(x;), we = pa(t;), 1, = pu(t;) . (6-5.18"’) 


If 7 < 1/2a’, then all coefficients in Eq. (6-5.17’’) are positive, and for the 
difference system, the principle of maximum is valid. 

Specifically, if we assume that “io” is the maximum of the solution 
(0 < ip < mi jo > 0) and recall that all the coeflicients of Kq. (6-5.17’’) are 
positive and that their sum is always equal to one, we can then conclude 


that Eq. (6-5.17’) can hold only if the relations 


Jorl ia jo a jo = jo'l 
Wi = Mid = MQ = MI 


are satisfied. 
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If we continue this argument, we arrive at the concluston that the 
maximum must be assumed either for 7 =0, for i=. 2, or for j = 0. 

By repeating the above arguments for the difference system 6-5.17'., we 
are easily convinced that the solution of the difference systems 6.5.17” 
approximates the solution of the boundary-value problem for the heat-conduc- 
tion equation with arbitrary accuracy. 

The difference system (6-5.17’’) arises in the numerical integration by 
means of Euler’s method from the difference system 6-5.17. If we use 
another method for the numerical integration. we obtain another type of 
difference system which corresponds to the heat-conduction equation. 

Approximate solutions of the heat-conduction equation can also be ob- 
tained by replacing only the derivative with respect to ¢ by differences: the 
determination of the approximate solution leads to solving the boundary-value 
problem 


ply. ; 2 5-1 
w(x — ut x) _ gdit ix) 


k dx” 
or 
edu ' A eee l ; 
a —~ = (x)= —-— w(x 
dx” k ne ee 
with the auxiliary conditions 
COS s. BOSE. wags 


Until now the solution of the homogeneous heat-conduction equation with 
constant coefficients has been considered. The inhomogeneous equation as 
well as linear equations of the parabolic type with variable coefficients are 
treated in a completely analogous way if the coefficients are assumed to be 
continuous and differentiable with respect to ¢.°” The differentiability with 
respect to ¢ is necessary if we wish to establish an analog to Lemma 4. lf 
the coefficients of the equation depend only on x, the proof remains un- 
changed. 


18 Details of the solution of the heat-conduction equation according to this scheme 
are found in V.I. Smirnov, Textbook of Higher Mathematics, Part IV, VEB Deutscher 
Verlag der Wissenschaften, Berlin, 1958. 

20 Here it is assumed that the corresponding boundary-value problem for continuous 
initial and boundary conditions is solvable. 
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7-1. SOME FUNDAMENTAL PROBLEMS WHICH LEAD TO THE 
DIFFERENTIAL EQUATION 4v + cv 0 
1. Forced vibrations 


Many problems which are related to forced vibrations (mechanical, acous- 
tic, electromagnetic vibrations, etc.) lead to the so-called vibration equation 


dv+k’u=0, (k®=c>QO0). (7-1.1) 


We consider as an example a membrane S which is fixed along its boundary 
C and vibrates under the influence of a time periodic force. The correspond- 
ing differential equation has the form 


toa = =i —F (x, y)cos ut . (7-1.2) 


For the investigation of periodic processes we use suitable complex functions 
in which we replace Eq. (7-1.2) by the equation 
dic= = —Fyi(x, ye . @-1,3) 


Obviously # is then the real part of the function # in (7-1.3). 
We shall now seek the forced vibrations given by 


weve; (7-1.4) 


For the amplitude v of these forced vibrations we obtain the equation 
tou + kv = —Fi(x, y), ¢ = *) ; (7-1.5) 


to which we add the boundary conditions 


vile S20 (7-1.6) 


If the boundary C is not fixed, but undergoes periodic vibrations with the 
same frequency 


tle = fre , (7-1.6’) 


then the function v must satisfy the inhomogeneous boundary condition 
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Vilc=fo 7(-1.6"’) 
on C. 

As discussed above, the problems of forced vibrations are characteristic 
both for accoustics as well as for the theory of electromagnetic fields. More- 
over, problems of forced vibrations often occur in inhomogeneous media in 
particular, and sometimes in piecewise homogeneous media (for example, in 
a space in which subdomains of a different nature exist). 

To this same category of questions belong the problems of diffraction 
theory; we shall treat them further below. 


2. Diffusion of gases with decomposition phenomena and with 
chain reactions 


The diffusion of certain gases (radium emanation, for example) is accom- 
panied by a decomposition of molecules of the diffusing gases. The decom- 
position velocity is usually assumed to be proportional to the concentration 
of the gases; in the diffusion equation it is equivalent to the appearance of 
negative gas sources. In the case of a stationary diffusion process, the follow- 
ing equation holds: 


Ddv 4+- cvu=-0, (¢ <0). (7-1.7) 


Here D denotes the diffusion coefficient. As was noted in Section 6-3.3, the 
case c > 0 is of special interest. This case corresponds to a diffusion process 
with a chain reaction which leads to an increase of the diffusing particles. 
In the stationary case we therefore obtain the equation 


dvu-+-cvu=90, (e>90), 


since the chain reaction is equivalent to the existence of sources of the diffus- 
ing substances whose numbers are proportional to the concentration v(x, y, z). 


3. Diffusion in a moving medium 


In Chapter 4 we treated the problem of the diffusion of gases in a fixed 
medium. Here we shall consider the diffusion of a gas in a given stationary 
stream whose velocity at the point M(x, y, z) has components ¢,(x, y, z), G(x, ¥, 2), 
03(x, y,z). The amount of gas which passes the surface element ds at the point 
M(x, y,z) is equal to 


dQ = — Dngrad udo + unde , 


where w(x, y,z) is the concentration of the gases (given per units of volume), 
n is the unit normal vector at the element ds, D is the diffusion coefficient 
at the point (x, y,z), and €(x, y, z) is the velocity vector of the stream. 


On the basis of the law of conservation of mass, we obtain 
| [- Dngradu-+ u@n} ds =0. 


for a fixed region of space T with boundary Y. By means of the Gauss- 


7-1. THE DIFFERENTIAL EQUATION dv + cv = 0 467 


Ostrogradski formula these surface integrals can be transformed into volume 
integrals; thus we obtain 


| [div (D grad 1) — div (u)]dr = 0. 
T 


Since T is arbitrary, we obtain the diffusion equation in the given stream 


div (D grad u) — div (ww) =0, (7-1.8) 

or in scalar form 
7] ou a] ou a] ou a 0 0 / 
—(D—)+ —( D—)+ —{| D—) — — (ud) — — (492) — — (493) = 0. (7-1.8') 
ox \ Ox oy oy Oz 02 Ox oy 0z 

From this differential equation we are also led to the problem of heat 
propagation in a moving medium. 

Now let us consider the following example: 

In the half-space z 20 let an air stream with constant velocity uw) be given. 


The stream has the direction of the x-axis. If we take the diffusion coeffi- 
cients to be constant, then from Eq. (7-1.8) we obtain the equation 


- 
Ou 

D4du — tw) =90. 
Ox 


Now if we set 


t=we” 
and choose 
ip 
— 
{ 2D , 
we obtain the equation 
Jdu+cv=0 
for the function y(x, y,z), where 
2 
1to 
c=-—-— <0. 
4D 


4. Formulation of the interior boundary-value problems for the 
equation Jv + cu =0 


As we showed in Chapter 1] in the investigation of the canonical forms 
of partial differential equations with constant coefficients, every elliptic dif- 
ferential equation with constant coefficients can be brought to the form 


jJut+e=0. (7-1.9) 


The properties of the solutions of Eq. (7-1.9) essentially depend on the 
signs of the coefficient c. This fact is immediately clear from a physical stand- 
point if we interpret the equation somewhat as we do a diffusion equation. 

We next consider the equation of the uniqueness of the solution of the 
first boundary-value problem for Eq. (7-1.9). For Eq. (7.19) in the case c < 0, 
the principle of the maximum reads: 
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A solution v(M) of the equation 
dvu+tecv=0 (cc <0), 


which is defined in the interior of a fixed region T with the boundary Y, can 
assume neither a positive maximum nor a negative minimum value in the 
interior points of 7. 

If we assume that at a fixed point M in T the function v(M) has a posi- 
tive maximum [v(M,) > 0], then at the point M, we have 


a2 2 a2 
DUAR RN a ee ae ae 
a 2 = : a2 == i a2 = : 
Ox uv Oz 


and consequently Jv <0, in contradiction to the fact that the coefficient c is 
negative and v(M,) is positive.” 

The principle of the maximuin automatically leads to the uniqueness of 
the solution of the first boundary-value problem for Eq. (7-1.9). 

There can exist only one solution of the equation 


Jute =0, (c<9), 


which is defined and continuous in the closed region 7+ ¥ and on the bound- 
ary XY assumes the prescribed value 


vis=fs. 


Therefore, if we assume the existence of two different solutions v, and rz, 
consider their difference v, — v., and carry out the arguments described above 
(see Chapters 3 and 4), then we obtain from this assumption a contradiction 
to the principle of the maximum. 

For c=0O, we obtain the first boundary-value problem for the Laplace 
differential equation whose uniqueness has already been established. 

If c > 0, then the problem need not be uniquely solvable. In Chapter 5 
we considered the eigenvalue problems 


Jvtiv=0, vis =0. 


By examples, we recognized the existence of nontrivial solutions (eigenfunc- 
tions) for 24> 0. Obviously the question of the ambiguous or unique solv- 
ability of the first boundary-value problem is equivalent to the question of 
whether or not ¢ coincides with one of the eigenvalues ¢, of the region T 
considered. 


7-2. GREEN’S FUNCTIONS 
1. Green’s function 


The theory of the potential developed in Chapter 4 for the Laplace dif- 
ferential equation can be extended to the Eq. (7 1.9: For the construction 
of Green's function we consider a solution 7, dependent only on y. In polar 


21 Compare this with the proof of the principle of the maximum for the heat-conduc- 


tion equation. 
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coordinates the Laplace differential equation for the function »,(r) reads 


Fd (nae) = 2 ee 


y dr dr r dr 
This equation leads to the ordinary differential equation 
BW gah (w = Ur) 
dy aa es 
With the notation ¢ = #’ for c > 0 or c= —k’ for c < 0, we obtain 
d’w i 
at ew, (e> 0), (7-2.1) 
dw _ cw=0, (¢ <0) (7-2.1’) 
dr’ ; ; ; 
From Eq. (7-2.1) we find 
w= C,e* ah Go : (7-2,2) 
and, correspondingly, 
eit? gue 
Uo = Ci — + C, (7-2.3) 
r 


tkr 


For real k we have two linearly independent solutions e‘*’/r and e“*"/r, which 
correspond to real linearly independent solutions (cos kr)/r and (sin &r)/r. For 


c <0 (c = —x’), we obtain from (7-2.1’) the two linearly independent solutions 
- and = (xk > 0). (7-2.4) 
The functions 
ettkr ater 


, (c>0) and — . (<0) 


for y= 0 are discontinuous and approach infinity at »=0 like l/r. A singu- 
larity of such a character is possessed by Green's function of the Laplace 
differential equation (c = 0), which is proportional to l/r. 

We shall investigate the behavior of this function at infinity. The case 
c <0 corresponds to a process accompanied by absorption [compare with 
the diffusion equation (7-1.6)]. The solution e°‘’/y at infinity tends towards 
zero exponentially, which in the terminology of diffusion processes denotes 
a decrease in the concentration because of absorption. The larger the co- 
efficient |c| =x’ which characterizes the absorption intensity, the stronger 
the decrease. The second solution at infinity increases exponentially and for 
problems in unbounded space has no physical significance (it can be inter- 
preted in terms of sources existing at infinity). 

The case c=k’ > 0 corresponds to forced wave processes (see Section 
7-1.1). The function v represents the amplitude of the function 


u(M, t) = v(M)e™ , 


which satisfies the vibration equation (Section 7-1). 
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One of the principal solutions of Eq. (7-2.1), 
~tkr 


V(r) = ; 
Y 


corresponds to the vibration process 


ilwt-kr! 


u(r, t) = 


This solution has the character of a spherical wave which proceeds from the 
source at the point r=0. The second solution 


tkr 


vir) = * 


corresponds to the vibration process 


tlwt-kr) 


u(r, t) = pe 


which has the character of a spherical wave proceeding from infinity to the 
point y= 0. Obviously this solution has no direct physical significance for 
processes which are produced by point sources in unbounded space. 

We still note that the function »(/M) can be regarded as the amplitude of 


twet -twt iwt 


a vibration of the type e*” or e‘’*. We choose the time factor e’’’. If we 


choose e~**', then the divergent waves take the form 
-—ilwt—kr) 
u(r, £) = ———_ 
rv 


that is, this form corresponds to the second solution 


ikr 


vo(r) = 


The first solution 
-tkr 


V(r) = ; 
Y 


therefore, has no phySical significance. 


2. Integral representation of the solution 


For Eq. (7-1.1) in case ¢ #0 we can give formulas which correspond to 
Green’s formula for the Laplace differential equation. If we introduce the 
relation 


La) = Juteu, (7-2.5) 
then we obtain directly the formula 
| (uL(v) — vL(u)) dz = | (we — a) do (7-2.6) 
7 y\ Ov oy 


aS an analog and direct sequence of Green’s formula (see Section 4-2). In the 
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last formula, in place of v, we introduce one of the Green’s functions, for 
example, e“/r. By a verbatim argument from Section 4-2, we arrive at the 
following analog of Green’s fundamental formula: 


u(M,) = — a n(2 ) ee do 54 
4z jx Gu\ r r av 


(7-2.7) 


] =e 
a | f(M)2 diy, (Yr =Puyso)» 
4x T r 
Where u(M) is a solution of the inhomogeneous equation L/n)= ft(M). 


For c= & we obtain the formula 


a -ikr ikr on tkr 
u(M) = — | [ee (——) ane al da + : }(M) e dzy, (7-2.7') 
z T 


z ov r av 4z 


a 


which we derived in Chapter 5 aS a consequence of the Kirchhoff wave 
formula. 

We now introduce the concept of Green’s function of the equation L(w) = 0 
for a given region T with boundary ¥. Let v(M) be a regular solution of 
the equation L(v) = 0 everywhere in 7. Then from formula (7-2.6) we find 


0=-— | (We — ust) da + | Jods (7-2.8) 
= Ov T 
By comparing Eq. (7-2.8) with Eq. (7-2.7), we obtain 
uM,) = — | no (6 + v) — (§ + | doy 
rl. ov \4er 4zr ov 4 


++ | (F d as v) FM) diy, (Y= Pus) - 
T 


Arr 


(7-2.9) 


This formula holds for each regular solution v(M) of the equation Jv — x*°v = 0 
in 7. Since v can be chosen arbitrarily, then the following necessarily holds: 


u(M,) = — | apy doy + | 
rT av 


G(M,, M)f(M) dzm (7-2.10) 
i 


Here 
—-4£Tr 


G(M,, M) = <— +9 (7-2.11) 


is the Green’s function with the following properties: 

1. G(M,M,) for M=M, is infinite like 1/(4zr), which follows from 
formula (7-2.11). 

2. G(M, M,) satisfies the equation L(w)=0 everywhere in 7 except at 
the point M), 

3. G(P, M,) =0 for a point P which lies on the boundary 2. 

The question of the existence of Green’s function is related to the ques- 
tion of whether a function v exists which satisfies the equation 


Kv)=0 in T 
and the boundary condition 
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cr 


Mo on 2». 


Arr 


Obviously the function GCM, M,) is uniquely defined for each region which 
allows the unique solvability of the first boundary-value problem. In partt- 
cular, this function is defined for ¢ =: — «7 <0 for each region. In the simplest 
case, a direct representation of Green's function can be given. Tor this we 
use methods which are analogous to the method of images in electrostatics.” 

Thus, for example, Green's funetion for the half-space z > 0 has the form 


, er » art 
CULM) = = 
( 0) Ser Azr, 
r= Fatmo = Ve = xo + Y= yo f= a), (7 2.12) 


r= rum = V(t — Xo)* + Cy — yo)? + (z+ 20), 

where A4,(%, vo, —29) is the image of the point Mo(x, vo, z) in the plane z~- 0. 

At the moment we shall not go into the question of the applicability of 
the above formulas for an unbounded region. We can easily establish it 
in the case ¢ <0. In the case c > 0, however, the problem for an unbounded 
space is related to the “radiation principle.’’ Therefore, we shall concern 
ourselves with it in the following paragraphs. 

For Green’s function GUM, M,) which is defined for an arbitrary region T, 
the reciprocity principle expressed by the equation 


G(M, My) = G(M,, M) 


holds. The proof is a verbatim repetition of the corresponding proofs for the 
case of the Laplace differential equation (Section 4-2). 
For two independent variables the equation for the function vo(7) has the 


form 
2s £ (rf) + hk? v9 _ 
y dr\ adr 
and : 
Cs a ee 
dr yr dr 


that ts, the form of the Bessel equation of zeroth order, whose general solu- 
tion can be written as follows (see Appendix): 


volr) = CMa (kr) + Col (RY . 


Here Hf 9'(kr) and H3?'(kr) are Hankel functions of the zeroth order of first 
and second kind. 
The functions 115''(kr) and H0’'(kr) for r= 0 have a logarithmic singularity: 


TSG we : 
x p 
(21 20 
{fo (0) = —In— + ---, (9 =kn); 
. p 


22 In the case of the sphere the method of electrostatic images for c:40 is not ap- 
plicable. 
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the dots denote the members which remain finite for p— 0. At infinity (for 
p »oo) the behavior of the Hankel functions ts characterized by the asympto- 
tic representations 


13(p) eed {Ze nya | et, 


zo 
(2) eer ray 
Hy (eo) re bette g 
\ re 
the dots here denote those members which are smaller than I/p and of higher 
order. 
Consequently, the equation dv | 2°» 0 possesses two fundamental solutions 


ee Hy (hr) 
Ilo (kr), 

which have a logarithmic singularity and correspond to the functions e'* 

and ¢ “"/r in three-dimensional space. 

The choice of the fundamental solutions depends on the form of the radia- 
tion condition at infinity (see Section 7-3.4). Ifa time dependence in the form 
e’ is assumed, then the function //¢7'(kr) defines a divergent cylindrical wave. 
If we assume a time dependence ¢ *, on the other hand, the divergent wave 


is defined by the function //0''(kr). 


Ir 


Ife =—x** <0, then the linearly independent solutions of the equation 
d cs -f- 25 doo any “I Q) 
dy yr dy 


are the cylindrical functions with complex arguments 
I(«r) and WNy(wr) . 
The function /(kr) for ~ 0 is bounded and for y--» co increases expo- 


nentially; the function /o(«e7) at the point ¢-- 0 has the logarithmic singularity 


Ko(e@) = In _ Jose 
fd 


and is therefore the fundamental solution sought. At infinity it) behaves ac- 
cording to 


Ky(o) = 5° ie 


We shall not continue our discussion of Green’s formula and the concept 
of the Green’s function G for the case of two independent variables, as we 
would merely be repeating previous discussions. 


3. Potentials 


In Chapter 4, we considered the potential for the equation du = 0. Such 
potentials can also be given for the equation du -- «74 = 0. 


474 ELLIPTIC DIFFERENTIAL EQUATIONS (CONTINUED) 


The volume potential (for the equation Ju —«’%—=0) is denoted by an 
integral of the form 
= d=p ’ 
a (7-2.13) 
r=rup=V(x—€EP +(y — Ph + (2—CP: dep = dé dy dl, 


VM) = | oP) 
T 


where p(P) is the density of the potential. 

We now formulate the principal properties of volume potentials. The 
proof of these properties is analogous to the proofs in Chapter 4. 

1. Exterior to the region 7, the function V(M) satisfies the equation 


IV—nrV=0. 


2. Interior to the region 7, the integral (7-2.13) converges. Moreover, 
the integral which is obtained by formal differentiation of W(//) under the 
integral sign also converges: 


—£r 


é 


a 
| plé, , On| ; 


3. The function V(x, v,z) is differentiable and its derivatives can be ob- 
tained by differentiation under the integral sign: 


| day dg, ete. 


a =| pln O— | £ | 45 dn dt etc. 
ox T ox |. r 


For the proof of the differentiability of V(x, y, z) it is sufficient to assume 
the boundedness of the function p(M). From this condition follows, in par- 
ticular, the differentiability of V(MW) at the points of the boundary Y of T, 
in which p(M) is naturally discontinuous. 

4. At all interior points of the region T in whose neighborhood the density 
p(M) is differentiable, the potential V(M) has second derivatives and the 
equation 

AV —KrV= —4z0(M) 
holds. 

5. Under the assumption of the uniform boundedness of p(M), the first 
derivatives of the spatial potential are represented by uniformly convergent 
integrals. Thus the first derivatives in the entire space, including the points 
of the boundary %, are continuous functions. 

With the help of the spatial potentials the solution of the boundary-value 
problem for the inhomogeneous equation Ju —«’°« = —f can be represented 
in the form 


uM) = ViM) + m(M), 


where V(M) is the spatial potential with the density p = f(4=), and 4(0.]) is 
the solution of the boundary-value problem for the homogeneous equation 
Ju, — eu, = 0. 

We shall now go briefly into the properties of the potential of a single 
and double layer. The potential of a double layer is defined by the integral 
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W(M) = | Pre | | is GSP (7-2.14) 


in which »(P) is the surface density of the potential W(M). 

In regard to the properties of the potential of a double layer, we recall 
those enumerated in Section 4-5: 

1. Exterior to the surface 3, the potential of a double layer everywhere 
satisfies the homogeneous equation 4W — .’°W=0. 

2. The potential of a double layer converges at the points of the bound- 
ary if J belongs to the class of Liapunoff surfaces. 

3. The function W(M) is discontinuous at points of the surface 3; there, 
the following relations hold: 


W1(Mo) = W(Mo) + 2zp(M,) 
Wa(M,) = W(M,) — 2z(M_) . 
Here W,(M,) denotes the limit value of W(M) when M approaches M, from 
the interior of the region T, and W,(M,) is the limit value of W(M) when M 
approaches M, from the exterior. 
The potential of a single layer defined as a surface integral 


V(M) = (Pp) — dap ’ (r = Yup) (7-2.15) 


possesses the following properties: 

1. Exterior to the surface 3, the potential of a single layer everywhere 
satisfies the homogeneous equation JV — n° V=0. 

2. The integral converges uniformly on ZY and defines a function V(M), 
which is continuous in the entire space. 

3. The normal derivative of the potential of a single layer in the case 
of a Liapunoff surface satisfies the relations [see formulas (4-5.48)] 


(=) = Vy + 2xp(My) » 

ov I 

(+) Zt SO aM. 
Ov A 


Here 


A a) 
Ov T Ov A 


denote the limit values of the normal derivative by approaching a point M 
of the surface J from the interior (respectively, exterior to the surface 2; 
vy is the exterior normal), and 


Us Mh) = ( oP) | | dine = rey 
£ av Yr 


With the help of the surface potentials it is possible for a reasonably ex- 
tensive class of surfaces (for example, for Liapunoff surfaces) to cast boundary- 
value problems in terms of integral equations. Here we consider the first 
interior boundary-value problem for the equation Ju — «’4 = 0 with the boundary 
condition «|: = f, and we assume that the desired solution can be represented 
as a potential of a double layer: 
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uM) = W(M) = | WPrz-|® Jaen (7-2.14) 
I OovVp r 

This function, as was explained above, satisfies the homogeneous equation 

du--'4=0 in T. If we now require that the boundary condition u|s = f 

be satisfied, then for the determination of the function (M/) we arrive at the 

integral equation 


a 
Ovp 


Qn pM ) + | uP) y [| dop = f(M). 
b: 


This equation represents a linear Fredholm integral equation of the second 
kind. We shall not go into the question of the existence and the uniqueness 
of the solution of this integral equation. 

As with the Laplace differential equation, the difference method is appli- 
cable for the equation Ju — x°u = 0. 


7-3. PROBLEMS FOR AN UNBOUNDED REGION: RADIATION 
PRINCIPLE 
1. The equation 4v + cv = —f in an unbounded space 


Now we turn to the solution of the equation 
4v+c=—f (7-3.1) 


in an unbounded space. For simplicity we assume / to be different from 0 
only in a fixed bounded region. The character of the solution of this equation 
depends essentially on the sign of the coefficient c. 

Next we consider the case c=’ <0. The solution of the equation 


4u—Kv=—f 


can be represented in the form of spatial potentials 


x 


nM) = | Yd) ey ee vi M) = | rye as: 
T T 


eo 
nr 4zr 
Therefore the solution of Eq. (7-3.1) without auxiliary conditions at infinity 
cannot be uniquely determined. By analogy with exterior problems for the 
Laplace differential equation, we seek those solutions of Eq. (7-3.1) which are 
equal to zero at infinity. This requirement is sufficient for v,(M), but not 
for v,/M). 

We prove the following uniqueness theorem: 
Theorem. The equation 

4v—«v=—f 

can possess at the most one solution which is equal to zero at infinity.” 

23 By the phrase ‘ta function is equal to zero at infinity’’ we understand the follow- 
ing: For cach ¢ > 0, there exists an r(e) such that for an arbitrary point M(r, 6, y) with 


r -r(e) the inequality |u(M)|<« always holds, that is, u(M) for r—-+co approaches zero 
uniformly. 
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If we assume that there exist two different solutions 7(M) and v(M), then 
we can consider their difference 7» =v—-—v. By assumption there exists a 
point M, such that wiM,)= A + 0. 

We set A>0O. Because w(M)—>0 for M— oo, an R, can be found such 
that w< Aj2 holds for r > R,. From this it follows that the point M, lies 
within a sphere Tx, with radius R, and that the function w(M/) assumes its 
maximum within Tp,. However, this contradicts the principle of the maximum 
which, as is well Known, is valid for our equation (See Section 7-2.1). The 
uniqueness theorem is thus proved. We proceed analogously in the case 
A <0. 

Now we consider the case c=’? >0. The functions 


v 


kr 


-ikr i 
A v(M) = | ¢(P)<— dep 
4zr T Any 


v(M) = | f(P) 


are again solutions of Eq. (7-3.1). In this case, however, both functions vanish 
at infinity. Therefore it is necessary to introduce additional conditions at 
infinity by which the solution of Eq. (7-3.1) may be uniquely determined. 
For the rest of this chapter we shall concern ourselves with these conditions. 


2. The principle of limiting absorption’ 


Problems of forced vibrations with decreasing amplitude lead to the 
equation 


ic pa + ju. —F(M,t), (5 > 0). (7-3.2) 


We shall assume F(M,?) to be a time periodic function; that is, let 
F(M, t) = f(M)e'*'. In this case Eq. (7-3.2) has periodic solutions of the form 


uM, t)=v(M)e. (7-3.3) 
The function v(M) inust, obviously, satisfy the equation 
jJv+cu=—f(M). (7-3.4) 


Here c = k’ — ifw is a complex quantity. 

Equation (7-3.4) together with the complex valued coefficient c is denoted 
as an equation with complex absorption of the first kind when the imaginary 
part of c is smaller than zero (Jc <0), and it is regarded as an equation 
with complex absorption of the second kind when it is larger than zero 
(Imc > 0). The first kind corresponds to the time dependence e”', the second 
kind to the e'**‘. 

The fundamental solutions of this equation depend now only on r and 


have the form 
—igr igr 


e 7 e 
and w(r) = : 
Z 


U(r) = 


+ Editor’s note: A very general treatment of this principle is given by D.M. Fidus. 
See New York Univ. Research Report No. #M-191, Courant Institute of Mathematical 
Sciences, Div. of EM Research, Aug. 1963 (Trans. by C.L. Hill). 
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where 


/ ps 527.2 2 . 4 G2,,,2 — 2 : 
= Ae k —— +k a Aa: te k ere 
The sign of the root is chosen so that g, > 0. Consequently, we have 


-igor igor 


2 a e'*° 
eo", po(v) = ——e"!” . 
- 


t(r) = 


At infinity, of course, only the function 2,(7) is bounded; the function v)(7r) 
increases without bound for r-—»co, so that it has no direct physical signi- 
ficance. 

The volume potential 


HM) =| fP) 


r 


C8 
eo dzp , a Yup) (7-3.6) 


-ig 
A4zr 


represents the single solution of Eq. (7-3.4) which is equal to zero at infinity. 
The limiting value of 6(M) for 3-0 is equal to 


a 


v(M) = lim o(M) = | f(P) 
5-0 T 


kr 


ot 
4zr 


dtp ’ (r = Yup) , 


since gy—k and q,—»0 as 3—0. For the chosen time dependence e*“', gq) > 0, 
since the sign of g is related to the sign of g, by means of the relation 
24091 = Bw (we have qg’ = ¢). 

If we take the dependence of the time factor in the form e** (Ime > 0), 
then a negative g corresponds to the positive value of g, and the limit value 
of.go as 8-—»0 is equal to —Rk. 

To characterize a solution of 


Jjo+ hy = —f 
we therefore must require, in addition, that v(M) be a limit value of a bounded 


solution of the vibration equation with complex absorption of the first kind, 
when the imaginary part of the absorption coefficient approaches zero.” 


3. The principle of limiting amplitude’ 


For the investigation of forced vibrations induced by periodic forces, we 
often consider, in particular, the vibration equation 
Jvu+kv= —f (7-3.7) 
(see Section 7-1.1). 
We consider the wave equation whose right-hand side is periodic 


1 « x iw 
Ju -—sun=—-F, (F= fe). (7-3.8) 
a 
24 See A.G. Sveshnikov, ‘Radiation Principles,’’ Doklady 73, 5, 1950. 


t Editor's note: See D.M. Eidus, loc. cit., the treatment is based on the methods 
of functional analysis (see also references contained therein). 
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In order to determine the solution we must still add initial conditions to the 
equations, for example, the homogeneous conditions 


wM,0)=0, w(M,0)=—0. (7-3.9) 


The function «(M, ¢) in the initial stage of the process would not be rigorously 
periodic. However, in the course of time, the system carries out periodic 
vibrations with the frequency of the acting force, that is, the solution u(M, £) 
takes the form 


u(M, t) = v(M)e** . (7-3.10) 
Here v(M) represents the limit amplitude of the vibration, that is, 


v(M) = lim ue! , 


t7@ 


and v(M) satisfies the vibration equation 


dv+kv=—f, (k=). 
a 

The requirement that v(M) be the limit amplitude of vibration for homo- 
geneous initial conditions therefore represents an additional condition which 
guarantees the unique solvability of the vibration equation. 

Thus we arrive at the following problem: 

Determine the solution of the vibration equation dv + k°v = —f which is 
the limit amplitude for the solution of the wave equation 


i= apie (7-3.8') 
a 


with the initial conditions 
uM,0)=0, w(M,0)=0. (7-3.9) 


We shall give an explicit representation for the limit amplitude. For this 
purpose we first determine the solution of the wave equation (7-3.8’) with 
homogeneous initial conditions by using the formula obtained in Chapter 5 
(see Section 5-2.6): 


iwlt—r/a} 
u(M, ft) =7| ee dtp, (y=rmp). 
wT et 


Here 72), is a sphere of radius af with center at M. 
Now let f(P) be different from zero only within a fixed bounded region 
T,. Then, for the limiting amplitude we obtain the expression 


—tkr 
v(M) = lim u(M, te = lim 1 | or f(P) der 
be tre 4x Jol or 
1 Pied 
=;,| ICP) dtp, (r=Yrmp). 
TST r 


Thus the limit amplitude represents a spatial potential which is determined 
by the fundamental solution e*’/r. This fundamental solution corresponds 
to the diverging wave e''’'~*’/r. 
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The principle of limiting amplitude thus leads to the same result mathe- 
matically as the principle of limiting absorption. This is quite understandable 
since both principles denote that fundamental solution which corresponds to 
a diverging wave. 


4. Radiation conditions 


The preceding section stated the general physical considerations which 
permitted us to find a divergent wave corresponding to the solution of the 
vibration equation. The method used, however, required the solution of 
auxiliary problems. We shall now establish an analytical condition by which 
a divergent wave is characterized. 

The plane wave propagating in the direction of the x-axis has the form 

P =1( *) direct wave (propagating in the direction 
of the positive x-axis); 
Fi =s(1 4 =) reverse wave (propagating in the direction 
a of the negative x-axis). 


A direct wave is characterized by the expression 


Li Ly 
Ox a ot 
For a forced vibration, 
u=ovxne'. 
These expressions assume the form 
oP 4 kd =0, for the direct wave , (7-3.11) 
Ox wo 
i a) 
aE —ikv=0, for the reverse wave . (7-3.12) 
x 


We turn now to a consideration of spherical waves. If a spherical wave 
is generated by sources which are distributed in a bounded part of space, 
then the spherical wave at a sufficiently large distance from the source region 
approaches a plane wave whose amplitude decreases as 1 ry. We can further 
assume that a divergent spherical wave satisfies the expression” 


or a ot r 


25 These expressions are partial differential equations of the first order whose solu- 
tions have the form of a direct or reverse wave. 

26 In the following we use the notations: O(€) is a quantity which approaches 0 to 
the same order as &; o(€) is a quantity which for ¢->0 approaches 0 with a higher order 
than € (Landau symbol). 
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The corresponding condition for a converging spherical wave reads 


ou 1 du 1 
plac eg hcg ypc a 7-3.14 
or a at o( r ) ( ) 
For the amplitude of a forced vibration these conditions yield 
se + ikv = o(—) for the diverging spherical wave , (7-3.15) 
rT Yr 
< ~ ikv = o(—) for the converging spherical wave . (7-3.16) 
r 


Expressions (7-3.15) and (7-3.16) result from the assumption that, at suf- 
ficiently large distances, each sperical wave is similar to a plane wave whose 
amplitude decreases as l/r. We shall now investigate the validity of this 
assumption. 


Case 1. For the case of a point source placed at the origin of coordinates, 
the validity of our assumption can easily be recognized. The wave, indeed, 
has the form 


i(wt—kr) 
iwt 


u(r, t) = 


= u(r ye 
so that 
Buy + tkv = o(—-) 
or r 
holds. 


Case 2. The spherical wave can be generated by a point source which is 
found at a point M,. The amplitude of the spherical wave is equal to 


-ikrg 


v(M) = ; 


Yo 


where 
Y= Vr + 0 — 2rp, cos 9 


is the distance between the points M and M, (Figure 88). Furthermore 


Oro r — p, cos 9 (=) 
— = 2 1 Ht O(—)., 
or Yo as r 


According to Case 1 we have 
M 
M) ro 


Po 


FIG. 88 
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— + thug = o(--) : 
r 


Or» 0 


Now we prove the validity of formula (7-3.15): 


Lv) = * + ik, = o(—) : (7-3.15’) 
or r 
We have 
Vo _ OV Oo = ae (1 4 o(-)) a Ovo 4 o(—), 
or or, Or Org r OY r 
because 


a0(1) =«(2) 
Oro r r 


From this and from Case l, we find 


L(v)) = do + thoy + o(—) — o(—-) : 


Oro 


which was to be proved. 


Case 3. We now prove that the volume potential 
ikr 


o 
Anr 


uM) = | JP) hs CZ (7-3.16’) 
T 


satisfies the condition (7-3.15). Obviously, 


Lv) = ( fP\L (5) der - |_4P»o(—) dep = o(—-) 


Arr 


Formula (7-3.10) represents the amplitude of a diverging wave which is 
generated by sources which are distributed arbitrarily in the interior of a 
fixed bounded region 7. We saw that the function v(M) satisfies the vibra- 
tion equation 


Av + Bv = —f(M), 


and for r—oco, approaches zero as l/r. Moreover, as was shown, it satisfies 
the necessary auxiliary condition 


OY + iky = o(--) 
or r 
at infinity. 

We shall now prove the following statement: 

There exists exactly one solution of the vibration equation 

Jv + kv = —f(M) 

[f/(M) is different from zero only within a fixed bounded spatial region] which 
at infinity satisfies’’ the conditions 


27 [.N. Vekua showed that the first of these two conditions is a consequence of the 
second; see [,N. Vekua, Works of the Mathematical Institute in Tiflis, Vol. 12, 1943. 
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r 


1 a ; 
v= o(-) , 24 ikv = o(--) ; (7-3.17) 
r or 
Let us assume that two different solutions Vv; and v», exist. 
Their difference 
wW= VU, — V2 


then satisfies the homogeneous vibration equation and the conditions (7-3.17). 
Let Sp be a sphere of radius R. In the following discussion we shall let R 
become unbounded. By applying Green’s formula to the functions w(M) and 
v(M) =e "/(4zr), for a point M, which lies in the interior of J, there results 


the expression 
ow ov 
(vt — w—)de 
or or 


The conditions (7-3.17) for u(r) and w(M) give 


Vo = — wove Vo i= tkw + o(—) | —w | 1RVy + o(—) | 
or or r r 
= v0 (—) = wo(—) = o(—-) 
r r ie) 


w(M,) = | o(--) do—0 for R-o, 
=R 


re 


w(M,) = | 


“-R 


Thus we find 


Since M, is arbitrarily selected, the unique solvability of our problem follows. 
The conditions 


v=O (+) ; a + ikv = o(=) (7-3.17) 
r or r 


are generally called the radiation conditions or the Sommerfeld conditions. 

Let us note that the radiation conditions for unbounded regions which do 
not coincide with the entire space can assume forms which differ from the 
Sommerfeld conditions. 

Conditions (7-3.17), therefore, represent the analytic form of radiation 
conditions for an unbounded space which require no physical principle for 
their support. Thus these conditions can be formulated for regions with 
complicated forms. 

The radiation conditions which result from the introduction of an in- 
finitesimally small complex absorption in the vibration equation were first 
used by W.S. Ignatowsky.” 

The principle of infinitesimally small complex absorption can be applied 
to unbounded regions of different forms and also to complicated problems. 

For plane problems which correspond to the equation 


Jou+kv=0, (7-3.18) 


28 W.S. Ignatowsky, Ann. Phys., 18, 1905. 
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the radiation conditions at infinity assume the form 


ae ee) ree : 
v=0(>e), lim (32 + iv) = 0. (7-3.19) 


T9080 


The simpliest solutions of this equation are the Hankel functions of zeroth 
order 
H3'(kr) and H,'(kr) 


(see Section A-2.3). From the asymptotic representations 


(1) pee 2. itkr-(x/2ly-(7/4)) \ 1 
HO |e Mages) 


Hs" (kr) = Jarre ate o(—) 
kr r 


and the recursion relations 


i er dH 
dx qe dx 


we see that only the function H’ (kr) satisfies the radiation condition. 

The function H%’ (kr) therefore satisfies Eq. (7-3.18) and the radiation con- 
dition (7-3.19). Moreover, Ho’'(kr) for r>0 has a logarithmic singularity. 
As we have already mentioned in Section 7-2, Hy’'(kr) in the case of two 
independent variables, plays the role of a Green’s function for the vibration 


equation (7-3.18). The solution of the inhomogeneous equtaion 
40+ kv= —f 
can therefore be expressed by 


WM) = - +| | \(krmp) f(P) dop « 


= — Hy"(x) 


Here S is the region in which the function f(M) is different from zero. 
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1. Statement of the problem 


The propagation of wave processes (electromagnetic, elastic, accoustics, 
etc.) is accompanied by an entire series of typical phenomena (diffraction, 
refraction, reflection, etc.) The solution of these problems either leads directly 
to the solution of the vibration equation in an inhomogeneous medium or has 
much in common with the solution of the equation 

*(02) 4 5 (=) + = (02) + pu'v=—f, (p>0. (74.1) 
Ox \" 6x oy \ ay Gz\ 6z 
in which p and p are parameters dependent on the properties of the media. 

The greatest interest from a physical standpoint is shown in the case of 
piecewise constant parameters p and p. The corresponding mathematical 
problems are the following: 
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In an unbounded space, consider a sequence of bounded regions 7; with 
constant parameter values p; and p;. That part of 7, in the space which lies 
outside the region 7; is likewise homogeneous (fp = const, 9 = const). Then, 
in the interior of each subregion 7; the vibration has the usual form 


dv, + kv; = —fiin T;, G@=0,1,-+++, 2), (7-4.2) 
where w,; is the value of the sought function w in the interior of 7;. Further- 
more 

; 2 
ki = ied , fi = re 
pi pi 
in T;. On the bounding surfaces 3; of T, the differential equations are re- 
placed by the conditions” 


Vi = Vp on J;, 


Ov; 7] E (7-4.3) 
pi = po a on 3; (§=1,2,+++,n). 
At infinity the function v., as the solution of the vibration equation 
4v + kv = —fy in To, satisfies the radiation conditions 
wat) =0(2), 2% + itoy=0(2). a 
r or r 


Later we shall show that conditions (7-4.3) together with the radiation 
conditions (7-4.4) are adequate for a unique definition of the function v in the 
entire space. The problem formulated in this section represents the simpliest 
problem in the mathematical theory of diffraction. 


2. Uniqueness of the solutions 


It will be shown in the following discussion that the problem of the 
mathematical theory of diffraction, formulated in Section 7-4.1, possesses a 
uniquely determined solution. To simplify the proof we assume that the 
homogeneity of the medium is perturbed only by a single body 7,. This 
body will be bounded by the closed surface ¥,, and the region J, can lie 
outside this surface. Therefore, we do not assume that 7, is a simply con- 
nected region. Thus we have 


Lemma. There exists at most one function with the following properties: 
1. It satisfies the equations 


Ly(vo) = Avo + kivo =—f, in Ty, 


2 ? (7-4.2') 
DL,(v1) = Av, a kv, = —fi In T, ri 
2. It satisfies the conditions 
Vi=Vo, fr oe = po a8 (7-4.3) 
ov ov 


29 Here, for simplicity, we assume that the subregion 7; has only one boundary in 
common with the surrounding medium. 
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on the boundary 2. 
3. At infinity the radiation conditions 


vy = o(—). LO | ee (—) (7-4.4) 
r or r 


are satisfied. 
Proof. We assume that two different solutions 

0 ={d,.0} and v= {v, vo} 
exist and consider their difference 


W = {1, Wo} 5 
where 
W,; =V,— VY, Wy = Uy — Uy - 


The difference then satisfies the homogeneous equation and the auxiliary 
conditions 


Ly(wWo) = 0 in Le , L,(10,) = 0 in T, ’ (7-4.2’) 
We = we Po =p” on Fy, (7-4.3') 
Gy Ov 
Wy = o(-) ; ce. + tht) = o(—-) for r—> 00. (7-4.4") 
r or r 


Let wo and ww; be complex functions conjugate to wy and wy), respectively. 
Obviously these satisfy the homogeneous equations (7-4.2’), the conditions 
(7-4.3'), as well as the radiation conditions 


wee o(—) ree o(—) | (7-4.4!) 


r or 


Now let Sg be a sphere of sufficiently large radius which contains the region 
7,. Let Tr be the region bounded by the surfaces 3, and S,x. 

By application of Green’s formula to the functions w,, wr in the region 
T,, and to wo, wo in the region Tr, we obtain 


a *x A 
*x x OW) x OW, 
| (w,L, (wt) — wt L,(w,)) dr = | (w; — — 10 oe) doa , 
Ty 2, 
* x 
| (Wo Lo(tvg ) — wo Lo(w)) dz 
TR 
awe OW Ove # OWo 
= Wo — Wo da + Wyo —— — Wo ——)do=0. 
v OVo Oo LR av oy 


Here vy is the exterior normal to Tr, and »y, is the exterior normal to 7,. 
Obviously 


5 « 
a dg 


= 
OU avy 


on ¥,. 
Now we multiply the first equation by p, and the second by p,. By ad- 
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dition of the equations so obtained and by use of conditions (7-4.3’), we then 
find 
dwe «IW 
(we — Wo = \do=0. 
YR or or 
From the radiation conditions we conclude that 


a“ * “ 

Ow : ] ow ; l 
— =ikws +o0(—}), we = — iby + 0(— ; 
or Yr or fT. 


With these expressions for the derivatives, we arrive at the equation 


: : 1 1 
2ik| vats do + \.. [w0(=) — wio(=) | do=0. 


The second integral approaches zero as R -»> co, so that 


| wow do =| | Rwy|?dQ—0, R- co, (dQ =sin0d0dy). (7-4.5) 
ZR SR 


In the Appendix [see Eq. (A-3.93)] is shown that the functions 


Vial’, 0, 7) = ey Yn, 9) ’ 
where 
12) ms 2 yzity = 
2p) = JZ nlp), (p = hor) 
V xp 
and Y,.(#,) denote the spherical functions of the mth degree which satisfy 
the vibration equation 
Lo Vn) = 4Vm + Vm = 9 
and the radiation condition 
a o(—) 
or r 
Now in the region Tr we apply Green’s formula to the functions wo and Vy 


and obtain 


0= | [WoL Vn) — Vn E(100) de 
TR 


= | (wo rae. Vn ) do a | (w= 7 ee) do =h+In. 
z, ov Ep av 


Ov Ov 


The second summand Ip, because of the radiation condition, approaches zero 
as R—» oo (see the theorem from Section 7-3.4). Since the first integral J, is 
independent of R, it follows that /,; must be equal to zero. Consequently, 
Ir = 0 for arbitrary R, that is, we have 


Alm (Ror) 
dr 


With the notation 


| oY nl, p) dQ — C2? | oo v4, ~) dQ =0. 
r=R Zp r= Xp Or 
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| Wo¥m(0, ¢)d2 = an(kor) » 


we can write 
C2 (koR)amlkoR) — am(koR)Cm (RoR) = 0. 
Hence we obtain 
m( Ror) = amm (Ror) » 


where a» iS a constant factor. 
The completeness relation for the spherical functions 


| ' Rwo |? d2 = 5 R’ an( RoR) (7-4.6) 
Ir m—9 


and expression (7-4.5) give 
Ra,(kR)->0 for Roo. 
On the basis of the asymptotic representation 


(5) a A yp ite-tm=1/232 


m y 


the sum of the products rt,7'(kor) remains larger than a fixed positive number 
for large values of r. Consequently, an =0, i.€., @n(r) = 0. Because of the 
completeness relation (7-4.6), it follows that w», on the surface of the sphere 
*,, is equal to zero. Thus, if ¥,, with radius 7 surrounds the region 7), 
then outside of this sphere w=0. Since the solution of the equation L=0 
is analytic,** we can conclude that w) =0 everywhere in 7,. Furthermore, 
from conditions (7-4.3) we find that on the surface 3,, 


ih=0 ae eo (7-4.7) 


holds. 

By application of Green’s formula to the function 2, in the region T,, we 
know that at an arbitrary point M of the region 7, we find 

-tkyr ind ’ -tkyr 
— GREY <5 45 py a2 € )| do=0, (7-48) 
1 


A 
0 
r Ov Gv; Yr 


w(M) = ~ 


v 
we 


where r = rxp. 

We have therefore proved that in the entire space, w(//) = 0, and by this 
the uniqueness theorem is also proved. 

3. Diffraction by a sphere 


1. A very important practical class of solutions of the wave equation 
1 
du — uy, =9 
a 


30 That the function w in the region 7, is analytic follows from formula (7-2.7’) for 
complex values , = ik and for a surface © which lies entirely in the interior of T). 
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is formed by plane waves. By a plane wave, we mean a solution which 
depends only on a single spatial coordinate besides the time. The direction 
of propagation of the wave, therefore, coincides with this coordinate axis. 
For example, a wave propagating along the x-axis which satisfies the equation 


1 
itxx zee = 0 ’ 
a 
has the form 


u(x,t) = s(t = >) 


In the case of a forced vibration which is determined by the time dependence 
through the factor e’*’, a plane wave is described by 


u(x, t)= Ae’ *', (7-4.9) 


where k = w/a is the wave number and | A| is the amplitude. 
A plane wave which propagates in the direction J [where J (/,,1,,/,) is a 
unit vector] can be described as follows: 


u(x, yr 2, t) = Aig weiotister shyt es Aeit*t kir] ; (7-4.10) 
The functions 
v(x) = Ae, v(x, y,z) = Ae, (7-4.11) 
which are solutions of the vibration equation 
4v+kv=0 (7-4.12) 
likewise are called plane waves. 

In the mathematical theory of diffraction, the excitation of a field produced 
by the insertion of inhomogeneities 7; in a homogeneous medium is investi- 
gated. Let v(M) be the field in the homogeneous medium. This is produced 
by given sources which are distributed outside of the region 7; (¢=1,---, 7); 


in particular, one can treat here sources which are sufficiently far from the 
observer and which lead to the occurrence of plane waves 


v(x, y, 2) = Ae te (7-4.13) 


The actual field v. which is present in the region 7, when inhomogenities 
exist can be represented in the form 


Vo(M) = wo(M) + Vo(M) ’ 


where v,(M) is the ‘‘the incident wave’’ and w,(M) is the diffracted or reflected 
wave. The latter represents the excitation of the external field ¥ produced 
by the inhomogeneities 7;. 

In the region 7, we shall investigate the ‘‘diffracted’’ field ww (M), and 
inside 7;, the field v; of the broken wave. First we give the conditions by 
which the functions wy) and v; ({=1,2,---,#) are determined. 

(a) The functions zw, and v; satisfy the equations 


4wo + kw = 0 in Tp , 


A ; ; (7-4.14) 
4u;+ kjv; =O in T;, @=1,2,---,n). 
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(b) On the boundaries ¥; of the region 7; and 7, the following conditions 

are satisfied: 
Vi = Wo + By on J; (7-4.15) 


(v) iS a prescribed function) and 


bi - = pe Sf On 3 (7-4.16) 


{fi = po(@do/dv;) are prescribed functions]. 


(c) The reflected wave w (M) at infinity behaves as a divergent spherical 
wave, that is, it satisfies the radiation conditions 


Ww (M) = o(+) , diy + ik) = o(--) : 


r or 


2. Now we shall investigate more precisely the diffraction of a plane 
wave on a sphere.” 
A plane wave 


p= Ac” (7-4.17) 


moves from infinity in the direction of the z-axis towards a sphere of radius 
R whose center is at the origin of coordinates. We expand the field of the 
reflected and diffracted wave in terms of spherical functions; the functions ip 
and f = p,(ev,/ér) occurring on the right side of the above conditions are 
similarly expanded. 

If we set z= rcosé, then the following expansion of the plane wave in 
terms of spherical functions is valid: 


7 FeO FQ + 1) (= i)" bal kr) Pn (COS 4) « (7-4.18) 
m .0 


where 


oy Jmeif2Rr) . 


PnP) = vi 


Thus Jmiij(kr) is the Bessel function of the first kind of order m +4, and 
Pr(kr) is the Legendre polynomial of the mth order. On the left side, we 
have a solution of the vibration equation which is dependent only on z. Each 
solution of the vibration equation, however, can be represented as the sum 
of products of spherical functions and the ¢,(k”). Since in our case the left 
side of (7-4.18) is dependent only on z, we have 


"nie y Cam’) Pm (Cos 8) , (7-4.19) 
m 0 


where C,, are, first of all, still undetermined coefficients. With the use of the 
orthogonality of the Legendre polynomials and their norms (see Appendix 
A-3.8), we obtain 


41 Analogous methods have often been used in quantum mechanics for problems of 
the dispersion of particles. 
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1 e Pe) dé, (0 =kr, &=cosd). (7-4.20) 


-1i 


CaPnlp) = 


2n +1 
aa 


Now we determine the first term in the asymptotic repesentation for the 
integral standing on the right side. By comparison of these members with 
the first term of the asymptotic expansion of the function ¢p(p), Cn can be 
determined. We obtain the expansion of the integral in powers of 1/p, in 
which we partially integrate m times, where e7'** is integrated and P,(é) is 
differentiated each time. Now if we consider only the first term of this ex- 
pansion, we obtain 


+1 ae Sof : -1 t 
opyeag x cle" Peet = — (oP, (1) — ePa(— 1)) 
= ole —(- rely = te — eral 
ee ee items 2 = Pi aa ia) — a- 1)” sin (p — (mz/2)) - (mz/2)) : 


®n the other hand, as is known, see (Appendix A-3,3(2)) 
sin (o — (mz/2)) 


Vp) = 
p 
By comparing these expressions, we obtain from (7-4.20) 
Cn = (2m + 1)(— 1)", (7-4.21) 


whereby formula (7-4.18) is proved. 
From (7-4.17) it follows that 


Do lpcr = ¥ GmPm (COS 8) | 
m=a (7-4.22) 
Am = A(2m + 1)(— 1)"PalFoR) ; 


Por = 5 bmPm (COS 8) ; 
ur m=0 


T=R 
bm = ARopo2m + 1)(—i)"Pn(RoR) . 


The field of the reflected wave and that of the broken wave are solutions 
of the wave equations. As in the incident field, they are dependent only 
on z. Therefore, we can write the functions v, aud w, in the form 


(7-4,23) 


v; =X angha(hir)Prm (cos 8) , (7-4.24) 
Wy =X Bnbn(kor)Pn (COS 4) (7-4.25) 

and 
En(o) = \z HP ple). (7-5.26) 


Now we turn to the determination of the expansion coefficients a, and jn. 
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By using conditions (7-4.3) and by comparing the coefficients of P,,(cos @), 
we obtain 
AnPm(RiR) — BmEm(RoR) = am = A(2m + 1)(— 1)"bmRoR) , 
PikianPm(RiR)— Pokobmom(RoR) = Om = Akopol2m + 1) (— i)*Pm(RoR) » 


and thus 


m_Pokolm(koR Em(koR) — Em KoRn RoR) (7-4,27) 
Pokodm( ki Rem (RoR) — Pikida(kiR)Sm(koR) " 


re mPikiGnlkoROm(kiR) — pokodn(RoROm( ki R) 
n= Al2m + 1) (— im PikiPm Rol Pn(hiR) — PokonihoRionlR) — (7_4 98 
‘ M+ 1) 0" etalk RYC (RR) = Pils@t es Riea(RyR) | 


3. We now consider, as an example, the dispersion of sound waves by 
a solid spherical obstacle. The center of the solid and stationary sphere is 
at the origin of coordinates. The sphere is struck by a plane sound wave 
which propagates along the z-axis. As in Section 2-1, it can be shown that 
the sound pressure p(x, y, z,¢) satisfies the wave equation 


an = A(2m + 1)(— 2) 


Here a is the sound velocity and 7 is the adiabatic index; po and py are the 
pressure and density, respectively, of the medium in the undisturbed state. 
The pressure carried by the incident plane wave is described by 


bo = Ae, ( =<) , 


where A is a constant. 
By analysis of the induced process 


PEM 2 SIE ae 
we obtain for p(x, 9, z) the vibration equation 
Ip+kp=0. 


Because of the rigidity of the sphere, the normal component of the velocity 
uomust vanish on the spherical surface Sg. The projection of the velocity 
on the normal direction n is related to the pressure by 


Gu, __—sil ap 
at p on - 
In the stationary case, therefore, we obtain 


un, = ate ue ; 
1wWO0 ON 

from which we obtain the boundary condition 
2D) 26), 


on Sp 
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Now we set p = fo + w, where w(x, y, z) denotes the pressure of the dis- 
persed wave. Then for the determination of w there result the following 
conditions: 

(a) The function z(x, y, z) satisfies the vibration equation 


jdw+k’w=0. 
(b) On the spherical surface Spr, the boundary condition 


— — Po 


ow 
on 


01 Isp 


SR 
holds. 
(c) The dispersed wave w at infinity behaves like a divergent spherical 
wave, that is, for r— oo, w satisfies the radiation conditions 
w(M) = o(—) ‘ = - ikw = o(—) ; 
r or r 
This problem is a special case of the diffraction problem considered above; 


indeed, it corresponds to the parameter value p, = 0. 
If, in formulas (7-4.25) and (7-4.28), we now set p,; = 0, then we obtain 


$= Awe ie yr Eee (7-4.29) 
and 
w=-Fem+y(-9" oe onl bat) Pm (cos) . (7-4.30) 


If the wave length is large in comparison with the size of the sphere, 
that is, if &R «1, then in formula (7-4.29) for the functions ¢n(kR) and Cx(kR), 
we can use a series expansion. From the expansion of the functions Jm+i/.kR) 
and H@.,,(kR) in powers of the small argument &R (see Volume I, Appendix, 
Sections 1 and 3) we find: 


3/2 


ip) RV =kR) 
TE ue . ae} eae ra TE Dy 
kR -1/2 — kR io 
ColkR) ~ i (ace ae gee 


Now, since 


rave, PH=VE, mM =4Ve. Moa -2Ve. 


we obtain 
(kRY sai 


P(kRR) = 1 — Ee P(RR) = > 


¥ ao ~ J 
So(RR) iw kR , E(kR) (kRY ’ 
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and from this we find 


RR) = — "EF, KR) = + 
] Berar 1 ! Ps 21 
CoRR) = (eR , GRR) = RY : 


If we introduce the expression obtained for #,, and ¢,, into formula (7-4.29), 
then we obtain 


uA A 
By = iz (kRY » A= —ZRRY; 
We easily see that the resulting coefficients are proportional to (kR)*. There- 
fore, for the dispersion of long waves (kR « 1), the excitation w can be 
described approximately by the first two terms of the series (7-4.30): 


WwW = SoCdolkr) + fiCi(kr) Cos 0 , 
{[P, (cos #)=1, P,(cos0)=cos8]. 


At large distances from the sphere (kr > 1), in the so-called wave zone, 
the asymptotic representations 


(7-4.31) 


= bs ~tkr oa a % -tkr = 
Colkr) © bp?’ OSkr) & ape (7-4.32) 


hold for the functions (€,(kr) and €,(kr). These formulas result from the 
asymptotic representations of the Hankel functions. 

We now introduce expression (7-4.32) for (kr) and €,(kr) into formula 
(7-4.31), and replace f) and §, by their approximate values. Then we obtain 


2p) 
jes tek (1 Ele a)er*t ‘ (7-4.33) 
3r 2 


We turn now to the calculation of the intensity of the dispersed wave. 
This quantity is defined as the average value of the energy flux (Poynting 
vector), which is equal to the product of the excess sound pressure w and 
the velocity wu, where w and w are the real parts of the corresponding ex- 
pression. In our case, 

w= w,cos(wt — kr), (7-4,34) 
u = tty COS(wt — kr), 
where wy and tw) are the corresponding amplitudes. 

For the calculation of the sound intensity / in the wave zone, we consider 

only the principal term of the asymptotic representations: 


T 2- 
= Leto 8 fie ce — MoWo (T== at , d) 
oT \, cos’ (¢ kr) at aos is the perio 


From the equation of motion 
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and formula (7-4.34), we find 


Therefore, 
_ wo _ A°kR'RS ( 3 ) 


=a fiat: 
2ap ~—s- \8apr’ aa fe 


If we denote the amount dispersed by the sphere into the cone dé by 


2=r°X(0) sin 0 dO , 

then we obtain 
_ APR RS 3 
vA 


2 
(0) = 1-2 cose 
Ue" Tae ( cos) 


= 48°10’ 


FIG. 89 


Iigure 89 shows the polar diagram for the intensity of a sound wave 
dispersed by a sphere (without consideration of the scale of measurement). 
If 


coda +e, 0=a = 48°10', 


then no dispersion occurs in the direction @ = a. 


Problems on Chapter 7 


1. Determine Green’s function of a stationary point gas source under 
the assumption that the gas decomposes into a diffusion process. Solve the 
diffusion problem in space and in the plane. 

2. Consider the same problem in the half space y > 0 under the assump- 
tion that the concentration is equal to zero for y= 0. 

3(a) Solve the interior and exterior first boundary-value problems for 
the equation 


2 
4u—Ku-—O0, 
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if the boundary condition 
t|rxr, = ACOSO 


is prescribed on the sphere of radius r = /. 

In the case of the exterior problem, formulate conditions at infinity which 
guarantee the uniqueness of the solution. 

Consider the corresponding problems for the boundary value. 


tt |p=r, = FiO). 


(b) Solve the corresponding problems for the two-dimensional equation. 
The boundary values here are prescribed on the circumference of the circle 
of radius r= 7% and have the form 


U|rery = ACOSY 


u lar = F(¢) 


or 


4. Solve problems [3(a), (b)] for the equation 
Jutk’u=0. 


In the case of the interior problem, investigate for which value of vr, 
there exists a unique solution (& is considered as prescribed). 

Formulate conditions by which the uniqueness of the solution is guaran- 
teed both for the case of two as well as for the case of three independent 
variables. 

5. Under the surface of the earth at a depth h, a radioactive substance 
is found which is distributed there with a constant density. Determine the 
concentration of the emanation under the assumption that its concentration 
on the surface is equal to zero. 

6. Determine the eigenvibrations of a ring-shaped membrane. Let the 
radii of the rings be a and 6 (a < 0). 

Let vl,-. = 0 and v|,-) =0. Show that the limit value of the first eigen- 
value for a0 is equal to the first eigenvalue of the circular membrane of 
radius 6 with a fixed boundary. 

7. Determine the eigenvibrations and the eigenfrequencies of an endo- 
vibrator of cylindrical form under the assumption that the walls of the endo- 
vibrator are ideal conductors. Consider the same problem for the acoustics 
case. 

Ilint: In the case of electromagnetic vibrations we introduce a_ polarization 
potential (see Section 7-5.1). 

8. Determine the electromagnetic field of a point dipole in an unbounded 
space under the assumption that the size of the field is proportional to ¢’”’. 
Investigate the asymptotic ratio of the solution at large distances (in the wave 
zone). Solve the same problem for a dipole which lies on a perfectly con- 
ducting surface (vertical dipole). 

Hint: Use the polarization potential. 

9. Formulate the problem of propagation of electromagnetic waves within 

an infinitely long cylindrical cavity of arbitrary cross section with perfectly 
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conducting walls. Consider the clectrical wave which propagates along a 
circular cylindrical cavity and has the greatest length. Determine the field 
and calculate the energy flux through a cross section which is perpendicular 
to the generators (of the cylinder) (see Section 7-5.1). 

10. Solve the inhomogeneous equation 


Jut+kus -f 


in an unbounded cylindrical region of circular cross section. On the surface 
of this region, homogeneous boundary conditions of the first or second kind 
are to be satisfied. Construct the Green’s function ‘see Section 7- 5.2). 

Construct Green's function in the case of the first boundary-value problem 
for the equation 


du t+ Pu = 0 


‘a. In the half space z> 0, ‘b) In the half plane y > 0, (c) In the layer 
Pees, 

12. Solve the problem of the diffraction of a plane electromagnetic wave 
by a perfectly conducting cylinder. Consider the same problem for the 
acoustics case. 

13. Determine the electromagnetic eigenvibrations of a spherical endo- 
vibrator with perfectly conducting walls. In particular, consider the vibrators 
of the type TE and TM. 

14. Determine the electromagnetic eigenvibrations of an endovibrator 
which describes a region bounded between two coaxial cylindrical surfaces 
and two planes which are perpendicular to the cylinder axis (Figure 90). 


FIG. 90 


Hint: For the polarization potential Z,,,_ use a formula which is analogous 
to formula (7.5.14). 
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1. Waves in conducting tubes (wave guides) 


1. For the construction of different types of shortwave radio transmitters, 
we are faced with the important problem of the transport of electromagnetic 
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energy from the sender to the radiating antenna or from the antenna to the 
receiver. The question of transport of electromagnetic energy also occurs 
for a series of other important practical problems of modern radio technology. 

Until a few years ago these problems were solved satisfactorily in that 
the transport was accomplished with the help of double conductors. Here 
we have two metallic conductors between which electromagnetic waves pro- 
pagate. In this case, however, it is apparent that, aside from the defects 
which generally accompany all propagating conductors, such double conductors 
always radiate a fixed amount of electromagnetic energy, and the higher the 
frequency of the propagating wave, the greater the radiation. On this basis, 
propagation with the help of double conductors in the region of ultrashort 
waves is unsuitable. 

In recent years, in the technology of ultrashort waves (centimeter and 
decimeter waves) entirely different means of propagation for the transport of 
energy have been developed. These consist of metallic tubes (conducting 
tubes) inside of which radio waves propagate. Such hollow conductors show 
very small losses, so that they are especially suitable as transport conductors.” 

The mathematical theory of the propagation of radio waves in hollow 
conductors was already established by Rayleigh. Rayleigh investigated the 
propagation of acoustic waves in tubes. In recent years, the theory of hollow 
conductors (wave guides) has been developed extensively, particularly by 
Soviet investigators. The properties of circular, rectangular and other types 
of hollow conductors are also under investigation.* 

We will consider first the properties of hollow conductors of arbitrary 
cross section and then illustrate these properties with a series of concrete 
examples. Taking a cylindrical hollow conductor unbounded along the z-axis, 
we assume its wall to be a perfect conductor. Let S be the surface, S the 
cross section, and C the contour which bounds this cross section. Further we 
assume: (a) the dielectric constant « and the magnetic permeability yw of the 
medium filling the tube is equal to one. Further, let o=0. (b) Let the 
region inside of the hollow conductor be source free. (c) Let the field vary 
periodically according to e™. 

With these assumptions, Maxwell’s equations have the form 


rot H= — tkE , 

rot E=ikH, (k= o/c) (7-5.1) 
div H= 0 , 

divE=0. 


Since the walls of the conductor are assumed to be perfectly conducting, 
the tangential component £, directly on the wall of the conductor is equal 


to zero: 
E,|r=0. (7-5.2) 


32 B. A. Vvedenskii and A.G. Arenberg, Radio Waves Guides, Part I, Moscow, 1946. 

+ Editor’s note: In particular, the work of L.A. Vainstein is to be noted. SeeNew 
York Univ. Report No. EM-63, Institution of Mathematical Sciences, Div. of Electro- 
magnetic Res., Jan. 1954 (Transl. by J. Shmoys). 
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Next we show that inside the conductor, progressive electromagnetic 
waves Can propagate. 


We seek the solution of Eq. (7-5.1) in the form 
E = graddiv3 + #3, 

ae (7-5.3) 

H= -—tkrot3, 


where 3 is the Herz vector (the polarization potential). Here we consider the 
case in which 3 possesses only one component in the direction of the z-axis. 
In this case, after inserting form (7-5.3), we obtain from Eq. (7-5.1): 


4Z+kZ=0 or 4,24 Lg +kZ=0 (7-5.4) 
(3 = Ziz) . 
The boundary condition (7-5.2) is satisfied if we require that 
Zi\¢=0:, (7-5.5) 
For Z we use the Ansatz 
Z(M, 2) = (M)f(2) ; (7-5.6) 


where M denotes a point lying in the cross section S. If we introduce ex- 
pression (7-5.6) into Eq. (7-5.4), then we find that gM) is an eigenfunction 
of the problem 

4. + 49 =0 in the interi [5 

op + AP in the interior o (7-5.7) 

P'e=0. 
This problem corresponds to the vibrations of a membrane which is fixed on 
the boundary; 4, = (4’/@x’) +- (d°/dy*) is the two dimensional Laplace operator. 
We denote the eigenvalues and eigenfunctions of this problem by {/,} and 

{gn}. Special solutions of Eq. (7-5.4) are then the functions 


ZAM, 2) — Pri M) faz) ’ 


where the functions f,(z) are integrals of the equation 


ER = hfs 0: (7-5.8) 
The general solution of Eq. (7-5.8) is 
fake) = A,e™ + Be" , Ts = VR — An) . (7-5.9) 


As is easily seen, the term A,e‘™* corresponds to a wave propagating in 
a positive z direction, and the second term in Eq. (7-5.9) corresponds to a 
wave propagating in the reverse direction. 

If we consider a wave propagating only in one direction, then we obtain 


Fnlz2) = A,e’™ 
so our solutions have the form 
ZAM, z) = AnGnM) f,(2) . (7-5.10) 


The constants A, are calculated from the excitation conditions of the field. 
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By substituting Eq. (7-5.10) into (7-5.3) and extracting the factor e'™, 

we obtain 
ZAM, z) = Fa(M)e'r"" (7-5.11) 


where F, are functions which are expressed through the eigenfunctions ¢,(./) 
of the membrane or their derivatives. 
If k? > 2,, then 7, is real and expression (7-5.11) represents a propagating 
wave which propagates along the z-axis with phase velocity 
w Cc 


me CEL 
Oa te) 


The group velocity of the wave is obviously equal to 


that is, In the inner space of the hollow conductor, dispersion occurs. 
If k? < 2,, then 7, == ix, (x, > 0) and we obtain in place of expression (7-5.11) 


the damped wave 
FCM ye Ferre (7-5.12) 


which propagates along the z-aXis in the positive direction. 

Since the cigenfrequencies 4, of the membrane increase unboundedly with 
increasing #, then independent of the frequency w, from a fixed number 
n - Non, 

Bee, 
holds. Consequently, in a hollow conductot only a finite number of  pro- 
gressive waves can propagate. Therefore, if k® < 24,, then in the hollow con- 
ductor there exists no single propagating wave. 

Thus. in order for a wave to propagate at all in a hollow conductor of a 
given form and size, obviously the condition 


A <k® or at < — 
LA 
must be satisfied, where .f is the length of the propagating wave in the hollow 


conductor. 
For a hollow conductor with a rectangular cross section ‘@ and 6 are the 


lengths of the sides) the following holds: 


2 2 
An Ait (a 4 iz) ’ (937 1, 2, 2 De ip 1, 2, eye: :) . (7-95.13) 
a b 
Therefore, only if 
k ote jt - ao or | < shee (7 5.14) 
Va b ple Pes 
Va b 


can a propagating wave exist. 
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For solutions of the Maxwell's equations, one should also consider fields 

for which the z component of the electrical field is equal to zero: 
be= 0 (7-5.15) 


If now we introduce the vector 3 = Zi, and set 


E=ikrot3, H=graddiv3+#3. (E,=0), (7-5.16) 
then we recognize that the function 2M, z) must satisfy the equation 
AZ+#Z=0 or bZ+ wz +#Z=0 (7-5.17) 
and the boundary condition 
a ee (7-5.18) 


Ov 
By repetition of these arguments, we find the solutions 
Zr = Anin(Mye™, (Fj, = VB Ay) (7-5.19) 


of the problem which as solutions of Maxwell's equations correspond to the 
functions 


PyM)eitt 8 


x 
Here 4),(M) and 4, are eigenfunctions and eigenfrequencies of the membrane 
S with a free boundary, that is, the eigenvalue problem 


Joc), + Ain = 0 in S 


OP n 


Ov 


=0 on C. 


Accordingly. in a hollow conductor, electromagnetic fields of the type 
{E, H} and (E, H} Can occur, as we have established by formulas (7-5.3) and 
(7-5.16). The following terminology is common: We speak of electrical 
waves (or of waves of type TM), provided H,=0. or of magnetic waves 
(type TE), provided E,;=0. We say that in a hollow conductor waves not 
only of type TE but also of type TM can occur. We can show that an 
arbitrary field in an hollow conductor can always be represented as a sum 
of fields of types TE and TM.™ 

Thus it follows that an arbitrary field in a hollow conductor can be 
determined if both scalar functions Z(A/Z, 2) and Z(M, z) are known. 

2. We shall now determine the energy which a propagating wave of type 
TM possesses. 

For this we calculate the magnitude of the flux of the Poynting vector 
through the cross section S: 

W, = £\ |LeH*). ds. (7-5.20) 


~ JN 


33 A.N. Tychonov and A.A. Samarski, Vestnik Moscow University 7. 1948. 
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Here H™* is the complex conjugate vector to H and S is the perpendicular 
cross section of the hollow conductor. 
By using a rectangular coordinate system x, y,z, we have 


W, = =n (en; ~ E,H*) dx dy. (7-5.21) 


The field components are expressed through the polarization potential Z as 
follows: 


3 5 i 
© AxOz ’ *  Avaz ' 
a7 a7 
fe page | a ee | 9 
Ox 


By substituting these expressions into Eq. (7-5.21), we obtain 
( Lao" ' aZ 3Z* 
s 


Cis 
W, = s—tk An Rani AA 
Oxoz Ox ovoz dy 


87 
‘A 


) dic dy: (7-5.22) 


The function Z and the complex function Z* conjugate to it can be represented 
in the form 


Z (M,2) = A, ¢AM)e™™ 
Z*(M, z) = Atg¢,(M)e"™ , 


where ¢, are the eigenfunctions of a membrane fixed along the boundary 
Conte = 0). From this it follows that in place of (7-5.22) 


ck Obn\? , (Opa\? ck 
Wem Serel Aal| {[ (BE) + (Bt) Jardy = Brat Aa? | (rapo* ds 
8x s | Ox oy 8x s 
also can be written. By application of the first Green’s formula 


| |r" dS = ~| | Patet dS + | AEs ds = in| |: dS = an , 


§ Ss S 
we finally obtain 


W,= = | An lade (7-5.23) 


for the energy flux of the nth wave. If several waves propagate at the same 
time, then W, is equal to the sum of all the summands of the form (7-5.23). 

We now treat the problem of the generation of an electromagnetic field 
in a hollow conductor by a prescribed current.” 

3. In a spatial region V, within a hollow conductor %, let there be a 
current y(M, z)e'’': the time dependence of the current is, therefore, harmonic. 
We seek the field generated by this current. On the basis of the superposi- 
tion principle, it is obviously sufficient to consider the excitation in hollow 
conductors by an elementary dipole of arbitrary orientation. 

In order to give an idea of the method for the solution of these general 


341 A.A. Samarski and A.N. Tychonov, Journal fur theoretische Physik, 27, 11, 12, 
1947. 
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problems, we first consider the simplest case of the excitation of the hollow 
conductor by a linear current J = /J,(z)e~‘’' which is prescribed on an interval 
L parallel to the z-axis. 

For the determination of the electromagnetic field developed in the hollow 
conductor, we should consider: 

(a) Maxwell's equations (7-5.1); 

(b) The boundary condition 


Fian =O on ¥; 


(c) The radiation conditions in the form of the requirement that no waves 
coming from infinity are present; 
(d) The excitation condition which we assume in the form” 


Hass "2h or We, (7-5.24) 
Ke c cp 
where K, denotes a circle of radius ¢ (¢ >0) containing the interval L in its 
interior and p= MM, (M, is a point on L and M is a point on the circle 
K,). Consequently, the electromagnetic field must have a singularity of definite 
form on the current carrying line L. 

We again use the polarization potential Z introduced through Eq. (7-5.3). 
Let (MM), &) be an arbitrary point of the current carrying line. By the use of 
cylindrical coordinates »,¢, z, whose origin can lie at the point (M,&), we 
obtain from Eq. (7-5.3) 


Hai 
OF) 


From this and from Eq. (7-5.24) it follows that Z at the point (M,,&) must 
have a logarithmic singularity defined by 


i yl (7-5.25) 


Z> - 
— ike 0 


The function Z(M,z) must, therefore, satisfy the vibration equation (7-5.4), 
the boundary condition Z=0 on X, the radiation condition, and requirement 
(7-5.25). 

Now for Z we make the Ansatz 


Fis K| Z(M, My: 2, C)l2) dC, (7-5.26) 
“L 


where Z,(M, M,;z,¢) is the corresponding Green’s function which is deter- 
mined as the solution of the equation 


JZ, + k°Zy = 0 ’ 


with respect to the variables (M, z) and (Mj, ¢), and which satisfies the bound- 
ary condition 


Z —0 on J, 


3 See Eq. (5-4.6’) 
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as well as the radiation condition. There, where its arguments coincide, it 
possesses a singularity of the form Cl dae’? x. The function Z, consequently, 
can be represented in the form 


tkr 
c 


Loi M, AIys 2. 2) 1 AT, Mo; z. 2) 


2 Pee 
(Po pe abe — Oe OEMs 


where vis a regular function satisfying the vibration equation and the bound- 
ary condition 


p on». 


acV 


As is easily seen, the funetion Z Af, 2) defined by «7 5.26) has the required 
logarithmic singularity and satisfies the condition (7-5.25- if we consider the 
normalization factor 

fe wes 
— ike 
‘sing this factor we obtain 


Z(M, zZ) | ZoiM, Mo: 2, Cilyifydz. 
the S14 


In particular, for a current element of length 7 we find 


AG es eine ee ee 
the 
Consequently, Z, signifies a a polarization potential. This corresponds to the 
excitation by a current element which lies at the point (Af%).2) and flows 
parallel to the axis of the hollow conductor. 

Therefore, the problem, that is, the determination of the field in a hollow 
conductor, is chmpletely redueed to the construction of the Green's function 
Zo of the first boundary-value problem for the equation Ju 4 A°=0 in an 
unbounded region. 

For the construction of the Green's funetion, the method described in 
Section 6 2 can be used. To do this we consider the inhomogeneous equation 


Jul ku SiM, 2 (7-5.27) 
(Let fz) be a given function) with the boundary condition 
lf I 0. 


For the function #7, 2) which we seek, we make the series Ansatz 


WAL 2 YY ty 2 yy VM) « 7-5.28) 
1 


n 


Here the (47) are the normalized eigenfunctions for the membrane S 
[from (7 5.7)): 


' 


Seg, ! Ann 0, Gln oe 0. 


Now, if we also expand f(M, 2: in a series of these eigenfunctions 
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I(iM.2)= S Salzd@n(M) , f<2r— | [ro z10,(M') doy, — (7-5.29) 


v 


and introduce expressions (7-5.28) and (7-5.29) in (7-5.27), then we obtain 


tn (Zz) — prttr(2)= —frl2), put | da —F?. (7-5.30) 


The solution of this equation, as is easily proved, can be represented by the 


formula 
ero Pritt i 


ut, (Zz) = | ef de . (7-5.3]1) 


which can also be written in the form 


$00 7 Py 2 3° 

Un(Z) = \\ | oe’, 2 \¢mn(M") dam dé (7-5.31') 
S jJ—oo 2Pn 

because of expression ‘7 5.29). By substituting these expressions in (7-5.28) 

and by an interchange of the order of summation with integration, we obtain 


u(M, 2) = \| | Zo, M', 2— OFM", © doy-d€ , (7-5.32) 


T 
where 


24M, M',2—¢) = § St MiésiM’) 


The series for Z,(M, M’, z—€) converges for z — € uniformly and absolutely. 
This follows from the estimates for the eigenfunctions*® and the presence 
of the exponential factors e?"* *!, For M=M’ and z=¢, the function 
Z(M, M', z —€) has a singularity of type l/r. We shall not go into the proof 
of this last statement.” 

From the above statements, it follows that 


G(M, M',z—06)=Z,.(M, M',z-—), 


eo Pnien se (7-5.33) 


36 For the eigenfunctions 4',(M), the relation 4',(M)'< Ad, holds uniformly, where 
A is a constant which does not depend either on the point M or on the index yn. 

Problem (7-5.7) is equivalent to the integral equation 

gin(M) = an \ocm, M’)gin( M’) dow: 
s 

in which G(M, M’) denotes Green's function of Laplace's equation J.14=0 with the bound- 
ary condition % ¢ = 0. From this integral equation, however, on the basis of the Schwarz 
inequality, we can obtain 


\ 


bate anv (orm, M') dows \y8(M") dows S Al dnl. 
AY 


S 
since 
| eae dow =1, | (Gra, MY dow s At. 
Js 8 
For the derivatives, we obtain 
OGn 


Ox 


| s Bit. 


Vin | < Ban - 
~ = 
cor respondingly ° 


37 See A. A. Samarski and A.N. Tychonov, Journal fiir theoretische Physik, 27, 11, 
1947. 
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that is, Green's function Z, has the form 


- ms Jn(M ; 4 nl M’ “Pn2 = 
7M, M', ie ei = 2 Y : 7 - )¢ En « 
nl n 


From expression (7-5.33) we find that the field in this case can be re- 
presented by a superposition of waves of the forms (7-5.11) and (7 5.12) On 


the basis of the observation on p. 482, the series (7-5.33) consists of finitely 
many summands of the form 


BiolM ye, (4, = VB — das Pa = ~- iva) (progressing waves 
aud infinitely many summands of the form 


BiGiMye 2? +, decaying waves) 
where 
Gin’ M' ) 
2Pn | 
For the determination of the field, formulas (7-5.26) and (7-5.3) are used. 
The problem of excitation in hollow conductors by an element of magnetic 
current parallel to the z-axis (an infinitesimally small current-conducting loop 
in the plane S,--) leads to the second Green’s function 


iS Pa Vin — Fs fn > BR 


ZIMEM 2252 3 pal eRe) MGM eg Pn 
nl 2pn 
pu= Vin — FR, 
which satisfies the boundary condition 6Z éy=0 on X. Here H,=0, Z= 
((4x):c] KlZ (Al is the moment of the magnetic current). 

In a similar way, we treat the problem of excitation of an arbitrarily 
oriented dipole ‘current elements) by determining, in this case, the existing 
field singularities. The corresponding functions Z are calculated from a 
formula which is analogous to formula 7-5.33. In the case of plane and 
Spatial currents, the functions Z are surface and spatial integrals [by analogy 
with (7-5.26,]. Further calculations of the field follow from formula 7-5.16. 

Thus the problem of excitation of an arbitrary cylindrical hollow con- 
ductor by an arbitrarily prescribed current is completely solved. In order to 
be able to use the general formulas for a hollow conductor with a definite 
cross Section, it suffices to determine the eigenvibrations of that membrane 
which has the form of the perpendicular cross section of the hollow conductor. 

The orthonormal eigenfunctions of a rectangular membrane with sides 
of length @ and Bb are 


4 zm an 


Inf M) = BanlX, VY) = .J/~ sin —xsin—y, 
os e : \ ab a b- 
Sal M j= Prin de SS \ a cos anK cos ree oe 2. oe ON ay = ly 


mon? 

5 2 

inn = (8 +B). 
a b? 
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For a circular membrane of radius a, we have 


is Th ttmn(Y/@)) cos 
Niza? Jaina) Sin 
. 7 F oe ((Amn/a)r) Cos 
In( M) = Oar’, ¢) = jee Ann __ JM nnla)y) cc No 
i a repo eae ee a 
Thus mn are the roots of the equations Jn(s) = 0: Amn = fimn/@’; Amn Genote 
the roots of Ja(#) = 0's Ann = Annala’. 


$x(M) = Pmnl's ro) = 


d 


2. Electromagnetic vibrations in cavity resonators 


In recent years, in radio technology the so-called endovibrators (cavity 
resonators) have found many uses. An endovibrator consists of a hollow 
metal body filled with a dielectric (in particular, with air). In such endo- 
vibrators, stationary electric fields (standing waves) can exist, that is, the 
so-called electromagnetic eigenvibrations. 

In the technology of ultrashort waves, endovibrators of very complex 
forms are used. The general problem, to determine the eigenvibrations of 
endovibrators of arbitrary form, is extremely difficult; however, for simpler 
forms of endovibrators the explicit solution can be given. Since the walls of 
the endovibrators can be constructed from good conducting metals, they are 
usually assumed to be perfectly conducting for the calculation of the eigen- 
vibrations. In the following discussion we assume this and that all quantities 
vary with time according to e*”’. The consideration of finite conductivities 
proceeds by using the boundary condition of Leontovitch. 

We shall not include here a presentation of the theory of endovibrators, 
but shall discuss only certain general questions of the theory of these vibrat- 
ing systems. 

1. The eigenvibrations of cylindrical endovibrators. If we want to deter- 
mine the electromagnetic eigenvibrations, we have to find the nontrivial 
solutions of Maxwell's equations.** More precisely, we must find those eigen- 
frequencies w» for which the system of homogeneous Maxwell's equations 
possess nontrivial solutions, and we must also determine the nontrivial solu- 
tions themselves. 

In the interior of the cavity 7, Maxwell's equations have the form 


rot H= —7ikE 
tot E=ikH, (k= a/c) (7-5.34) 
divE =0 
divH=0. 
On the boundary Y, the condition 
E, = 0 (7-5.35) 
or 3 
ae (7-5.36) 


ov 


38 The factor eit is omitted everywhere. 
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must be fulfilled; these two conditions, as can be easily shown, are equivalent. 

We shall carry out the calculation of eigenvibrations for an endovibrator 
which is described by a section of a cylindrical hollow conductor of arbitrary 
cross section and is bounded on the two ends z= +/ (let the z-axis be parallel 
to the generators of the cylinder). 

As in a cylindrical hollow conductor, it is also true in the endovibrators 
considered that vibrations of electrical type (H,=0) and vibrations of the 
magnetic type (£, = 0) are possible. 

For waves of the electrical type, we set 

E = grad div3 + £3, 
H= -—ikrot3, 


where 3 = Zi, = (i, is the unit vector parallel to the z-axis) is the polarization 
potential for which only the z component is different from zero. From (7-5.37) 
we note that in this case H,=0. 

The function Z again satisfies the vibration equation 


JIZ+BZ=0. (7-5.38) 


(7-5.37) 


We now choose on the surface Y a system of rectangular coordinates 
(8,»,t,) which depends on the point. Here wv denotes the unit vector in the 
direction of the surface normal at the point in question, and s is the unit 
vector in the direction of the tangent to the contour C. (C denotes the curve 
bounding the perpendicular crosssection S of the cylindrical endovibrator.) 

On the basis of boundary condition (7-5.35), we have 


232 


E,': = —=| =0. 
SoZ \s ae 
27 (7-5.39) 
E,\:= G : + #Z) = 
OZ r 
Both these equations are satisfied if 
A ae (7-5.40) 
For z= — /, we obtain from (7-5.35) the conditions 
a 
C7 weet Se =O, 
OS02 |\2z=+!1 
bd 
se A 
Ey ize = =O 
OvVOZ\2 +1 
These are satisfied if 
az =e 
— =0. (7-5.41) 
UZ |z +1 


Therefore we have the following boundary-value problem: 
Determine the nontrivial solutions of the vibration equation 


4,Z + ra +RZ= (7-5.39’) 
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with the homogeneous boundary conditions 


Fix=O (7-5.40') 
OZ! =, (7-5.41') 
02 \z=4l 


As in the case of the cylindrical hollow conductor (see p. 499), we seek 
the solution through the Ansatz 

Z(M, z) = &M) f(z) . (7-5.42) 
If we put this in Eq. (7-5.39’), then by consideration of the boundary condi- 

tion (7-5.40), we obtain the eigenvalue problem 
Ab + ip =0 in S, (7-5.43) 
g= 0 -on-C-. (7-5.44) 
This is the problem for the eigenvibrations of a membrane which is fixed 
along the contour C and which has the form of the perpendicular cross section 


S. For the determination of the function f(z), we obtain by separation of 
variables the equation 


f" +(k — af=0 (7-5.45) 
and from condition (7-5.41) the boundary conditions 
f(t bH=0. (7-5.46) 


It is to be noted that here, in contrast to the results for hollow con- 
ductors, k* is not a fixed quantity, but rather enters the equation as a para- 
meter. Now it is necessary to find those values of &’ for which problems 
(7-5.39—7-5.41) have nontrivial solutions. 

Equation (7-5.45) with the conditions (7-5.46) possesses the eigenfunctions 


F 2) = Ageos ar —2z). 
To these correspond the eigenvalues 


2 
zm 
lm = (2 , (nt =0,1,--- ’ 

! ( 31 ) ) 

where 
{tm = ke = A . 
The boundary-value problem (7-5.43—7-5.44) yields the spectrum of eigenvalues 
{4,} with the corresponding system of normalized eigenfunctions ¢,(M). From 
this it follows that in an endovibrator only those vibrations can be present 
whose eigenfrequencies or resonance frequencies are equal to 
Onn = C 7 an + fom - 


These frequencies correspond to the system of eigenfunctions 


Zn. m(M, z) = An.m@n(M) cos as =3) (7-5.47) 
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or 
Za, aM, 2) = Aa, mGn(M )fnl2) » (7-5.47') 
where the functions 
e x 2 for m#0 
sal = Em pL = 9) , — { 
fnl2) (3 oe al Sn 1 for m=0 


are so normalized that their norms are equal toone. The solutions are deter- 
mined to within the amplitude factors An... These can be obtained from 
the actual excitation conditions. 

If the eigenfunctions ¢,(W) are known, then the field components can 
be calculated according to formulas (7-53.37) and (7-53.38). 

If the cross section S of the endovibrator is a rectangle with sides of 
lengths @ and 8, then 


OM) = bp, xry) = 4/5 sin 22 xsin=2, (p,p =1,2,3,--+), 


Pe Ae eS sin =B x sin ty Cos oe =2)%; 


In this case, the smallest eigenfrequency is equa! to 


ees 
a ' § 


It corresponds to the maximum wave length attainable: 

ee ee 

lete 

In particular, for @ = 6 the maximum wave length is equal to 
Ay=aVe2. 


It is equal, therefore, to the diagonal of a square which is formed by the 
perpendicular section. Consequently, in such an endovibrator, only eigen- 
vibrations with frequencies 


OH Aa = CV Ae | 


Gg) = Wor, 
or wave lengths 


As A, 
are possible. Completely analagous results are obtained for magnetic type 
cigenvibrations (FE, = 0). In this case, we set 
E = ikrot3, 


H = grad div 3 + #3 
with 


» 


3= 


Ze. 
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For the determination of Z(M, z) we have equation (7-5.39) with the boundary 
conditions 


OF lib, (7-5.40’) 
voir 
Zi AO: (7-5.41') 
The solutions are 
Znom = An.mYm(M) sin = =z), (7-5.48) 


Here ¢,(M) is understood to be the eigenfunctions of the membrane S with 
the boundary condition 0¢/av = 0 on C. 


2. Electromagnetic energy of eigenvibrations. We shall calculate the 
energy of the electric and magnetic fields of a standing wave in a cylindrical 
endovibrator. 

For simplicity, we shall limit ourselves to waves of the electrical type. 
If we consider that the periodic dependence of EF and H are given by the 
factor e*”’, then from formulas (7-5.37) and (7-5.38), provided we take only 
the real part, we obtain 

arZ 


cos wt , 


Cos wt , (7-5.49) 


0zox 
_ aZ 
* azay 
aZ 


E,= 


7+ KZ) cos wt , 
0z 
and 


A,=- poe sin ot , 
oy 


jn aN (7-5.50) 
Ox 
=O. 


For calculation of the energy of the electric and magnetic fields, the known 
formulas 


Fay = all |e" des (7-5.51) 
7 T 

eC | | | # ae (7-5.52) 
8x T 


are used, where the integration is to be extended over the spatial region T 
of the endovibrator. 

If expression (7-5.49) is introduced into (7-5.51), then by using formula 
(7-5.47') we obtain” 


39 The indices m,n can be temporarily dropped. 
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2 a 2 t j * 
Exi(t) - wees ot {| (2) + (=) | da | | f'(z))° dz 
8x Vs Ox Ov -l 


4 | | dal Uf” + ey ae} 
Ss t 


After several simple calculations, we find 
t ri l ; 
| Lf’ (2)P dz = ff" tbr -| bp dee ie = a)| fPdz=k 2, (7-5-52’) 
Ja t I 
t t 
| (f+ BPP da = 2 | i dz 2) (7 5.53) 
-t -l 


since f is normalized by 


U 
| if deat: 7 5.54) 
i 


For the calculation of the integral extended over S, we use the first Green's 
formula, the equation for the functions ¢,, the boundary conditions, and the 
normalizing condition 


\, | (2) = ee ] dx dy = | \\r.9)" do 


=: =| |p4.0 do + | gee ds = a\ |v do =), 
S Cc av S 
(7-5.55) 
where fz is the del operator in the S plane and 4, is the two-dimensional 


Laplace operator. As a result, for the energy of the electrical field we obtain 
the expression 


2 
Eyi(t) = 4H cos’ wl . (7-5.56) 


For the energy of the magnetic fields on the basis of formulas (7-5.50), (7-5.52), 
(7-5.47'), we have 


*ch? 0 . 
Em(t) = ae | | [(#): ; (: ~) | dx dy | £ dz sin’ ot , 
re NS — 


from which we obtain 


Em(t) = Ack Asin? wt (7-5.57) 


by consideration of (7-5.54) and (7-5.55). The total energy of the electro- 
magnetic field is independent of time: 


A‘ck* 
8: 


Formulas (7-5.56) and (7-5.57) show that in a standing wave there occurs an 
interchangeable transformation of electrical energy to magnetic energy, and 
conversely. Elere the time average value during a period for the energy of 
the electric field 


E= Emn(f)+ Eu) = (7-5.58) 
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_ 242 

Ex = 3 Ao 4=3E (7-5.59) 
equals the corresponding average value of the energy of a magnetic field 

ae 2.72 

joey eae eee (7-5.60) 


8z 


3. Generation of vibrations in an endovibrator. For the generation of a 
field in an endovibrator by external sources, a connecting element must be 
introduced through a crevice in the wall of the endovibrator. A coil or a 
wire can be used as such a connecting element, which then acts as a small 
antenna. So that the field in the endovibrator may not be perturbed by the 
connecting element, the dimensions of the connecting element must be very 
much smaller than the wave length. There is still another series of pos- 
sibilities of exciting vibrations in the endovibrator, for example, through an 
electronic sheaf which penetrates the endovibrator (through an opening in 
its wall). 

In order to solve the problem of excitation of an endovibrator through 
an antenna placed in its interior or, in an extreme case, through an ele- 
mentary dipole, the finite conductivity of the walls of the endovibrator must 
be considered. Otherwise, it would be impossible to cause vibrations in the 
endovibrator. The finite conductivity of the walls can be considered by means 
of the Leontovitch condition. 

Here we shall treat the excitation of a spherical endovibrator by a dipole. 
In this case, a simple analytic solution can be obtained.*® At the center of 
of a sphere of radius 7, we place a dipole. This vibrates with the frequency 
«w and the amplitude 1 and has the direction of the z-axis. We seek the field 
within the sphere by taking into consideration the finite conductivity of the 
walls of the sphere. 

In this case, the field strengths E and H can be expressed by a single 


function U as follows: 
ko : fg (sino), 


psin0 00 00 
Ey=-+ (p55), (7-5.61) 
p op\ 66 
6U 
H, = ~ 
° 60 


The remaining components E,, H,, Hy» are equal to zero. 
Since the dipole has the direction of the z-axis (? = 0), the field obviously 
cannot be dependent on wv. The function U satisfies the equation 


42(0 au) see Ree 0) ao (7-5.62) 
0] 


2 Qo “yD 
0° Op dp ep sin @ oO 


where 9 = kr. For »-»0, U has a singularity of the form 


40 See S.M. Rytov, Doklady SSSR 51, 2, 1946. 
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- thr +72 40 
_ _ me (7-5.63) 
r p 
On the surface of the sphere (» = po) the Leontovitch condition 
Fe = aH, (7-5.64) 
must be satisfied. Here 
a ee (a= 7) 7-5.65 
ae 1 2 V er pow » 
is the effective thickness of the skin layer. 
From expressions (7-5.64) and (7-5.61) we can obtain 
0 ; 
Frage — inal | =0 
00 = Pp 
or 
Po au + (1 —to.a)U =) (7-5.66) 
dp P= Po P- 9 


as the boundary condition for the function U. 
A solution of Eq. (7-5.62) with singularity, (7-5.63) is obviously given by 
the function 


U=—P AEAUEKO) + CJs/2(9)| P; (cos 8) . 


Here P,(cos@) is the Legendre polynomial of first order, [3;2 is the Hankel 
function of the first kind, and Js;. is the Bessel function: 


P, (cos @)=cosé, 


rth) _ 2 oie 1 ) 
eee 
Herelp) 2 : (=, ‘ 


Jail) = s é (S22 — cos 6) 


rp\ 9 


The constant C can be calculated from the boundary condition (7-5.66): 


i] Bete + (2 -<) SIN Po — ia( Po _ cos o») | 
Po Po Po 


This solution can be used for the determination of the magnitude of the loss 
in the walls of the sphere. The amount absorbed by the walls 


Q = oa Mf 2x00 sin 0 ao 
~ Jo 


can be calculated directly and is equal to 


= peokid ] 


@ 6 |B -1aA)?’ 
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where 
A= a _ cos py, B= OSs (I — =p) sin po. 
Po Po Po 
If the dipole is not at the center of the sphere, the calculation of the field 
is essentially very difficult; however, the solution can be given as an infinite 
series. 


3. Skin effect 


In contrast to direct current, alternating current is not distributed uni- 
formly in the cross section of the conductor, but shows a greater density on 
the surface of the conductor. This phenomena is known as the skin effect.” 

For simplicity, we consider an infinitely long homogeneous cylindrical 
conductor (“= const, o = const) through which flows an alternating current. 
We shall assume that the total current J= Je’ flowing through the con- 
ductor is known. 

If we neglect the displacement current*’ and the process is stationary, 
that is, the time dependence follows the law e’’', then we obtain Maxwell’s 
equations in the form 


rot H= 2p (7-5.67) 
G 

rot E = —1kn , (7-5.68) 

de p= 0; (7-5.69) 

div H=6 (7-5.70) 


with k = w/c after leaving out the factors e'”’. 

In the present case, Eq. (7-5.69) and (7-5.70) obviously follow from Eq. 
(7-5.67) and (7-5.68). 

Now we introduce cylindrical coordinates 7, 0, ¢ such that the z-axis co- 
incides with the axis of the conductor. Then, because of axial symmetry, 
all of the quantities occurring depend only on 7. 

Since in the present case the vector EF has the direction of the z-axis, it 
follows from Eqs. (7-5.67) and (7-5.68): 


i 4 yH,) = Ano pe (7-5.67') 
r dr Cc 
ay ee) i 2 ae (7-5.68') 
dr - 


41 See also I.E. Tamm, Basic Theory of Electricity, Moscow, 1946. The German 
book was prepared by K. Simonyi, Theoretical Electrotechnology, Berlin, 1956. 

42 Within the conductors, particularly inside of the metals, the density of the dis- 
placement current is very small in comparison with the conduction current density: 
Jv<j=o. In our case, this condition is equivalent to the requirement 

ew Ka. 
Since for solid metals g = 10'7 absolute units, for all usable frequencies in technology the 
displacement current can be neglected. 
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By elimination of H,, we obtain 


1 d/.dE Azouk 
SES, eee: pecans = LL _ ig fe 7- of 
a a) : C Z Cas 
To determine the boundary condition which must hold on the conductor 
surface for r= R, we use the hypothesis that the total current /, flowing 
through the cylinder is known. 
Therefore, we write the first Maxwell equation (7-5.67) in the integral 
form 


f Ae ee ae 
Cc Cc 


Here C is a curve enclosing the conductor and H, is the tangential component 
of the vector H on C. If the curve is chosen as a circle of radius y= R on 
the surface of the conductor, then we obtain 


= Gr 
H,(R = —/] 
\ of yee cR ‘ 


or 
21 

(R)= =, 7-5.72 

HAR) oR ( ) 

From this, together with (7-5.68), we find 

dE, 2tkye 

a Lo 7-5.73 

dr |-r cR° : 


Therefore, the Bessel differential equation 


El) + — Eur) 4 (a Ai Er) = 0, («’ = sep (7-5.71') 


is to be solved with the boundary condition 


DiS oes. (7-5.73) 
cR 
Moreover, the solution for r= 0 is to be bounded, that is, the requirement 
EX0) < 00 (7-5.74) 


for r=0 is to be satisfied. The general solution of the Bessel differential 
equation (7-5.71’) has the form 


AfiarV —1) + BN (arV —i), (7-5.75) 


where /, and N, are the Bessel functions of the first and second kinds (see 
Appendix, Section A 2), while A and B are constants still to be determined. 
The function NM, for r=0, has a logarithmic singularity. Therefore, 

because of the requirement (7-5.74), B=0O must be chosen. Consequently, 
Er) = AjilarV —2) . (7-5.76) 


The coefficient A is determined from the boundary condition (7-5.73): 
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2 —ikuls z= 
= Sie oe aa . 7- 17 
acRJ;(aRV —1) ake) 
From this, for the current density 
j = ok, , 
we obtain the expression 
jn = Iai Jo(arV—i) . (7-53.78) 


2=RJi(aRV —i) 


On the right side of (7-5.78) stand the Bessel functions with complex argu- 
ments 


For these functions we ordinarily use the expressions 
IolxV —1) = bery x + i beiy x , 
Tia —i) = ber: x + ibei, x. 


The expression for the functions ber x and bei x can easily be given if 
we start with the series expansions of the Bessel functions. For example, 
we have 


Ix =i) = JolxiV7) =1— Glau eta a). 


Gye aby (3!) 


ite GE) ici AE eu 


(21)? © (41) 


From this we obtain 


bersx =1— (2) 4 (=) =e (7-5.79) 
siyed Wel) ae, , (7-5.80) 


In a similar manner, it is easily seen that 


gee) a) a, (7-5.81) 


eee 
a 2" Ter 2131-314! 


V2 
x\* aN x\' 
ee cr cy ae cy ee er 
beh = ae F oar aa pe 
In applications, the derivatives 


af 
berg x, belo x 
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also occur. For these we find 
Tiwi =) = 17-7 (beig x — berg). (7-5.83) 


With the use of these functions, formula (7-5.78) for the current density 
can be written in the following manner: 


Tox berg ar -+ t bets ar 
2-R beig aR t berg aR 


WY) = 
or 


jw se ibergarbeisaR — beig ar bers aR) 


22R (beig aR)? + (berg aR) 


op (beig ar bein ch + berg ae bers aR) (7-5.84) 
(beinawRh) -+ (bero aR) 
For the absolute value of these expressions, we obtain 
yy — Lot (berg ary? + (beig ar)? (7-5.85) 
l= 2-R (ee aRY + (beig aR)’ 
The ratio 
Pyo)d| | bere ar)? + (beig ar)? (7-5.86) 


| JiR) | NV (berg aR)? + (beig aR) 


represents a characteristic quantity of the distribution of current in a cross 
section. We shall calculate the current distribution in a cross section for two 
frequencies, a, = 31-4 (50 cycles in a second) and a, = 314+ 10* (5+ 10° cycles 
in a second). For the calculation, the cgs system is appropriate. 

The reasonings above were carried out entirely in the Gaussian system 
of measure. Therefore, when transforming to the egs system, we should bear 
in mind that tees — ftGauss + He®. AU the remaining quantities which occur 
in formulas (7-5.78), (7-5.86. (7-5.85), and (7 5.86) coincide in both systems. 
Thus, in the cgs system we have 


a = dpa . 


Now Ict o -:57- 10° egs units. Then a, — 0.44-44(for w,) and ay = 44.44 (for wz). 
We calculate the ratio of the absolute value of the current density (7-5.86) in 
the case of the lower frequency w, = 314 for both values, r = 0 and r =0.5R. 
Here we set R= 1. 

By considering the values" 


ber, = Rss 

bei, 0 — 0, 

ber, 0.222 — 1 — 0.000036 -+ --- 0.999964 , 

beiy 0.222 — 0.0123 0.000002 4- --- — 0.0123000 , 
ber Ota — 1 0.00061 +--+. 0.9939 , 


beiy OH 0.193 - 0.0003 +1 ++) = 0.1990 , 


49 See E. Jahnke and F. Emde, Tables of Spectal Functions, Dover, 1965. 
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we obtain 

IO} ~og904, 2052) _ ggo00 . 

WR) |r KR) |r 
that is, for smaller frequencies, the current is distributed almost uniformly 
in the cross section (the skin effect is absent). 

Now we consider the second case, w, = 314-10'. Since a is large, for the 

purpose of proof we do not use the series expansion of the function ber x 
and bei x, but rather the asymptotic representations 


— ] hos = 
JlaryV —t =r? ilar/ yo) (x 9.3 : 
V 2rar 
tee 1 =e, ~ 
Ii(aRV —1 ag ART) ARS ZIR-(R/8)) 
V 2zakR 
From this we obtain for r=0.9R and R = 
j0.9R) a Ay i ee ~ 0 28 
WR) Iria 


These results show a very rapid decrease of the current density with increas- 
ing penetration depth for higher frequencies. Finally, we should note that 
the skin effect in practice is often used in the hardening of metals. 


4, The propagation of radio waves on the surface of the earth 


Problems which are related to the propagation of radio waves in free 
space or in spaces with surfaces of separation, have vast theoretical and 
practical significance. A large quantity of work has been devoted to these 
questions. 

In the following discussion we shall investigate the influence of the earth 
on the propagation of radio waves which are radiated by a vertical dipole. 
We shall consider the earth’s surface to be a plane.“ 


Zz 


FIG. 91 


44 This problem was solved for the first time by A. Sommerfeld in 1909. The original 
solution of Sommerfeld contained an error which was corrected by V. A. Fock. 
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Above the surface of the earth at a distance fh at the point P,, we place 
a dipole which sends out periodic vibrations with frequency w. The surface 
of the earth ts considered to be a plane coinciding with the plane z= 0, and 
the z-axis with the axis of the dipole (Figure 91). Now we assume that in 
the atmosphere (z > 0). ¢9 = fo = 1 and o, = 0. Furthermore, we assume that 
the earth (z <0) has a dielectric constant ¢ and a conductivity o and that the 
magnetic permeability « is equal to one; « and o are taken to be constant. 

Then our problem is to determine the strength of the electromagnetic 
field generated by the dipole. The propagation of electromagnetic waves is 
described by the Maxwell's equations. 

As was shown in Section 5-4.2 the solution of Maxwell's equations reduces 
to the solution of the vibration equation for the polarization potential 3,”° 


J3+h3=0 (7-5.87) 
with 
ko = , z>0. 
> c 
a By sce 
hy = LL z2<0. 
Cc : 


The relation of the potential 3 to the field strengths EF and H is given by 
the expressions 


E = k°3 4+ grad div3, 
B? (7-5.88) 
H= Sts TOES 


0 


In our case, the vector 3 is directed parallel to the radiating dipole: 
3: =(0;0) 20 « 2s Z.002) (7-5.89) 


Then if we set 


we obtain 
2 2,2 
33 = Nk. 


Expressions (7-5.88) and (7-5.89) give 


| Ree 024 e Hes 4k eas . E,=H,=0 for z>0, (7-5.90) 
Or O06 or 
A A oy2 4 

Bes, OE Bey ey for Bo 0.. «SON 
Or oz Ry or 


To establish the boundary conditions for z=0. we start, therefore, from the 
fact that the tangential components of the field strength are continuous. This 
is the case if, as a result of (7-5.90) and (7-5.91). we set 


45 Since the process here is considered an induced process, the time factor e-i#t can 
be dropped. 
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G26 a O25 Ly = Ly. tor z= 0, (7-5.92) 
OZ OZ 
We seek the solution of Eq. (7-5.87) under the boundary conditions (7-5.92) as 
a superposition of particular solutions of the form 


iane*", (RP=P +70). 


In the case of an unbounded region we obtain a continuous spectrum of 
eigenvalues 4. For this reason, the solution Z can be obtained in the form 


Z= |" Fapane" dh. (7-5.93) 
0 


The sign of » is so chosen that the integral (7-5.93) converges. The next 
function F(A), still to be determined, represents the amplitude factors of the 
individual vibrations. 


Now we use the integral representation of the potentials (see Appendix, 
Section A-2.5) 


ah ns ~ \" ptane A 
: (7-5.94) 
Ge=VR—R, R=VP+2’). 
For this we consider two different regions: 
(a) Air (z>0). The field here has the form 
Li Z prim + Zsecs (7-5.95) 
where 
. ere 
Zprim = R 


is the field potential of the primary excitation generated by the dipole itself 
and Zsec is the field potential of the secondary excitation which is produced 
by the current originating in the earth. 

By the use of (7-5.93), (7-5.94), and (7-5.95) we can write 


Zprim = [7 Jeane MEE ; (7-5.96) 
0 ft 
es |" Fanpanene™ Gk 
0 


Here F(4) is still undetermined. 


(b) Earth (z < 0). Here only the secondary excitation appears. For this 
we Can write 


Zs > Ve (a Jolarye's "di, (7-5.97) 
0 


where 3 =k; — 7”. Since z< 0, the signs of the exponents guarantee the 
convergence of the integral. 

For the determination of the functions F(4) and F;(4) we use conditions 
(7-5.91) which yield 
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|" searnertts Kf FU = jade; 


(7-5.98) 
| NOE GS pRO = FO a= 0. 
Q 
Conditions (7-5.98) are satisfied if we set 
LF (A) + pe = ay (7-5.99) 
P(A) — a pPyA)= — A. 
If we solve these equations, then for F(A) and F;(4) we obtain 
ray=2(1-e), 
- eas (7-5.100) 
FQ) ==—— .. 
Wh = fly 


If we put expression (7-5.100) into formulas (7-5.96) and (7-5.97), then we 
arrive at the following expressions for the polarization potential of the fields 
of a vertical dipole: 


Zc \" seanerre nA Ae ["ytanertn Ae 
0 a 0 Lt 


7 2" flanets be 20 , (75.101) 
: Webs bt 
Zo 2)" janern A 
4 Wut bs 


We denote by R= Vr? + (z—hy the distance from the test point to the 
dipole and by R’=U/r? +(z +h} the distance of the test point from the 
mirror image of the dipole and the plane z=0. By using the representation 
(7-5.94), we can write 

tkR tkR’ 


bas - hak 
Fie yee 2\ ee 7-5.101' 
0 R + R’ ‘ Jolanye or ae Ls ft ( ) 


Now we consider a few limiting cases. 


1. The perfectly conducting earth. In this case g —» 00; consequently, | &, | 
and || tend towards infinitely. From formulas (7-5.101) and (7-5.101’) it 
follows that 

tkR ikR’ 
St a ’ Z2,—90. 
These results can be obtained directly if we solve the problem by the method 
of images. 

2. The dipole in a homogeneous medium. In this case, kh =ky, n=1, 

and = y;. Formulas (7-5.101) and (7-5.101’), therefore, give 


s + tkR 
-wiz- nj Ada | é 


Ger \" Jeane — 
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that is, only a primary excitation exists, which was to be expected. 

The integral representations of (7-5.101) are too complicated for further 
investigations and for practical applications. The integrands have branch 
points and poles. Sommerfeld investigated these integrals with the help of 
approximation methods by deforming the paths of integration. He obtained 
the following approximation formula for the field in the neighborhood of the 
earth’s surface: 


tkor 
e ° 


— oe Mp 
(1 + iV ape’ —2/ pe” | ° ga? da) (7-5.102) 
r 0 


Lo = 2 
where the quantity » (the so-called ‘‘numerical distance’’) is related to the 
pole p of the integrand in (7-5.101) by the expression 

p =k) — pyr. 


Formula (7-5.102) coincides with the formulas obtained by other authors (Weil, 
Van der Pol, Fock) using entirely different methods. 


APPENDIX: SPECIAL FUNCTIONS 


A-1. INTRODUCTION 


1. Differential equations of special functions 


The method of separation of variables, as we have seen from the solution 
of simple problems in Chapters 2 and 3, leads to the eigenvalue problem for 
the homogeneous equation 

Ly] + Jews) = 0, (a< x <0); (A-1.1) 
where 
Lj to ~qiny, (kx) > 0). 
d dx 


x 

Because of the equation satisfied by the trigonometric functions 
y'+hy=0, yO=vW1)=0, (A-1.2) 
which corresponds to the case a=0,6=1/1,qg=0,k=p=const, complicated 


boundary-value problems also occur. Thus, for example, the problem of 
eigenvibrations of a circular membrane (of radius 7,) leads to the Bessel dif- 


ferential equation 
ld fay n= He 
olny es Pacts \yrh A-1.3 
x Ca - (2 2) 
or 
hi, AE 
(xy) ~ ae + axy=0, 


Loe anae, A = ie oa Su, b= rl; 


the probiem of eigenvibrations of a sphere leads to the Legendre differential 
equation 
wy ty Se 
(1 —x)v] + 4v=0 (A-1.4) 
peters Gat). pels aco ly b=1 
and to the equation of the associated functions 


n° 


l—-x 


[1 — x*)y'J' - + dy =0 


(A-1.5) 


_ 


ja = 13%, =) F= 
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The characteristic peculiarity of these equations consists of the fact that 
the coefficient k(x), at least at one point of the interval [a,b], is equal to zero. 
Often we also encounter (for example, in problems of quantum mechanics) 
the Tschebyscheff-Hermite differential equation with 
Kase, p=e™, q=0, a= om, b=; 
the Tschebyscheff-Laguerre differential equation with 
Kx) = xe", ax)=e", q=0, a-—Q, b=”; 
and others. The boundary-value problems of these differential equations de- 
fine very important classes of special functions (cylindrical functions, spherical 
functions, Tschebyscheff-Hermite polynomials, Tschebyscheff-Laguerre poly- 
nomials, etc.). 


2. Formulation of the boundary-value problems 
in the case k(a) = 0 


We shall now investigate some general properties of the equation 


Ly) = ba | an | — g(x)y = 0 (A-1.6) 
dx dx 
for the case k(a)= 0. We therefore assume that k(x) in the neighborhood of 
the point a@ possesses the form k(x) = (x — a)g¢(x), where g(x) is a continuous 
function and ¢(a) + 0. 
If ax) is replaced by g(x)  fplx) in the differential equation, then we re- 


cognize that all of the following considerations are also valid for the equation 
Lhy] + 4py =O. (A-1.1) 
First the following lemma shall be proved concerning the solution of Eq. (A-1.6). 


Lemma. If in Eq. (A 1.6) the coefficient k(x) for x =a is equal to 0 
[A(x) = (x — a)e(x), g(a) +O] and if a solution y,(x) of this equation for x = a 
has a finite limit value [ y,(@) # ~], then every other solution y,(x) of Eq. (A-1.6) 
which is linearly independent of y,(x) is infinite for x — a. 


Proof. If a solution y,(x) of the linear differential equation (A-1.6) is known, 
then any other solution y(x) linearly independent of y,/x) can be found by 
quadrature. Namely, if we consider Eq. (A-1.6) for y,(%) and y,(x), multiply 
these with y, and y,, respectively, and subtract the equation so obtained, we 
then obtain 


d Hs d ( a d : ee, 
k _ aac k= ~_o me = 0 ; 
al ax _ dx\ dx ae 21 Vr Ya) 


Hence, it follows that the Wronski determinant of the functions y,(x) and y2(x) 
is equal to C[R(x)|: 


dyx dy © 


' dx dx k(x)" 
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The constant C is different from 0 provided y,x) and y,fx) are linearly inde- 
pendent. After division of the last equation by yi, we obtain 


£( ue) ao 
dx \ y\(x) ky} 
or 
C da ce i 


a (A 1.7, 
1, Meadyiler) 


yale) — y3(x)] | 
The integration constant C, depends on the selection of the point Xp. 
The function y,(x), which has a finite value for x «a, can be equal to 
zero there. We assume (in particular, see Lemma 3) that 


yi(x) = (x — a)z,fx) , zlajytO, n2Zn. 
The point x, in Eq. (A-1.7) is selected so that 
2(x)%#0,- 2° £5 xy 


for y(x) #0, aS x%5%,, provided n=O). Then for y,/x,) in the interval 
a<xsSx,, the representation 
a ] C | 
(x) = (x — a)’2(x Sc a oF | ee | 
ye ) ) 2 a I ; (x - ay" 1 gl xyzi'x) f 
holds. Hence, by application of the mean value theorem to the integral on 
the right, we obtain for y(x) the expression 
*9 


dx | 
ix ony f” 


yolx) = (x — aval) {C = A\ 


x 


C _ 
A= —_;—_ , (x2x : 
(AK )2i(X) a 


or by calculation of the integral, 


_ én o -@n 
(x — ayta(x)| C + aera — Ag—4 forn- 0, 
yx) = 2n an! (A-1.8) 
yi(x)[(C, — Aln(x,-—a)+ Aln(x—a)| forn=0. 
In both cases, by passage to the limit x->a@ we obtain lim,-.4 yt) — 1 ™%, 
whereby Lemma 1 is proved; for n > 0, there follows from Eq. (A-1.8) 
‘ C 
lim (x — a)" yofx) = —————_ (A-1.9 
E--a As GB) D2) 2nyla)z,{a) ' 


Formulas (A-1.8) and (A-1.9) permit the following sharpening of Lemma 1}: 


If under the assumptions of Lemma 1 the bounded solution y,(x) of 
Eq. (A-1.6) for x=a is different from 0 [y,fa) # OJ, then y,/x) at the povint 
x =a has a logarithmic singularity 


yx) ~ In(x—a,. 
If y,(x) at the point x =a has a zero of multiplicity x, 
[yilx) = (x —apalx), ala) +O), 


then y(x) for x =a has a pole of order n, yx) ~ (x — a)”. 
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Lenuna 2. If in Eq. (A-1.6) the coefficient A(x) for x =a is equal to zero, 
(A(x) = (x — a)¢(x), v(a) # 0], while the coefficient g(x) as x-»a@ either remains 
bounded or approaches +o, then for each solution y,(x) of Eq. (A-1.6) bounded 
at the point + =a, we find 


lim A(x) vi(x) = 0. 


Proof. We consider first the case that g(x) as x—»a remains bounded. By 
integration of Eq. (A-1.6) over [x, x,] with x < x,, we obtain 


dy h(x) 


R 
4) dx dx 


¥\ 
— | Qe) ya) da = Q(x) , (x< %,). (A 1.10) 
x= Ry » 
Hence, we find that Q(x) fora<x< x, iS a continuous function. If we now 
carry out the passage to the limit as xa, we see that the limit value 


C = lim A(x) yilx), (C= Q(a)) 


exists. Now we shall prove that C = Q(a)=0. For this purpose, we express 
yi(x) through Q(x): 


yi(x) = w(%2) — | me 


2 Oa) 


= xia) | ENG ola) 


da, (ax x). (A-1.11) 
From this expression, we can immediately see that in the case Q(a) #0 as 
x— a, the function y,(x) approaches infinity. 

However, this contradicts the boundedness of y,(x) for x =a. Therefore, 
Lemma 2 for the case of a bounded g(x) is proved. Still remaining to be 
considered is the case that q(x) for x > a tends toward +oo. Expression (A-1.10) 
also holds in this case. Let the function g(x) in the interval a<x< x, be 
positive. Then the function y,(x) in this interval is monotone.” 

Moreover, in a fixed interval a< x <x,, it keeps the same sign and as 
x—a has a limit value y,(a). Consequently, Q(x) in this interval must be a 
monotone function which, for x = a, has a finite or infinite limit value. From 
expression (A-1.11) it now follows again that y,(x) > co, when Q(a) #0. Thus 
Lemma 2 is completely proved. 

For the next discussion we note that from Eq. (A 1.10) and from the 
condition Q(x) > 0 as x >a, the expression 


k(x,) via) = | PE RTOTE (A-1.12) 
follows, irrespective of whether g(x) is bounded or not, (q(x) > 0). 


© Thus if we set € = \\'dx/k(x), then Eq. (A-1.6) can be written in the form 
y’ —kqy =0, (k>0, q@>Q9). 
However, it follows that y cannot have positive maxima (negative minima) since at such 
points y’/’ <0 (y/’ > 0), but necessarily y > 0 (y < 0). 
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Lemma 3. If y,(x) is a bounded solution of Eq. (A-1.6) for x= a and qx) 1s 
continuous in the interval a < x < x, then y,(a) #0 and yi(a) = [q(a) y,(a)]‘¢(@). 

If g(x) possesses the form g(x) = [g,(x)]/(x — a), where q,(x) is continuous 
and q,(a) > 0, then y,(a) = 0. 


Proof. The second part of the lemma follows, on the basis of expression 
(A-1.12), directly from the convergence of the integrals 


| Qe) vila) da = | _qila) | vila) da. 
a a (c a ae 
However, this is only possible when y,(a) = 0. 
If g(x) is a continuous function in a < x < x,, then, since x, is arbitrarily 
selected in expression (A-1.12), we obtain 


; 1 1 . 
yx) = — | qa) ya) da. (A-1.13) 
p(x) x— a Ja 
Consequently, the function y;(x) must be bounded in a fixed interval 
a <x <x, and there the limit value of y,(x) as x—»>a@ must exist. Now if we 
carry Out the passage to the limit as x--»a@ in Eq. (A-1.13), then we obtain 


qa) vi(a) ' 
aT @) = yi(a) : 


Consequently, y,(a@) = 0 implies yi(a)=0. We shall show, then, that y,(x) = 0 
|the direct application of the uniqueness theorem is not possible here, since 
x =a isa singular point of Eq. (A-1.6)]. Let |g(x)| <q and |¢g(x)| = ¢ > 0 for 
asSxsn. 

We consider the interval (a, a + h), where h/ is a sufficiently small number, 
so that h(@/o) <1 and a+h<x,. Thus from Eq. (A-1.13) it follows that 


lim yi(x) = 


Sete 2 _ 
w= \ (Za asl, aed Hea) dae) dens (x(a) = 0). 


Let the function y,(x) in the interval (a, a +h) assume its maximum y,(%)) = A 
at x =x). By application of the mean value theorem we obtain 


a 
M(%)=AS Aq (Xo —a<A, 


i 


whereby our assertion is proved. 


Lemma 4. If the function g(x) has the form q(x) = [q,(x)|/(x — a), where q,(x) > 0 
for @<x< x, then every solution of Eq. (A-1.6) bounded for x =a has the 
form y,(x) = (x — a)’2(x), where v = V’[q,(a)\/[e(@] and 2(x) is a continuous and 
differentiable function in a < x < x, with 2(a) #0. 

Proof. lf we set y,(x) = (z— a@)’2(x), where v is a fixed number, then from 
expression (A-1.12) we obtain 


vk(x)(x — a)’ '2(x) + R(x\x — ot = | aa) ya) da. (A-1.14) 
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By partial integration, therefore, 


| q(a) ya) da | ean — a |e(a)de 


Pe (a — @) 


x 


= 2(ayua) 


= uaz (a) da , 
é Jae 


a+ 


= 
oS 
aN 
R 
Sar 
Il 


| on — a) da, 

a (a a a) 

_ gla) @= ars : gle) — qila) 
v 


e @) (a, — a)’ da, = WO — a)’ + (a). 
a | eee 


Next, we conclude from the expression 2/a)u‘a) = ¥,(@)[qi(a)/v] + [ta(a)/(a—a@)"] 
that lima... z2(@)ula) = 0. Since m(a)/(~a — a) for «>a is bounded, by Lemma 
3, liMg—e Vi(a) = 0: 

Further, for z’(x) we obtain from Eq. (A-1.14) 


t (x) : , 
ret ta ax] - = =P we i | ula)z (a) da 
(x — @) k(x — a) - (A-1.18) 


2(x)U(x) — | wae'(a) da. . 


Now if we choose v = 1q,(a)/o(a), then it follows that the function 


eee: 2(X) a 2;(X) 
a (x — a) k(x— ay k(x —a)y 


is continuous and differentiable foras<xsx,. By differentiation of Eq. (A-1.15), 


2''(x) = [U(x) — u(x) 2’(x) + U(x) 2(x) (A-1.16) 


follows. 

The point x =a is not a singular point of Eq. (A-1.15). Thus it follows 
that the function z(x) for a<x< x, is continuous and possesses there a con- 
tinuous derivative. By passage to the limit in Eq. (A-1.15) as x >a, we find 
further that 

z (a) = 2(a)U(a). (A-1.17) 


Formula (A-1.17) shows that z(a) #0, since otherwise z(a) = z(a)=0, which 
would mean that z=0. 

We point out that the function U(x) for x =a is continuous if we assume 
the (once) differentiability of the function q,(x), whereas in order to guarantee 
the differentiability of U’(x), the differentiability of (x) and the twice differ- 
entiability of q,(x) is assumed. Lemma 4, however, can be proved without 
the differential equation (A-1.16). Instead we can consider Eq. (A-1.15) as an 
integral equation for the function 2(x). To do this it is necessary to require 
only the continuity of the function U(x). 

This lemma permits the following conclusion in the formulation of boundary- 
value problems for the equations 


Lv] + Zev = 0 and Ly] = 0, 
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when the coefficient function A(x) is equal to zero at one or both end points 
of the interval [a, b] under consideration. If ka) = 0, then for x = a we impose 
the requirement that the eigenfunctions be bounded. This does not require 
that they assume a prescribed value for x =a. 
In this manner we arrive at the following boundary value problem: 
Determine the eigenvalues and eigenfunctions of the equation 


Ly] =) MS) — acey = —20y ee 


in Which A(x) > 0 for x > a and &(a) = 0 which satisfies the boundary condition 
y(b) = 0 


and the boundedness condition for x = a. 

If k(a)=0 and k(b) = 0, then at both end points of the interval [a,b] the 
boundedness is required. 

Now we shall formulate the general properties of the eigenfunctions and 
eigenvalues of this boundary-value problem: 

1. There exist infinitely many eigenvalues 4, S$ 4. < +--+, which correspond 
to the eigenfunctions 


iN) ae); alee alk iia. g 
2. For g 20, all eigenvalues are nonnegative: 
Aye 0 


3. Two eigenfunctions y,(x) and ym(x), Which correspond to the different 
eigenvalues 4, and 4m, are orthogonal to each other with respect to density 
p(x): 


| YnlX) Vm(X) p(x) dx =O. 


4. The expansion theorem. A function f(x), which has a continuous 
first and a piecewise, continuous second derivative, can be expanded in an 
absolutely and uniformly convergent series with respect to the eigenfunctions 
Yn(X): 

= Ja Ax) y n(x) (x) dx 
fix)= 3 faylx), where f, = -Q5 
Pee J? y2(x) p(x) dx 
when it satisfies the boundary conditions of the problem. If &(a)=0, we 
obtain 


if(a@)| < co for qla)< om, 


fia) =0 for g(x) = 4a) » (qi(a) #0). 
x—a 


Properties 2 and 3 were proved in Section 2-3 by means of Green’s for- 
mula. Here, the boundedness of y,(x) for x =a was used as well as the 
equation lim, .. k(x) y,(x) =0 proved above. The proof for properties 1 and 4 
is usually carried out by using the theory of integral equations. We shall 
not go into this proof now. In order for properties 1 and 4 to hold, it is 
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sufficient to require that the function A(x) including its derivative be continuous, 
while g(x) either is continuous or possesses the form q,(x)/(x — a), where q,(x) 
is continuous. These conditions are satisfied for the classes of special func- 
tions to be investigated in the following discussion. 

Our boundary-value problem is equivalent to the integral equation 


b 
yx) = 4 | G(x, 8) y(€) (8) dé . 
By means of the substitutions 


(xn =Vpxyx), Kx = VpaGu)V 06 ; 


this substitution leads to the integral equation 
8 
v(x) = 4 K(x, O96) dé 


with the symmetrical kernel K(x, &). Here G(x, €) is the Green’s function for 
the equation L[y]=0. For the case k(a)=0, k(b) #0, y(b) = 0, it is defined 
by the following conditions: 

1. For fixed &, G(x, €) is a continuous function of x. 

2. The first derivative dG/dx has the discontinuity at x = é 


dG x=&+0 1 


dx r=&-0 - RE) 
or 


ae 
R(é) 


3. With the exception of x= &, L[G] = 0 everywhere. 
4. G(x, &) satisfies the boundary conditions 


Gah<ao, Gob,é=0. 


G'(é+0,6)-G(é-0,4 = — 
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1. The cylindrical functions 


In the solution of many problems of mathematical physics one often en- 
counters the ordinary differential equation 


d’y _ 1 dy n 
Ns. oo GY. | pe Le ees 
dx? a x dx #( a)? 

or (A-2.1) 


ld 2) n) 
es 7 f= = 5 
x Fala ai gh ye 


the so-called differential equation of cylindrical functions of the mth order. 
Usually, we also speak of the Bessel differential equation of the mth order. 

Characteristic problems (see Chapters V, VI, and VII) which lead to cylin- 
drical functions are represented by the boundary-value problems for the 
equation 


dut+ku=0, (A-2.2) 
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if the region considered is exterior or interior to a circle (the region outside 
or inside of a cylinder for three independent variables). In polar coordinates, 
Eq. (A-2.2) assumes the form 


~ a a2 
ae, + 4+ uO. (A-2.3) 
Y or 


If we set «:= R@ and if the separation of variables is carried out in Eq. (A-2.3), 
we obtain 


and 
ep’ +jo=0. 


From the periodicity condition for #(¢), it follows that 2 =n’, where n is an 
integer. Now if we set x= kr, then we arrive at the differential equation of 
cylindrical functions 


ld dy 1 n --0 = 
+ £(x2) + ( - 5 )o= , Ry) = kr) 


or 


For the case of the solution of the wave equation (A-2.2) with radial (cylin- 
drical) symmetry, the Bessel differential equation of zeroth order is obtained: 


To (sQ)+y-0 or Papal Oe 
x dx x 


1. Power Series. The Bessel differential equation of the yth order 
yi 4 Pog! 4 (1 — zi = (A-2.1") 
% 5 
or 
xy + xy’ + (x? — v?)y = 0 (A-2.1"’) 


(let »v be an arbitrary real or complex number whose real part we can assume 
to be nonnegative) possesses a singularity for x = 0. Consequently, we shall 
seek the solution in the form of a power series*’ 


y(X) = X°(g + aie + dat? 4-009 4 ayn 4) (A-2.4) 


which begins with x’. The characteristic exponent o remains to be determined. 
We substitute the series (A-2.4) into Eq. (A-2.1’). All the coefficients of the 
powers x’, x°-', ...,x°"" thus occurring must be equal to zero. For the deter- 


17 See W.W. Stepanov, Textbook of Differential Equations, VEB Deutscher Verlag 
der Wissenschaften, Berlin, 1956. 
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mination of o and the coefficients a,, we obtain the system of equations 


ala — vy=0, 
afia+1r~—-v]=0, 
afio+2)/—-v)+a=0, (A-2.5) 


alia +k —v)+ a.=0, 
Ch = 2.05 vee) 3 


Since we can assume that a, # 9, then from the first equation of system (A 2.5) 
we find the characteristic exponents 


ao —v=0 or a=: ty. (A-2.6) 


The other & equations represent.a system of equations for a,. We write 
the Ath equation (k + 1) of system (A-2.5) in the form 


(a “F kh + v\a + k- Var + dp-2g = 0. (A-2.7) 


In the following consideration we now exclude the case that o6+» or 
a — vy ‘and, correspondingly, —2v) is equal to a negative integer. 
Then, from the second equation of system (A-2.5) there follows 


a, = 0 (A-2.8) 


because of the exponents (A 2.6). 
Furthermore, Eq. (A-2.7) for all following coefficients a, (k > 1) yields 
the recursion formula 


k—2 


&—  —, 
(a+k+uylo+ k—v) 


(A-2.9) 
from which we can determine a@ when a, 2 is known. 

From formulas (A 2.9) and (A-2.8) it is apparent that all odd coefficients 
are cqual to zero. If v is real, then for » = —y the solution at the point x = 0 
is infinite. 

Now let us consider the case o:=v. From formula (A-2.9) it follows, 
therefore, that cach even coefficient can be expressed in terms of the previous 
even coefficients: 

] 


m-253 A-2.10 
2m + v) ( ) 


Gam — —2 


By repeated application of this formula @,,, can be expressed through a,: 


m (cn 
n—-( 1?s=—————__.. A-2.11 
a 2) 2 nt (vy + VW)(v -t 2) +++ (vy -F om) ( 
Now we use the property of the /’ function,” that is, 
M(s+ 1)— sls) +++ — ss Jess (s—nl(s—n). 


If s is an integer, then 
M(is-+ 1) ost. 
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The coefficient q@ is still arbitrary. If v+ 2 where n >» 0 denotes an integer, 
and if we set 


antes A 2.12 
a eee ( ) 


and consider the above designated property of the /’ function, then we obtain 


] 


eT oe A 2.13 
aa 2* Tk 4- 1)I'(k + 4-1) 
However, if o = —v with v # », and if we set 

] ' 
— A 2.12 
(lo 2 Spade]. ( ) 

where » > 0 is an integer, then we obtain the relation 
A, = (—1)* (A-2.14) 


2* Pkt kRo-vt1)- 


Series (A 2.4), corresponding to the case v= v=0 with coefficients (A 2.12) 
and (A-2.13), 


44 The function /"(s) defined by the formula 
I(s) = \ e tx ldx for s +0 
0 
is called the Gamma function. The variable s must also assume complex values: 
$=so+ 181, 89 > 0. 
We list the basic properties of the /’ function: 
(a) Partial integration in the formula for /’(s) gives 


on 


H(stl= VP ener dx = —e *x" 4+ 8 \e ret Vdx = s/'(s), 
0 


0 
and thus 


I(s +1) =s/(s)- 
(b) For s=1, there follows directly 


rays. 
(c) If s= 7 is an integer, then from (a) and (b) we find 
Pat+l=n!. 
(d) For gs = §, 
PS eS =e 22). eee ae 
H(s) — £3) |" dx a t=vVnr 
and thus 
rd) -Vx- 


(e) The functional relation 
I'(a + 1) = s/'(s) 
also permits us to define the /’ function for negative values of gs. It is defined by 


pac bese) a? 
EOS ae = 
and 
ee) 10) 
! 


[(-n) = <a re 
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ens ‘ | x tke 
x re 1) aes) : (A 2,15) 
J) k ‘ Th 1D (rk divd I)\2 
is called the Bessel funetion of the first kind and the vth order. The series 
~ k 2k ov 
Jun 3 eS) (A 2.16, 
Roltk | With vt WX 2 
which corresponds to the case a vy, represents a second solution of (A 2.]). 


It is linearly independent of J(v). Series (A 2.15) and (A-2.16) obviously 
converge tn the entire x-plane. 
We shall now consider the case where v is to equal to 4 of an integer. 
Therefore, let v? G2 | 4) where » 0 is an integer. Then, if in (A 2.5) 


we seta on t 4, we obtain 


2a 1 Da, 9, 
kh 1 204 Dag d apy 0, (k~ 1). 
Consequently, 


(ko 


a 0, 7 —_—_—_—_—_———_. 
a hk | ne) 


By repeated application of this formula we find 


(- yao 
HDA (QR 20-4 B20 1 5): nd 2k+ dD" 
For v- on t & we therefore obtain formula (A 2.11). 
Furthermore, if we set 
l 


a Cea may A 3) ’ 


then formula (A-2.13) results. 
Now let 


Co —n—od, 


Then qs. (A 2.5) for the coeficients a, assume the form 


aye lC Qn) -0, 


kik — 1 — 2aag-l ag O. 


As stated earlier, all odd coeflicients a). da,.... Gan 1 are equal to zero, 
While for @.,,; we obtain the equation 


Ovdanit 1 dan 0. 
Which is satisfied for each value of @dayiy. Por ky @eei, can be calculated 
from the equation 


( 1)* “dent 


ebAh ae er a 
(2a BY 20 BS) eee Bede ee (QR 2a) 
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FOr Winey = 0) 


1 


a = sa 
Oo Oe MA es i) 


gives formula (A--2.14). 
Therefore, the case v =- !:(2 +4) requires no change in the definition of 

the functions J,(x). Formulas (A-2.15) and (A-2.16) retain their validity. 
Formula (A~-2.16) defines J ,(x) only for fractional values of v, since the 
definition of @ according to formula (A-2.12) loses its meaning for negative 
integer values of v= —n. We shall now extend formula (A-2.16) to integer 
values v=». Since /(kR—n+1)=co for k& ky) =n-—1, and if for con- 
venience we set 1//’(k — 2 + 1) = 0, the summation in formula (A-2.16) actually 
begins for k= kj +1l=n. If in formula (A-2.16) the summation index is 

changed by setting k= +k’, then we obtain 
x 


0 1’ 
Tl) = (-1" ¥ as ea 
ke 


2k’ -n 
a —1 i n ’ 
TR eae ree D a (“TI 


since the summation now begins with k’ = 0. 
In the following discussion, we give, as an example, the series for the 
Bessel functions of the first kind of zeroth order (#2 = 0) and of first order 


(n = 1): 
ae (3) . ay ei ~ a Pree 


Kia) == - a(4) + sa (4) =e 


Exact tables exist for the functions J)(x) and J,(x) which often occur in 
applications.*” Towards the end of this chapter we give the graphical repre- 
sentations for Jo(x) and /,(x). 

The functions /,(x) and J.,(x), as already stated, are linearly dependent 
for integer values 2: 


Jon) = (—1)"Jn(x) . 


For noninteger values of v, J,(x), and J_,(x) are linearly independent. At the 
point x = 0, J\(x) possesses a zero, while /_,(x) has a pole of order v there. 
Consequently, if v is not an integer, every solution /,(x) of Bessel’s equation 
(A-2.1) can be represented as a linear combination of the functions /,(x) and 


J-Ax): 
ye) = Cy Je) CrJe) - 
If a bounded solution of Eq. (A-2.1) is sought, then C, = 0: 
A(x) = Ci Ji(x) . 


49 Almost all tables for the special functions also give tables for the Bessel functions 
of the first kind. For example, E. Jahnke and F. Emde in Tables of Bessel Functions 
(Dover, New York, 1945) give five-place values of Jo(x) and J,(x) for x from 0 to 14.9. 


538 APPENDIX: SPECIAL FUNCTIONS 


2. Recursion formulas. Between the Bessel functions of the first kind 
the following relations 


£ (2) ~ pont ' :A-2,17) 
dx\ x x 

LS aN SRT A-2.18) 
ax ° 


are valid. These formulas can be derived directly by differentiation of the 
corresponding series for the Bessel functions. We shall prove the validity 
of expression (A-2.17) as an example. First we have 
2ko1 

AAC ae ale) 
v Q mes v = k 
Bede Oe ANd A ome gods Shs ek ah ka es 
eI x ) Ao 2 ra ED 


= 1 x 
ee ae es a 
2! : ET EET SENSE He 


In the last sum, the summation is extended over k from 1 to co. In place 
of k we now introduce the summation index / = k — 1, which extends from 
0 to co. Then 


a LD) en = _1) 1 oc (2t-tyel =. 
ee x) eo! LES NE ae Ce, = —SielX), 


whereby (A-2.17) is proved. The validity of formula (A-2.18) is proved 
analogously. 
We shall now establish two important special cases of the recursion 
formulas. For »=0, we find from formula (A-2.17) that 
T(x) = —S(x) , (A-2.19) 


and for »y=1, from formula (A-2.18), that 


2k--¥-1 


[xA(x))’ = xflx) or xf(x)= | ese) dé. (A-2.20) 
0 


Finally, we establish a few more recursion formulas which relate /,(x), J.+,(x), 
and /,_,(x) with each other. By differentiation of formulas (A-2.17) and (A-2.18), 
we first obtain 


zi _ Six) = Jiis(x), (A-2.17’) 
mee + fie) = fale). (A-2.18’) 


Addition and subtraction of formulas (A-2.17’) and (A-2.18’) then gives 
2s 
Jenilt) + Jule) = =x) » 


Lai) — f-14)= —2].(x) . 


By means of formulas (A-2.21), /i4,(x) can be calculated if f(x) and J,-:(x) 
are known: 


(A-2.21) 
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Jia(x) = —SJi-i(x) + oe , (A-2.21’) 


3. The Bessel Function of the first kind of order n+%. First we shall 
derive simple representations of the functions J,,(x) and J_,;2(x): 


‘oo (—1)™ x 1/2+2m rn 9 29 
Si pl%) = Deere at waren oy ; (A-2.22) 
oo (—1)” ae 
Z = + ( -2.23 
Fonts) 2, mi D(a + ak 2 oe ) 
From the properties of the /° function we find 
rgtm)= 2S Ly ; 
(A~-2.24) 
Py: eee ees 
rh + m= FS ray, 
where 
BCs ae ae 


By substituting Eqs. (A-2.24) into Eqs. (A-2.22) and (A-2.23), we obtain 
2 SHIP eh 


Sipl*) = oe x .am +) : (A-2.25) 
— {2 S{=1)" se ; 
Jesnle) (2 3,5% (A-2.26) 


The sum in Eq. (A-2.25) obviously represents the expansion of sin x, and the 
sum in Eq. (A-2.26) that of cos x in powers of x. In this manner the func- 
tions J,j(x*) and J-,,,(x) can be expressed by elementary functions: 


Aix) = \2 sinx, (A~2.27) 


2 
J pls) = \2 cos x. (A-2.28) 


Now we consider the function J,4;/.(x) for integer ». From formula (A-2.21’) 
it follows that 


Ln = fle) — J iplx)= \=(-008 « + = :) 
= 2 [sin (« - =) + = cos (« - a) ; 
Isjo(*) = (2 {-sin : =| sin (= _ =) ate = cos (« _ )} 


= y= {sin (x — (1 = =) + cos (x — =) = 


By repeated application of formula (A-2.21’) we finally obtain 
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Jatifelx) = (2 {sin (« — *=\p,(—) + cos (= — *=\a.(—)} , (A-2.29) 


where P,(1/x) is a polynomial of the mth degree and Q,(1/x) is a polynomial 
of the (#2 — 1)th degree in 1/x. Thus P,(0)=1 and Q,(0) = 0. 


4. Asymptotic representation of cylindrical functions for large x. We 
shall show that each real cylindrical function for large x can be represented 
in the form 


sin (x + 6.) 1 

yx) = ya + O(a) ‘ (A-2.30) 
Here, 7. #0, 6. is a fixed constant and 0(1/x*/”) denotes those terms®’ whose 
order is not smaller than 1/x*”’. 

Now we set 
i va (A-2.31) 
X 

and calculate the derivatives 

y = —0.50 9" y 4 ty’, 


ye ey xy! + 0.758 Fe . 


If we put these expressions into Bessel’s equation, we obtain the equation 


B= oh 
"+ (1- e a ee (A-2.32) 
x 
This equation appears as a special case of the equation 
v’ +v+o(xv=0, (A-2.33) 
where 
o(x) = o(-) ; (A-2.34) 
Now we set 
v=ysin(x+ 4), v'=ycos(x + 4), (A-2.35) 


where ;(x) and 6(x) are determinate functions of x. For all x, y(x4) must not 
be equal to zero, otherwise v and v’ vanish simultaneously, which would mean 
that v(x) is identically equal to zero. From expressions (A-2.35) and (A-2.33), 
we obtain 


e 
| 


= ycos(x + 6)=/7'sin(x + 6) + 7(6’ + 1) cos(x + 5), 
v’ = y’ cos(x + 6) — 7(6’ + 1)sin(x + 6) = —(1+ oy sin(x +). 
From these expressions we find 
=psint(et+0), a= o(=) (A-2.36) 
& 
ra Oo : i 7 1 
4 = ———— = psin(x+4)cos(x+ 6) = o(=) : (A-2.37) 
7 tg (x + 0) x 


50 QO represents the so-called Landau symbol. 
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We shall now show that 7 and 6, as x», approach a definite limit 
value. First we write 


6(x) = da) — [ 3%) ds , 


from which, because of Eq. (A-2.36), it follows that the limit value lim,_...6(a)=6.. 
exists and 


(2) = Ba + o(—) (A-2.38) 
Analogously, from Eq. (A-2.37) it follows that 
Hihaups (1 ii o(=)) (A-2.39) 


where j7.. # 0. 
Moreover, each solution of Eq. (A-2.36) and, consequently, each solution 


of Eq. (A-2.32), as x > 0, has the form 


Fee eee ee o(=) (A-2.40) 


whereby the validity of the asymptotic representation (A-2.30) for an arbitrary, 
real cylinderical function y,(x) is proved. 

We shall now show that there cannot exist two distinct real cylindrical 
functions whose asymptotic behavior coincides. To do this, we assume the 
existence of two different cylindrical functions y.(x) and }¥,(x) for which 


Se (A-2.41) 
The difference 
PAX) = yx) — 5x) #0 


of these functions is likewise a real cylindrical function which, because of 
(A-2.41), shows the following asymptotic behavior: 


5.2) = o(—n) . 


However, this contradicts formula (A-2.30), which is valid for each cylindrical 


function. Consequently, j,(x) = 0 and y,(x) = yx). 
The values of the constants 7. and 6. can be calculated by additional 


considerations which give 
Pe 
= \= for all v. 


In Section A-2.1(3) we derived formula (A-2.29) for y= 2+ 4 from which 
we obtained 


— [2 sin(g- i : 
JnsiphX) = 2 sin (« : ) Fn (x 2 (A-2.42) 
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Previously the following asymptotic formula for /,(x) was derived, if »=2 
is an integer: 


2 A n 1 
hes \2 cos (2 — 3 — =) + O(n) : (A-2.43) 
By investigations based on the representation of the functions /,(x) and 
J (x) by means of contour integrals in the complex plane, we can show 
that formula (A-2.43) is also valid for arbitrary ». Here we obtain 
1 


2 1 1S 
Tas (2 cos (= +oy- =) a O(n) (A-2.44) 


2. Boundary-value problems for the Bessel differential equation 


The simplest boundary-value problem for the Bessel differential equation 
‘we consider this in the interval [0,79]) is connected with the problem of the 
elgenvibrations of a circular membrane: 


am A a2 
4.u+i4v=0, 4. = = malas + pee ; (A-2.45) 

r or\ Gor r° 69 
Ur, PQ) rary = 0 on (A-2.46) 
If we set v(y, 9) = R(r)®(~) and carry out the separation of variables, we obtain 
eo’ + wo=0, (A-2.47) 
a (rs) (2 = +r)R =0, Rr)=0. (A-2.48) 

y dr\. adr r 


If we let @(~) be periodic, then »y = n’, where » is an integer. The function 
Rr), therefore, satisfies the Bessel equation 


2 
L[R] + arR=0, (118) = f(r) = = R) (A-2.49) 
dr\ dr r 
with the boundary condition 
Ri») = 0 (A-2.50) 
and the boundedness condition 
|R(O)| < 00 (A-2.51) 
at the point r=0. Then if we set 
x=Var, yHQ=RN= R( =) , (A-2.52) 
Z 17 i 
we obtain the equation 
V4 
Z £ (2) 4 (1 2 )y =0 (A-2.53) 
x dx\ dx x 
with the auxiliary conditions 
HI Fry SOs (A-2,54) 


| v(O)| < co. (A-2.55) 
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Thus we find 


w(x) == AJn(x) « (A -2.56) 
Because of the boundary condition vut/ 2) = 0, rola = fh 
Iii) = 0 (A 2.57) 


is valid. This transcendental equation obviously possesses infinitely many real 


roots ya", fa ye. .s fle that is, Eq. (A-2.45) has infinitely many cigenvalues 


nhy 2 

as = (4) : GN = Ihe 2b os) (A -2.58) 
Yo 

which correspond to the eigenfunctions 


RW) -= A (= r) (A -2.59) 


0 


of the boundary-value problem (A -2.45), (A-2.46). From the type and manner 
in which the cigenfunctions have been constructed, it can be seen that all 
nontrivial solutions of the boundary-value problem ¢onsidered are represented 
by formula (A~-2.59), 

From the above consideration of the general theory of equation 


Ll yv] + Zev =0 


follows the orthogonality of the system 


of eigenfunctions with respect to density r: 


T (ni (nt 
| IA r) Ja( 2 rr dr =O for a, # nz. (A -2.60) 
0 Yo Yo 

We shall calculate the norm of the eigenfunction R,(r) = Ja(air) with 
a, = pt. '/ro. For this we consider the function R.(7) = J,(ag”), Where a, is an 
arbitrary parameter. 

The functions R,(r) and R,(r) satisfy the equations 


2 
4 (Ali) (ar) m0 


d/ dR; ‘ nw? 
—( r— or —-—)R,=0. 
dr (- =) v («ir r ) : 


Thus R,(7) = 0, whereas R,(r) still does not satisfy this boundary condition. 
Now if we subtract the second equation from the first, after which we multiply 
it with R.(r) and R,(7) and then integrate with respect to r over the interval 
[0, ro], we obtain 

“a i i r 
es a | rR(NRAY) dr + [7(RRi — R,Rd))"0 = 0 
/0 


51 On p. 000 a table of the roots of the equation J(u) = 0 is given. The first root 
is p(0) = 2.4048. 
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and, therefore, 


i ! 
fi R.Rerdr = Fo JnhaaFa)ets Jnr) — Foul Caro )te Jn CoP) 
0 MW — Me 


— FoI alaeFo)er Jelear) | 


“ md “ 


Now we carry out the passage to the limit a,—a@,. Then for the norm 
of the expression we obtain 


N= [rR dr = Berd! 
0 


or (A 2.61) 
“n(Zer)rar —_ La poo) 
: n Yo a 2 n\ ffm . 


In particular, the norm of the function J)((#m'/ro)r) equals 


TO (0) 
| P(E r\ rar = Fy Ae (A-2.62) 
0 Yo 
Because of the general properties of the eigenfunctions of the boundary- 
value problem and on the basis of the above observations the following ex- 
pansion theorem holds: 


Theorem. Every twice differentiable function f(r) which for r = 0 is bounded 
and for r = 7) is equal to zero can be expanded in an absolutely and uniformly 
convergent series 


f= § An Sa( r), 
in which 


i. L(YTn (Sr) ar 
oS Nes = 


Na = Fale Os 


Ay = 


The second boundary-value problem for the Bessel equation 


KR) + 2rR=0, 
R'(r) = Os 
RO) < oe) 


is solved analogously. The eigenfunctions and eigenvalues are again expressed 
by formulas (A-2.59) and (A-2.58). Here, by yn’ is understood the sth root 
of the equation 

Tit) = 0 


The eigenfunctions of the problems are orthogonal to each other with 
respect to density r [see formula (A-2.60)]. For its norm we have 


| (22 2\ rar = Bf mas as |e) 
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The third boundary-value problem is also solved analogously. In this case 
for the determination of 7’ there results an equation of the form 


To =hInlpo - 


3. The different types of cylindrical functions 


1. /lankel functions. In addition to the Bessel functions of the first kind 
J.(x), there are still other types of special solutions of the Bessel equations 
with great significance in applications. The Hankel functions of the first and 
second kind H,'''x) and H%?'(x) belong to them. With these functions, which 
are conjugate to each other, one can treat complex solutions of the Bessel 
equation. From the standpoint of physical applications, the asymptotic behavior 
for large values of the argument 


Hae ge ee ek, (A 2.63) 
aX 
TX 


appear as basic characteristics of the Hankel functions. The dots here denote 
those terms which are of higher order smaller than 1 x. If the real and 
imaginary parts in the Hankel functions are separated, then we obtain 


Hy'(x) = fix) + iN (x) , (A -2.65) 
Hy?'(x) = J(x) — iNLCr), (A-2.66) 
where the functions 
Jie) = 3(Mi'(x) = Ho], (A-2.65’) 
N(x) = (Hx) = Hi? (x)] (A -2.66’) 
i 
have asymptotic behavior 
iQ < = 

Phe ok A cos (« — 3° _ *) forte, (A-2.67) 
N,Q) = l= sin (« -4y =) ae (A -2.68) 


which follows from formulas (A-2.63) and (A-2.64). 

As will be shown later [see Section A~-2.3(3)], with the functions /,/x) 
introduced here, we can actually treat the Bessel functions of the first kind 
which were considered in Section A-2.1. The imaginary part N,(x, of the vth 
Hankel function is called the Neumann function or the cylindrical function of 
the second kind of vth order. 

Formulas (A-2.65) and (A-2.66) represent the relation between the Hankel, 
Bessel, and Neumann functions. They correspond to the relation that the com- 
plex exponential functions have with the sine and cosine functions : Euler’s 
formula). The asymptotic formulas (A-2.63), (A-2.64), (A-2.67), and (A-2.68) 
underlie this analogy. 
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From the investigation of the solutions of the wave cquation 


2 
lit = A (Ubxe + ly) 


we see that the amplitude v(x, y) of a forced vibration 


tot 


u(x, y, £) = v(x, ve 
satisfies the vibration equation 


2 


2 
Var t Vy + k'v = dv + kv = 0, (= 4). 


If the solution of the vibration equation is radially symmetric, that is, 
u(x, y) = v(r), then the function v(kr), as was noted in Section A-2.1, satisfies 


Bessel’s equation of zeroth order. 
Therefore, the functions 


Z piiatekr! 1 


l) awt — — pen A.-2.69 
Ha (kre eae aa + = ( ) 
and a e Whee 
Ho” (kre = [2 pierce toe (A 2.70) 
V kr 


represent solutions of the vibration equation which exhibits the character of 
a cylindrical wave. The function H’'(kre*’’ corresponds to a divergent 
spherical wave, while the function /1,''(kr)e’’ corresponds to a convergent 
spherical wave.” 


2. Hankel and Neumann functions. As was noted in Section A-2.1, each 
solution of the Bessel equation can be expressed through the functions /,(x) 
and /_,(x) with noninteger order ». We shall now determine the relationship 
between the functions //,"’, H.”', N, and J,, Jy. 

Since each solution of the Bessel equation for noninteger v can be re- 
presented as a linear combination of the functions J,(x) and J-_,(x), 


Ho'(«») = CJ («) + CrJ-vCx) (A-2.71) 


where C, and C, are constants still to be determined. For the principal term 
of the asymptotic representations there obviously exists the analogous equation 


oa L Ur De ae, es a « 
egi'* {x /2ly- m/d) as CQ — cos XK-—ype- — 
1X mx 2 4 


5 oe (A-2.72) 
os Cx = cos (x + 3 y— 7 


mx 4 


Next we transform the argument of the second summand to the form 
(x — (x/2)v — 2/4): 


cos (« +34 _ =) = Cos iG _ me _ = + zy | 


- 
“wn a 


7? ne . nr . 
cos {x — —v— —)coszy—sin(«— ~y— —)sinzy. 
( 2 7) ( 2 7) 


62 We take the time factor e*“', so that H{"'(kr)e—‘“' corresponds to the divergent 
and H?\(kr)e~*’' to the convergent spherical wave. 
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Now if we divide both sides of Eq. (A-2.72) by /2"(=x), then by using Euler’s 
formula we obtain 


cos(x— Fv —~ 2) ~isin(x-Fv-4) 


=(C) = C, 608») cos (x — ae ae Csinavsin(x~F¥— 7), 


from which it follows that 


C,+ C,coszv=1, —C,sinzy=1 
or 
= 1 
isin xv 7 (A-2.73) 
C, = £08 zy —isinsy oy iw 
isin zy : : 
By substituting (A-2.73) in (A-2.71), we find 
jg het 2 ea mek (xe — J_(x)) . (A-2.74) 
isinx 
Analogously, we obtain 
Ay = [Ji.ae” = Ja. (A-2.75) 
isin xv 


Now if we use formula (A-2.66’), by which the function N,(x) is defined, then 
from formulas (A-2.74) and (A-2.75) we obtain 


J A&) cos zv — Ets) 


sinx 


N(x) = (A-2.76) 
Formulas (A-2.74), (A-2.75), and (A-2.76) were derived for noninteger v. If 
one carries out the passage to the limit »y-»2 in this formula, then for the 
Hankel and Neumann functions for integer v = ”, we obtain 


Hi'(x) = Ja(x) + (4) - (1) | iE (A 2.74’) 
Hi2(x) = Jalx) — alr) —(-1r( 2) as (A-2.75') 


Ni(x) = = (2) = cures) | (A-2.76') 


By using the power series expansion of /, and J ,, analogous series repre- 
sentations are derived both for N,(x) and also for //,''(x) and /[/,?'(x). 

Formulas (A-2.74) and (A-2.75) can be considered as the analytic definition 
of the Hankel functions. There are still other methods for the definition of 
Hankel functions. Thus in Section A-2.6 the Hankel functions will be repre- 
sented by contour integrals. 
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For » = — 4%, the Hankel and Neumann functions can be expressed by 
elementary functions. For example, for » = 4, we obtain 


Ninf, = —Jainl%) = — \2 cos x = pe sin (« — 5) , 


rs 2 
Hijelx = fiplx) ~ iN pfx) = (ZT cos («- 5) -+ isin («- >) 
Nex 2) — 2 
rae, {2 itr-2/2) 
Ayje(x) = fipelx) — iN pfx) = [2 008 (= — 5) — isin (« - 5) 
Vext 2 Z 
wes 2 —tlr-2/2) 
_ Vs? : 


3. Bessel functions with imaginary arguments. Cylindrical functions can 
be considered not only for real, but also for complex values of the argument. 
In this section we shall investigate Bessel functions of the first kind with 
purely imaginary arguments. 

For this we replace the argument x by zx in the series expansion for J,(x) 
and obtain 


; es Ce a ae 
JA; =< Lea e rea ee, =721 L(x) ; (A-2.77) 
where 
oo 1 x 2k-v 9 
A en A-2.78) 
ar? ea eer oo 


is a real function connected with /,(zx) by the relation 
L(x) =i’ ]ix, — or L(x) = "Dix, 


In particular, for » = 0, 


: ‘ 1 ‘ 1 : a 
Ifx) = Jol 1x) =l]— (+) gs cars) + ant (S) tieee, (A-2.79) 


From the series (A-2.78) it is apparent that the functions /,(x) are monotone 
increasing functions. From the asymptotic representation (A-2.67), for large 
values of x for /,(x, the following asymptotic representation holds: 


nebo (A-2.80) 
N 22x 
Bessel functions with imaginary argument are solutions of the equation 
mt 1 , y 
po —{] - oO -—0O. A-2.81 
J ee ( ~)s ( ) 


In particular, /)/x) satisfies the equation 


giias Bayh m anaes, (A-2.82) 
x 
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In addition to the functions /,(x), we also consider functions defined for purely 
imaginary argument with the help of Hankel functions 


ROS sie HE ix) (A-2.83) 


Furthermore, as will be shown below, K,(x) also assumes real values for real 
x-values. This follows from the formula 


—-3 


R= 5 | 7 gr xeon aT ay (A-2.84) 


which we shall derive in Section A-2.6. From the asymptotic representation 
for H,'' we find 


K(x) = (Ee ‘cea’ (A-2.85) 


Formulas (A-2.85) and (A-2.80) show that as x—> 00, K,(x) decreases exponen- 
tially, while J,(x) increases exponentially as x-»0oo. From this follows the 
linear independence of these functions and therefore the possibility of repre- 
senting an arbitrary solution of equation (A-2.81) as a linear combination 


y = AL (x) + BK Ax). 


In particular, if y is bounded at infinity, then necessarily A =0 and y= BK,(x). 
The function 


K,(x) = Le cosh 7 dn 
0 


also has great significance. 


4. The function K,(x). We now show that for the function Ko(x) the 
integral representation 


K(x) = Ver dé, (x>0) (A-2.86) 
holds. 
First, we easily see that the integral 
F(x) = (erin (A-2.86") 
satisfies the equation 
Ky) = y+ =" —y=0. (A-2.87) 


Namely, 


~xeushé —-+ 2 fa 1 ee rash & = 
e"* sinh’ € dé -+| er’'"* cosh EdE=S,—S. 


x Jo 


LiF) = \"e “6 cosh’ ¢ = = cosh é _ 1) dé 
J0 
= \"e 
J0 
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By partial integration of the two summands, we obtain 


ae é sinh es 
S= =| e FF cosh € dé = SINDE p-rcosne 
0 x 


oo o sh F 
+ | eon’ sinh Ede = Sy, 
x 0 0 


from which 

LiF) =0 
follows. If we set coshé = 7, then the integral (A-2.86’) for F(x) is trans- 
formed into the form 


x7 


ke é 
MOS et 


From this formula we can infer the behavior of the function F(x) as x—> ©. 
Hence, by one more change of variable 


xy—l)=€, 
we obtain 
F ar __@* gg r(x). 
(x) = = \ VAG = 2) Tay re (x) 
As x7 0,7, then 
De tae mee ey: 
0 
Consequently, for large values of x, we obtain 
Fy(x) = veil +), 


where «> 0 as x00. Hence, the asymptotic representation 


F(X) = i= ect... (A-2.88) 
V 2x 


follows. The dots here denote those terms which are small and of higher 
order. The function F(x) introduced by means of the integral (A-2.86’) re- 
presents a solution of Eq. (A-2.87) bounded at infinity. Therefore, we have 


F(x) = BK,(x). 


By comparison of the asymptotic representations for A,(x) and F(x), it is 
Shown that B=1. Consequently, 


Kos \"e “Hooke ge (x > 0), (A-2.86) 
“0 


We shall now investigate the behavior of A,(x) as x0. 
Here we write the integral 


K(x) = F(x) = 7S 
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in the form 


A 


adi, (xn =i), 


Koa) = | SErs 


and split it into three summands: 


is i Aig ; i las 
Kix) =| aie + |S —S + | é di 


1.VeP— x? VR x? AV EPSP 
(A is a fixed auxiliary constant). Obviously, the first summand is equal to 
1VE-e 
Ts eco 07 ed —Inx+ see, 
x 


while the second and third summands, as x > 0, remain bounded. From this 
follows 


A(x) = —Inx+---=In—+4+---, (A-2.89) 


where the dots denote the terms which remain bounded at x = 0. Consequent- 
ly, A,(x) represents a solution of Eq. (A-2.87) which exhibits a logarithmic 
singularity at the point x =0 and which vanishes exponentially as x — ©. 

The following problem explains the physical significance of the function 
K(x). At the origin of coordinates lies a stationary source of an unstable 
gas of intensity Q,. The stationary diffusion process is accompanied by a 
decomposition of the gas and is described by the equation 


JSu—-e’u= ee < (rt) + ze ou See 0, (" = fa) . (A-2.90) 
r or\ or r° O¢ D 
Here § is the decomposition coefficient and D is the diffusion coefficient. The 
Green’s function of this equation is circular by symmetry and satisfies the 
equation 
Ld (tt 


ee oe) —u=0, (x= Kr). 


Moreover, Green’s function has a logarithmic singularity at the origin of 
coordinates and is bounded at infinity. Consequently, Green’s function is 
proportional to K,(«r): 


G = AKer). (A-2.91) 
For the determination of the factor A, we use the source equation 
lim | G4) He Ors (A-2.92) 
e~0 JK, or 


The integral standing on the left side of this equation expresses the diffusion 
flow through the surface K, of the sphere with radius <« and source point as 
center. If we replace « by the function G = AK,(er) in this equation and 
consider the logarithmic singularity of K(x) at x =0, we obtain 


lim {- | pee as} = lim {P ae} = 95 AD = Qs: 
K, € 


e—0 or 


E70 
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From this we find 


_ 
ie 2-D 
and 
G= Vo Ker) . (A-2.93) 
2zD 


The integral formula (A-2.86) for K,(x) can be derived from simple physical 
considerations. 

We shall now treat the nonstationary problem of diffusion of a gas with 
decomposition. At the origin of coordinates we place a source with constant 
intensity Q) which acts continuously from time t= 0. We shall assume that 
at the initial moment ¢ = 0, the concentration of the gas is everywhere equal 
to zero. The concentration u(x, y,t) must satisfy the equation 

Dd4du — pu = mu (A-2.94) 
and the corresponding auxiliary conditions. With the help of the substitution 
n= ne * 
Eq. (A-2.94) takes the form of the ordinary diffusion equation 
DAt= ). 


Green’s function for this equation has the form 


x 1 tr? at 
(oS (r2/laDit rel Ee 2 . 
(QV/xDe—r)_ ies 
Consequently, for Green’s function of Eq. (A-2.94), we have 


G= Q -(r2/(4Dit-71))-g8lt->) 
(2VxD(t — r)) , 


Green’s function for a source of intensity Q, acting from ¢=0 to the time ¢ 
is then given by 


t 1 _ 
G = gre seltesticp lites : 
Qo | 4zD(t — 7) 
With the new variable 
gé=t-—T, 
we obtain 


G 


S Qo [entnonn 
4zD 0 6 : 


The Green's function which corresponds to the stationary problem can be 
obtained from the preceding formula by passage to the limit t— oo: 


a : Qo (? -tr2/4p01-g6 dO 
G=lmG= f — 
ut 4nD \e 0 


By means of the substitution 
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0=Ce*, 
where C is a fixed constant, we bring this integral to the form 


rm oe - 2 aie a: é Pa 
G = Qo | e ((r2/4DCie Ce J dé . 


If we require the equation 


to be satisfied, then we find 


r P 6 _ «Yr 2_ pf 
C= oven O° ape FS" po (« 5) 


From this, it follows that the stationary Green’s function has the form 


ae Qo —k«rcosh ¢ _ Qo ag —xreosl & a Qo 
G= %eD \e dé = oD | e dé = 2D Kiol«r) . 


Therefore, the problem considered here leads to the integral representation 
of the function K(x). 


4. Integral representations and asymptotic representations 
of Bessel functions 


1. Integral representations for the Bessel functions of integral order. Now 
we consider the time periodic solutions of the wave equation 


1 
Ux, + Uyy = zee - 
a 


If we set 
iwet 


u(x, y, t) = v(x, ye ~*~ 


we obtain for the vibration amplitude v(x, y) the vibration equation 


Ver Vy + BV =0, ¢ = “) : (A-2.95) 
This has solutions of the form 
v=e™ and v=et™ , (A-2.96) 
which correspond to plane waves 
Caer and eae Es. 


Depending on the choice of positive or negative sign, the plane wave propa- 
gates in the positive or negative direction of the axis. In the following dis- 
cussion we shall omit the time factor e“’’ and regard the functions (A-2.96) 
as plane waves. 

A plane wave, which propagates in the direction s, obviously has the form 


-iker __ pr tee ec FAD a) 


v=e 


Here a denotes the angle between the direction gs and the x-axis. 
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If we introduce polar coordinates 
WET COS & 4 Lisi S., 
then 


‘ikrcos fe a: 


vee 
The case a = 0, therefore, corresponds to a plane wave which propagates in 
the direction of the positive x-axis. The case a = z,2 corresponds to a wave 
propagating in the direction of the positive y-axis. 
Now we expand the plane wave propagating along the y-axis 


v= c ikr sin ¢ (A-2.97) 


> 


in a Fourier series with respect to the variable ¢: 


v= F Adve, (vo =k), (A-2.98) 
where ae 
A,(p) = = |e se i fea (A-2.99) 
Then we find 
A,(e) = Jno). - (A-2.100) 


In order to prove this, we first have to show that A,(o) satisfies Bessel’s equ- 
ation (see Section A-2.1). We write this in the form 


od’y dy 2 2 
oe + er, +(o -W)y= L(y=0. 
p 


Then we have 


[(A,) = 7 | e fetinesaney_ sin? —iosing + p — wide,  (A-2.101) 


and after integrating by parts twice, we obtain 


FN os ad es es -dosinesine 
| a Gas ae dp = no| GEES COS ae 


=f | e terine= eT _ in cos? ¢ — sin g] dy (A-2.102) 
@ Jer 
= | e texine-ane7 6? _ 9? sin? » — ip sin gy] de . 
Here we are able to drop those terms which do not occur under the integral, 
since they are equal to zero because of periodicity. If we put (A-2.102) into 
formula (A-2.101), we obtain 
L(A, = 0. (A-2.103) 
Further, from Eq. (A-2.99) it can be seen that the function A,(o) for »=0 
remains bounded. From this and from Eq. (A-2.103), it follows that A,(o) is 
proportional to J,(9): 
A,(p) = CaJa(p) . (A-2.104) 
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For the determination of the factor C,, we compare both sides of formula 
(A-2.104) for o = 0. Since J,(0) for o = 0 possesses a zero of the mth order, 
by # times differentiation of J,(o) we find (see Vol. I. Appendix, p. 365) 


d" es i 
ce jo) =5. (A-2.105) 


On the other hand, by differentiation of A, from Eq. (A-2.99) we obtain 


1 “\k . ine os _k (—i)* . inc; iv —ipyk 
—(-—1) ee’ sin® odg = ——— ere’ —e Fy ao. 
De gdp 


a 
= 
RS 
2 
amy 
> 
Mo 
Ly 
so 
I 
Oo 
\| 


2-- 2h 
Since 
of sine pike ie , for k+ —n, 
2x Ja. 1 for k=-—n, 
then 
, 0 fork<n, 
CI EO eee aes 1 A-2.106 
[SrA Ol ole *(—e '?) i= 5, for k=n. ( ) 
If we compare Eqs. (A-2.105) and (A-2.106), then it follows that 


Coal. 


Therefore, for Bessel functions of the first kind with integral order 2 we have 
the integral representation 


Leys ma esa ee (A-2.107) 
For the plane waves (A-2.97) the expansion 


e te ting = s TApye ** 
is valid. In particular, it follows that 
cos (o sin 9) = Jo(e) + 2J2(0) cos 2p + 2J,(0) cos4eo + +++, 
sin (9 sin 9) = 2/,(o) sing + 2J,() sin 3¢ + 


We shall now give still another integral formula for /,(0). Here we set 
g=o~—-r/2. Therefore, from Eq. (A-2.107) we obtain 


2x 


Because of the periodicity of the integrand in Eqs. (A-2.107) and (A-2.107’), 
the integration over an arbitrary interval of length 2= can be carried out. 
Formula (A-2.107’) can also be derived from the series representation 


Is (0) = b Geet? Es ele cose -ing de (A-2.107’) 


eres? = y i"J,(o)e7 : 


n=-oo 


Using formulas (A-2.107) and (A-2.107’) once more, we write the two integral 
formulas for Jo(o) separately: 
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Joe) = 5) ones e dey | (A-2.108) 
™ J-xr 


Je) = = | age dy . (A-2.108’) 


Let us still note that the integral representation (A-2.107) and (A-2.107’) have 
been derived only for functions of integer order. If the index » is not an 
integer, then we have 


J.C) = 5: | eo iesine tive dy _ Sinvr hen dé. (A-2.109) 
Rey " 


ru 
This representation is an analog of formula (A-2.107) [see formula (A-2.148)]. 


2. Asymptotic representations of Bessel functions of the first kind. Before 
we go into the investigation of the asymptotic behavior of Bessel functions, 
we shall prove the following lemma: 


Lemma. A function Q(o) represented by an integral of the type 
1 
Q)=—=| wy aeerahe dé, (A-2.110) 


where /(€) is a continuous and twice differentiable function, can be defined 
for sufficiently large values of » in the form 


Os ra[1+0(4 )]. (A-2.111) 


Thus O(1/e) 0 for p— o. 


Proof. We carry out the proof for the case in which the plus sign remains 
in the exponents. 

The integrand in Eq. (A-2.110) for = 1 is singular. For this reason we 
introduce the new variable 


With it we obtain 


Q(0) = =| gion LQ ~ 7) dn . (A-2.112) 
Xz Jo V7 
The second factor of the intergrand can be written in the form 
f Aes re + g(n). (A-2.113) 
if 
g(n) f(l —Be f(1) 
(A-2.114) 


= DIO VT = BVT, = 9), 
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Here gi(y) is a continuous and differentiable function of ». In particular, 
g’(n) is absolutely integrable, that is, 


1 
| len) dy < M, 
0 


where M is a fixed constant. If we put Eq. (A-2.113) into Eq. (A-2.112), then 
we obtain 


Xp) = “fran & va = dy + [ og) ay = <q ta). (A218) 
where 


1 @ ten 


n= fy) vane a= |e et) dy. 


For q,(), the expression 


ale) =f) Ze [i+o0(-)| (A-2.116) 
0 273 
results since 


ee Ge ere: 


Therefore we obtain 


Vi 
ae) 


aw 


1 ie |e ? dt = 
7 7 va 

By extension of this formula to complex values of a, whose real part is non- 
negative, we find®® 


| Soave nee (soning [Fog i= pene ) 


The integral g, is transformed by means of partial integration: 


; —ipy -ipy 1 ; TpYy / 
n= | ¢ " g(n) dy = € "| -=\e " g(n) dy 
0 = 0 —tp Jo 


= 757), 


After substituting expressions (A-2.116) and (A-2.117) into formula (A-2.115), 
we obtain 


(A-2.117) 


ile 2/4. 
Q(p) = ver say) +o(-)]. (A-2.111") 


if the plus sign in Eq. (A-2.110) is assumed. 
A corresponding formula is obtained when the minus sign is chosen in 


Eq. (A-2.110): 


53 For details see any good text on complex variables. 
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&p) = sof a o(-) (A-2.111") 


The lemma is therefore proved. 


We shall now use this lemma for the derivation of asymptotic represen- 
tations for the Bessel functions of the first kind of integer order. With the 
new variable 


cosg=€& 


and from formula (A-2.107’), we obtain 


Jo) = = | eS" cos nd db = Sate | e ? cos nb dob 
ria ra 0 


ee (A-2.118) 
(I Eee Fle) 
= re | Vioe” 
where 
T,(€) = cos (marccos &) . 
Since 


cos np = Re (cos ¢ +4 sind)” 
is a polynomial of the mth degree in cos ¢, on the basis of DeMoivre’s formula, 
T,(€) also represents a polynomial of the mth degree with respect to § = cos ¢. 


The polynomial 7,(€) is called the Tschebyscheff polynomial. 
It satisfies the relation 


T,(—é) = cos (v arccos (—&)) = cos (nz — narccos &) 
= cos mz cos (w arc cos €) + sin vz sin (mw arccos &) = (—1)"T,(6) ; 
therefore 
T,(—€) = (—1)"T,(€) 
holds. 
Now if the integral (A-2.118) is represented as the sum of integrals from 


—1 to 0 and from 0 to +1, bearing in mind the last named property of the 
Tschebyscheff polynomials, we obtain 
ay | er® i” ( ett , 
12) = ———— | = dé + —\ —=——f(6)dé, —_ (A-2.118') 
Info) i yaw € ma NY emg A 
where f(é) = T,(6)/V/I + € is a continuous and arbitrarily often differentiable 
function with f(l)=1//2. 
By application of the last proved lemma to each of the integrals of (A-2.118') 
we find from formulas (A-2.111’) and (A-2.111"’) that 


a 1 tip—x/4—an/2) -ilp-a/d—an/2) 1] (=) 
Jnl 9) = Vane [e + é J + O 0 


= (2 cos E — ein + | 1 + o(=)| 


A 2. CYLINORICAL FUNCTIONS 559 


Therefore, for Bessel functions of the first kind with integer order, there holds 
for large values of the argument the asymptotic representation 


Jp) = (2 cos E —~ (n+ »| k + o(-)| (A -2.119) 
Zz 2 po 7. 


In particular, for 2 -= 0, 


Jo(p) = (= COs (» - alk. + o(— 7 | :; (A-2.119’) 
NBS \2 aon (» + ale + o(-)| (K-29. 119 


In Section A-2.6 the validity of the following asymptotic representations 
for the Hankel functions will be shown: 


and for 2 = 1, 


Hp) = Aes peel £ o(-)| (A-2.120) 

ro 0 
Hip) = ca + o(=)] (A-2.121) 

Vio ; 

From Eqs. (A-2.120) and (A-2.121) with 
Hp) = Ine) + iN,(p) (A-2.65) 
and 

Hn?'(p) = In(e) — iNa(p) , (A-2.66) 


the asymptotic representation 
Napes ae E ee ee ff + o(-)| (A-2.122) 
\ zo 2 p 


of the Neumann functions results. 

Formulas (A-2.65) and (A-2.66) together with the asymptotic representa- 
tions for H,"'(0), H,7'(0), Jn(o), and N,(p) are, with regard to their structure, 
similar to the Euler formulas for the trigonometric functions 


e*~ =cosx+7sinx, e’*=cosx—/sinx. 


5. The Fourier-Bessel integral and some integrals which contain 
Bessel functions 


1. Fourter-Bessel integral. We shall now analyze a given function in an 
integral by means of Bessel functions. As is known, the Fourier integral of 
a function f(x) and, correspondingly, a function f(x, y) of two variables has 
the form 


f(x) = |. dyt \" feet dé, (A-2.123) 


- 


on 


f(x,y) = 5 onal A. dp dy! |" SE, nese” ge dy. (A-2.124) 


560 APPENDIX: SPECIAL FUNCTIONS 


If we introduce polar coordinates by means of the expressions 
x=rcosgy, E=pcos¢, je= Acosé, 
yo=rsing, n= psing, ye = Asin€g, 

then we obtain 

dé dn = pdodd , dy dt’ = 2dr dé, 
px + ply = arcos(E—¢), 
nE + p'n = dpcos(p — &). 
In the following discussion we assume that f(x, y) has the form 


f(x, y) = f(ne”* , (A-2.125) 


where »# is an integer. Then by the above transformations we obtain the 
Fourier integrals (A-2.124) in polar coordinates 


fine” = \"\" Fo) dp ada. a-\ euremenninen de oi 
se wn e (A-2.126) 
: i [ e7 econ G— El tin g—F) dg . 
on jax ae 
Now to treat these expressions further, we use the formulas 
Jz) — as | eo? CORE HAE ten /2 dé , (A-2.127) 
Qn }_, 
J,z) = = | ew A a dt’ ; (E ee é’) ; (A-2.128) 


Since the integrands in Eqs. (A-2.127) and (A-2.128) are periodic functions of 
€ and é’, on this basis the integration over an arbitrary interval of length 2z 
can be carried out, and we can write 


al pir reth= sol eenien sol ee (aye ale , (A-2.129) 
on )\—n 

mal go izcos (E"— Eg) +imt Eo) ye! = J,(ze i"? , (A-2.130) 
RF J-n 


where & and & are arbitrary numbers. By introduction of Eqs. (A-2.129) 
and (A-2.130) in (A-2.126) and by division of both sides by e’**, we then 
obtain the Fourier-Bessel integral 
fr =\"\" so snC2o) Jared p dp (A-2.131) 
0 0 
or 


fn= |" p@ star? di, 


where 
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g(a) = |, Sodan dp . 
0 


The representation as a Fourier Bessel integral is possible when the func- 
tion f(r) defined in the interval (0, co) satisfies the following conditions: 

(a) f(r) is continuous in the interval (0, co). 

(b) f(r) in each finite interval possesses only finitely many maxima and 
minima. 

(c) The integral 


| olf (o)| dp 
0 
exists. 
We shall not go into the proof of this assertion here. 
2. Some integrals whose integrands contain Bessel functions. For different 


applications, definite integrals occur which contain Bessel functions. 
An oft occurring integral of this type is the integral 


oe ] 
B, = 4p) a = ———. , 
1 \ e Jo(p a V p? -|. 2 


For a proof of this formula we replace J) by the corresponding integral 
representation (A-2.108). If we interchange the order of integration, we obtain 


(2250) (A~2.132) 


a -2 1 Oh cig i ipa sin 
By = | € ‘Jor a2 = 5-| e ‘a| e AsINe 

0 % Jo s 

= as dy Ce (2etpsin gla Ae. = al dy 
2r}., F 2x) ,2tipsing 

= ieee zdy = at p sin y dy es i zdy 
22), 2? +p’ sin’ ¢ 2n),2 + 9'sin’o xr jo 2 tp'sin’g ’ 

since 


| sing dp 0 
2 ee le i 
72 +p sin’ ¢ 


because of the odd integrands. 
Next, if we set tangy = € and then set (/(z? + p/z22)€ = y, we obtain 


3-2 : zdy eee dy 
Ie 2 a) 2 Bee 
zx Jo 2 tp sin'¢ z jo 2 +p sin’g 


- 
ri 


ee |. dé = 2 |" dy ] 
2+ 4p xrV2+pslt+y V2 + p?’ 
whereby the validity of formula (A 2.132) is proved. From formula (A 2.132) 
we immediately find 
|" serye A dj= <(1 — | (A~2.133) 
0 v V2? + p? 
If in Eqs. (A-2.132) and (A 2.133) we set z= ia, then by splitting the 
resulting equations into real and imaginary parts, we obtain the expressions 
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. neti 
| Jo(e4) cos ad dd = var 
\" Jed) sinaAda=0, 
: 1 fore >a;  (A-2.134) 
| Ji(oa) cosa da = — , 
: p 
- , 
| J\(e4) sin a4 dd = We 
\" Ji(ea) cosad dd =0, 
1 for a>; (A-2.135) 
‘singin = 
| Jo(ea) sin ad d. Ta 
“ hie : ; 
| Ji(o4) cos ad dd = a = Ta) 


fora>p. (A-2.135’) 
| Ji(oa) sin addi = 0. 
0 


Now we prove the second integral formula . 
B.=\" Tape a! di = 5) ae) gu (A-2.136) 


In this formula we replace /, by the corresponding power series and integrate 
term by term (f > 0): 


B= 5 (—1)* (S) jones a 
- SoMR+EDR+tv+)\2 Rie es 
We find 


bore aie |" ete ehiv dé = ae sem (k ee Ty 
0 


1 1 
opewt +1 Oper 


From this we obtain 


pele) se ee, 
2t\2t/ Ho k! \4t 2b \2t 
which was to be proved. 

Thus we have proved that the integral B, can be calculated analogously 
when the Bessel function is expanded in its power series and thereafter 
integrated term by term. 

Now we consider the integral 


ea e- V12—k2 lal 


LMAO) aera OA (A-2,137) 
As we can easily prove, it satisfies the equation 


Oe yo z) 


dv+kv=0, (4= 
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The function 


Vo = , (7 =V p + 2?) 


likewise satisfies the vibration equation 


a2 


tkr 
Avo + Rvp = as (rv) + Ruy = —P — + #v, = 0. 
r or r 


The representation of the function uv,(e) = e**/o as a Fourier-Bessel integral 
reads 


ike © 
é =| F(2) Jao). d2 , (A-2.138) 
0 
where 
ros he Fieve (A-2.139) 
i4) 
For the calculation of F(4) we use formula (A-2.134): 
1 
dee Fp 
00 22 ee, 2 
FQ) = | Jodp\(cos ko + isin ke) do _| Ate. 
0 


ee for kR> 2 
VRE— RR V2 — FP’ a 


Therefore, 
ikp co 
e Ad? 
= | Joie) ans , (A-2.140) 
3 a= 
that is, the function 
ik p? +2? 
» = ————— 
Vert 2 


coincides with the integral C(p, z) for z=0. Both functions 
Vo(P, 2) and C(e, 2) 


are thus solutions of the vibration equation which coincide for z—0. At 
the point z=0, » = 0 it has a singularity of the same type. 

However, it follows from this that they are identical with each other, 
that is, 


00 envi — ke lz! gik p2+2? 


The formula obtained was used principally by A. Sommerfeld for physical 
investigations. For this reason it is often called the Sommerfeld formula. 


6. Representation of cylindrical functions by contour integrals 


1. Representation of cylindrical functions by contour integrals. With the 
help of contour integrals, the solutions of Bessel’s differential equation can 
often be represented in the form 
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| guissing-ine g. | K(x, ©) ®¢) do , (A-2.142) 
Cc Cc 


where C is a curve lying in the plane of the complex variable ¢ and K(x, ¢) 
= g itsing | O(c) =e”. A function of the form (A-2.142) can be considered 
as a superposition of plane waves 


—ilxsing+ycos ¢: 
é 


which propagate with different angles with respect to the y-axis; @= e’’? ap- 
pears as the amplitude factor of the plane waves. 

We shall now settle the question of the convergence of integrals (A-2.142). 
In Figure 92 the shaded area represents those parts of the plane of the com- 


FIG. 92 


plex variable ¢ = ¢, + ig. where the real part of the expression 
ixsin g = xi sin (¢1 + igs) 
= x(1 sin ¢, cosh g, — cos ¢, sinh ¢.) (A-2.143) 


is positive (for x > 0). 
Hankel functions of the first and second kind are usually defined by the 
integrals 


H!\(x) = oe eee de, (A-2.144) 
= Jey 
HE" x) = -=| eee de (A-2.145) 
a Co 
Here curve C, consists of the lines (—io,0), (0.—<=),(—2z,-x+i eo): and 


C, of the lines (z + 100, z), (z,0), (0, — 200) (Figure 93, paths I and IJ). Ob- 
viously these integrals converge along C, and C, for x > 0. 


Now we shall prove that the functions (A-2.144) and A-2.145) Satisfy 
the Bessel equation 


Ly) = xey" + xy tO -—v’)v =0. 
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FIG. 93 


If we consider that the function 
K(x, ¢) = ev izsiny 
Satisfies the equation 
eK, +x*Kk,+*K+4+ K,,=0, 
then after a twice repeated partial integration we obtain 


LH) = — | LK) e”? dg = 
Cy 


“a 


— 


| [Kop + YKIO de 
Cy 


ris 


l 


-” 
“a 


= =| (D" + ¥90)K do + | “Kb — KO") de. 
an cr, °F 

The first integral on the right side is equal to zero because of the choice 
of the function ®, while the second integral can be brought to a form which 
is likewise equal to zero for x > 0 because of the special choice of the path 
of integration. Consequently, H;''(x) and H,’'(x) are solutions of the Bessel 
equation. 

Analogous considerations show that the above integral along an arbitrary 
curve C satisfies the Bessel differential equation if the infinite branch of C 
lies in the shaded area of Figure 93. In the following discussion we shall 
show that the integra] extended over the curve C,) = C,+(C,: 

hop = LHe) + Hew) = - al erin de (2.146) 
2 on Co 
is the Bessel function of the first kind of vth order. 

For integer values y=», the integral over the infinite branch of paths I 
and II (see Figure 93) cancel because of the periodicity of the oppositely 
directed integrands, and there remains, therefore, the integral 
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In(x) = x erissin geting ay (A-2.147) 


But this coincides with the representation of the Bessel functions of the first 
kind of integer order, as given in Section A-2.3. 
For noninteger v-values, the formula derived from Eq. (A-2.146) 


z 


Tx) = x| e itsingtive dy a Sim ve cae gv dé (A-2.148) 
71 a 


fm 0 


holds. 

Integral (A-2.148) remains finite, as we can easily see, for »>0O at the 
point x =0. From this it follows that the function defined by Eq. (A-2.148) 
must agree to within a factor with the function defined by formula (A-2.77). 
If we compare the coefficients in the corresponding power series expansion 
in x, then we recognize that both functions are identical.™ 

We shall now show that for the Hankel functions H‘*'(x) (k = 1,2), re- 
cursion formulas are valid which are analogous to formulas (A-2.21) for the 
functions J,(x). 

If we consider that in formulas (A~-2.144) and (A-2.145), the integration 
paths C, and C, are not dependent on v, then we can write 


Hi*', an Hi*, = =e | e ttsingrivg cos » dy = =| 8 (grizsingy give dy ; 
mT Jc, UX Cr dv 
H!®, — HI, = -2\, enn 9+ cin de 
k 
al sacs dH," 
eet eral e CASING EEMY: = = 92 v ; k=1,2 ; 
Ox = Ve : dx ( 


Partial integration in the first equation then gives for the Hankel func- 
tions the recursion formulas 


dH" 


HY, 4 HO = a . HH = 22 (a2.sagy 
and, analogously, 
42) 
He? et = yt pt GA 9 1497) 
Xx ax 


We particularly note that following from the above are equations 


(1) (2) 
ee dua FIM, Aa = — Hi), (A-2.150) 


If H!'(x) and H{’'(x) are considered as functions of the complex variable 
X= x, + 1x2, then formulas (A-2.144) and (A-2.145) define these functions in 
that region of the variable x = x, + ix, in which the real part 

Re (-— ix Sin y) = Re [(-— 1X) + Xo) sin (o1 + 102)] 
= x2 Sin o, cosh v, + x, Cos ©, sinh ge 


54 See, for example, A. Sommerfeld, Lectures on Theoretical Physics, Vol. VI: 
‘Partial Differential Equations in Physics.’’ Academic Press, New York, 1949. 
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is negative. If »,=0 or g,= 2, then integral (A-2.144) along C, defines 
the function H,"'(x) for all those x values for which the real part Re(x) — 
x, > 0. 

Now we denote by Cy, that path (Figure 94) for which the vertical portion 


Cy Ge Coy 


< 


SG 
NO 


MX GQ G.G 
SG 


KGW. 


FIG. 94 


of the curve C, has, instead of —7z and 0, the abscissa —z —@ and ¢ (f < 0). 
In particular, Ciy.=C,. On the basis of the Cauchy integral theorem, the 
value of the integral in formula (A-2.144) does not change when the integra- 
tion path C, is replaced by the path C\,. In the integration along C,, the 
integral (A-2.144) converges for those values x = x, + ix., for which 


Re (— ix sin y) = X2sin gy, cosh yg, + x, cos gy, sinh gy, < 0 


holds for large values of ||. Along the lower part of the straight lines 
o, = ¢, g2 < 0, this condition is satisfied provided x,sin ¢@ — x,cos¢? <0. Along 
the upper part of the straight lines » = —2z—¢, y > 0, the convergence con- 
dition is also equivalent to the inequality 
x.sing —x,cos¢? <0. 
Consequently, the integral extended over C,, converges when the inequality 
x2.sing — x,cos¢ <0 


is satisfied (or x, CoS go + x2. Sin gy > 0 with g = — ¢). 
If 0< <<x/2, then the integral (A-2.144) over the path C,, coincides 
for real values x = x,; moreover, it defines the function H,''(x) in different 
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regions of the complex x-plane. Consequently, the integral (A-2.144) over 
curves of the type C,, by varying ¢, defines the analytic continuation of 
H;""\(x). In particular, if we set 


Po = = and g=—y tin, 


then we obtain the formula 


soot a Rvi/2 Fes . 
H."'(4) = — =| gets ea | OMT ne NOD NAA) 
€ 


nD 71 


—o 


‘lg 
by which H,"'(x) is defined in the half plane x, = Jm(x) > 0. Hence we obtain 
for Hankel functions, with pure imaginary argument, the expression 


Hi Gz)= | g OMI Gays. he S092 (A-2.144’) 


The function A,(%) can, according to its definition, be expressed by the 
corresponding Hankel function in the following way (see Section A-2.3): 


K(x) = 


nla 


ie"? HY (ix) . 


By consideration of formula (A-2.144"), we therefore obtain the integral 
representation 


K,(2) = a\ gots F~ 4% dy 
From this it follows that K,(x) is a real function of the argument x. For 


Ky(x) = 3 | et cosh & dy = | eo 7 oosh dn 


0 
has already been derived (see Section A-2.4), 
2. The saddle point method. Asymptotic representations. The integrand 


—ixsine+ive 


é 


in formulas (A-2.144) and (A-2.145), which define the functions H;*'(x) and 
H,?'(x), possesses no singularities in a finite part of the complex ¢-plane. 
For this reason the path of integration C,, according to the Cauchy integral 
theorem, can be subjected to arbitrary deformations in a finite region. How- 
ever, the asymptotes of the branches extending to infinity and the path C, 
itself must still lie in the shaded part of the ¢-plane. Correspondingly, the 
same is valid for the path C,. 

If the path of integration C, is chosen as shown in Figure 95, then the 
integrand at all the points in which sing #0 approaches zero exponentially 
aS X— oo, since Jm(sing) <0. If some part of the paths pass through the 
unshaded region, then there occurs in the integrands complicated interference 
phenomena. 


A-2. CYLINDRICAL FUNCTIONS 569 


FIG. 95 


To understand the asymptotic behavior of A'’(x) for large values of x, 
the path C, is suitably selected so that it lies entirely in the shaded region. 
One such path obviously passes through the point — x/2 in which the real part 


Re (— sing) = cos ¢, sinh ¢, 


is equal to zero. For x -» oo, the integrand in the neighborhood of this point 
does not approach zero uniformly, since the principal part of the integral over 
C, for x-—» co represents an integral which extends over a small path con- 
taining the point — 7/2. On this basis, we must choose the path C, so that 


-ixsing 


€ 


becomes small as rapidly as possible when we move away from the point 


(0 = —x/2. We now consider the path of the function e**"* in the neighbor- 
hood of g = — 2/2. 
For this we set 
p= e + se” 


Then, for small values of s, 


2 
— isin g = cos se") = i(1 =e + vs) 


2 2 
= 5 sin 20+ i(1 ~ 5 c0s 28) + ehics 


because the real part of (s’/2)sin 20 represents a saddle point at the point 
s=0Q. In the shaded region this function is negative, in the unshaded region 
it is positive, and for s=0 (¢ = — =/2) it is equal to zero. That direction of 
traversal through the saddle point which corresponds to the value Q) = — z/4 
represents the direction of the steepest slope for the function (s’/2) sin 20. 
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From this, it follows that the point s=0 also represents a saddle point for 
the absolute value of the function e ‘“'"*, while @ = — =/4 corresponds to the 
direction of the steepest slope. 

Now we choose the path C; so that it contains the straight line segment 
Cie (—e<s<e), which passes through the point s = 0 with angle @ = — x/4, 
while the branch extending to infinity lies entirely in the shaded region. 
Since the integrand in formula (A. 2.144) decreases exponentially when the 


argument moves away from the point s = 0 (¢ = — z/2), then 
(1) 1 —tixsin gt+tve 1 Z x(—(g2/2)47)-iur/2 --tx/4 
Hi (x) = —-—) er PPP doe —\ oe / @ds- ol 
a Ce n -e 


up to an exponentially decreasing summand. This is because along the path 
CQ ’ 


holds, where s varies from ¢« to —e. With the expression 


ae dé =f Eas, 


we thus obtain 
Hi" "(x) = i eee lee eo dé ; (A-2.151) 
“6 


If x-» oo, then we obtain™ 


vx]? _, er 

| et as—| GRAS 
—ev3x]2 —-7o 

From this result and from Eq. (A-2.151), for sufficiently large values of x 

we obtain the asymptotic representation 


Hx) = (ee een) of ar (A-2.152) 
Analogously, for H:’’(x) we obtain the asymptotic representation 
H?(x) = eee ao ee (A-2.153) 


85 The error obtained by replacing the finite limits of the integral with infinite limits 
decreases exponentially since for large values of z 


-22 
a c2 e? 
“edi = >. 
' 22 
We can be certain of this if we consider the quotient 


er 


aa —02 ye 
es" dé: 
\" . 22 
and determine its limit value. 
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Equations (A~-2.152) and (A-2.153) have an approximate character and the 
omitted terms are of order x”. The next term of the expansion can be 
obtained if in the expressions for —ising and e'’* we also use terms which, 
with respect to s, are small and of higher order. 

From the formulas for H,''(x) and H;?'(x), the asymptotic representations 


a A yi Ripe as be oe alg tae : 
Ja) = FH (2) + HD) ~ | 2 cos| » (+3) |+ | (A-2.154) 
N,(x) = Ji) — Hix} = Je sin E — Z(t >) Sn (A-2.155) 
. ons ‘ Xx 2 Z 


are obtained for J, and N,. Furthermore, we indicated earlier that we proved 
formula (A-2.154) in Section A-2.3(2) for integers v = 2. 

In support of the applicability of the asymptotic representations for all 
values of », we have convinced ourselves that the cylindrical functions in- 
troduced by means of contour integrals and cylindrical functions introduced 
by means of series expansions are identical. We shall not concern ourselves 
with the proof of this assertion. 

Finally, we should note that the above described saddle point method is 
suitable for obtaining asymptotic representations for a series of other func- 
tions which are represented by contour integrals. In particular, this is possible 
for H.'?"(x) for px x > ©, 
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Spherical functions are introduced in connection with the investigation 
of the solution of the Laplace differential equation and, in particular, with 
potential theory. In Section A-3.1 we consider the Legendre polynomials, 
which are then used in Section A-3.2 for the construction of spherical func- 
tions. Spherical functions represent an important instrument for the solution 
of many problems of mathematical physics. 


1. Legendre Polynomials 


1. The generating functions and the Legendre polynomials. The Legendre 
polynomials are closely related to the fundamental solution 1/R of the Laplace 
differential equation. Here R is the distance of the test point M from the 
source point M,). Let r and 7 be the radius vectors of the points M and M, 
and @ the angle enclosed by them (Figure 96). Obviously, then, we can write 


1 1 
rt f , 
i 1 _ |r VI + p? — 2px ene (A-3.1) 
R Vr+r— 2rrcos0 1 1 ‘ 
for r>7r, 


YrVi + pe? — 20x 


where x =cos@? (-l1 x81), and p=7/r,< 1 or p=n7/r <1 is valid (in 
both cases o is smaller than 1). 
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Mo R M 
he r 
0 
FIG. 96 
The function 

i ] 
Yi ’ a 0 1, —-ls <1 A-3.2 
We) = aaa (<a < <SxSl) (A322) 


is denoted as the generating function of the Legendre polynomials. 
We now expand the function ¥ (p, x) in a Series in powers of p: 


¥(o, x) = 5 P,(x)e" ; (A-3.3) 


Then the coefficients P,(x) in the expansion (A-3.3), as we shall see, represent 
polynomials of the sth degree and are called Legendre polynomials. 
This expansion corresponds to the expansion 


(= 5 (+)"P, (cos 8) forr<7, 
- =: ee (A-3.4) 
| $ (2) P,, (cos 8) forr>7. 
Y n=0 Y 
By considering the expansion 
(1+ p° — 2px)? =1 — (04 — 2px) + J (' ~ 2px)’ + ++: 
=1+pxt+ “(a * z) a ear a Cle as ¥ Pa(x)o" (A-3.5) 


for sufficiently small values of o, we can be certain that each of the functions 
P,(x) really is a polynomial of the wth degree. For k <7, therefore, we 
obtain all terms which contain the power p” in the brackets of the form 
(0° — 2px)*, where x” occurs only in the term for k=”. If k <n, then the 
coefficient of p” contains only powers of x of smaller degree than 7. Since the 
general term of the polynomials (p? — 2px)* has the form Anzp°"(ox)* "= 
A,o™**x* ™, where A, denotes fixed coefficients, even powers of x occur only 
for even powers of o and odd powers of x only for odd powers of p. Therefore, 
each polynomial P,(x) contains either only even or only odd powers of x, ac- 
cording to whether # is even or odd. 
In particular, it follows that 


P,(— x) = (— 1)"P,(2) . (A-3.6) 
For x= 1 the generating function ¥'(o, x) equals 
1 
Le 


=P pf pt + oe dt pt ee SS Pilyp®, (A-3.7) 
n=0 
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that is, 
P,Q) = 1 (A-3.8) 
for all values of 7. From Eqs. (A-3.6) and (A-3.8) there results 
PiaVa cad 2) 


2. A recursion formula. By differentiation of ¥(p,x) with respect to p, 
we easily obtain the expression 
(1 — 20x + pe —(x-—p)¥=0. (A--3.10) 
on 
We shall write the left side of this formula as a power series in powers 
of o. To do this, we substitute the series (A-3.3) for ¥ and the series 
oy 


=_—= 
0 


Pi(x) + 2P.(x)0 + 3P,(x)0” dears 


into expression (A-3.10). 
The coefficient of 0” in the series thus obtained must be equal to zero 


for all x because of (A-3.10): 
(Gt + 1)Paei(x) — x(2n + )Palx) + Pro = 0. (A-3.11) 


This is the recursion formula sought, which links the three successive Legendre 
polynomials with each other. It can be used for the calculation of P,(x) (2 = 2), 
if we consider that P,(x) = 1 and P,(x) = x. 

We shall now calculate the coefficients a, of the highest power x” in the 
polynomial P,(x). From formula (A-3.11) we obtain 


—-aetl, (A-3.12) 
n+l 


Here, if we set a = 1, we obtain, successively, a, = 1, a = 3, a3 = 3, and so 
forth. By complete induction we prove the general formula 


Qn-) 


Qn = 1.3. 5+-(2n — VY) (A-3.13) 
n! 

3. The Legendre differential equation. In this section we shall show that 
P,(x) in the region — 1 <x <1 for 2=»m (2+ 1) represents a bounded solution 
of the Legendre differential equation 

d 2 “| : 
—|(—*«*)=-}+iv=0 
dx [ eae 


or ’ 
(l— x*)y" — Qxy'’ +iy=0. 
By differentiation of 
V(0,x) = Y Palx)e" 
n=0 
with respect to x, we obtain the equation 


(1 — 2x0 + ae cries, (A-3.14) 
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Together with [q. (A-3.10), we obtain 


of — (x — ph =0. (A-3.15) 

op ox 

As in the above expression, we obtain from this the second recursion formula 
nP,(x) — xPi(x%) + Pio) =0. (A-3.16) 


By substitution of the expression for p¥ and p(d¥/dp), obtained from Eqs. 
(A~3.14) and (A-3.15), into the identity 


o~(a¥") = p (0% + v) (A-3.17) 
op 0p 
we obtain 
(AGRA aw 0: (A-3.18) 
vo ox 


Again, we expand the left side of Eq. (A-3.18) in a power series in powers 
of o. From the requirement that the coefficients of the powers p” be equal 
to zero, the third recursion formula 


nPyi(x) — Pa(x) + £Pq-1(x) = 0 (A-3.19) 
then follows. 

We now eliminate P,-\(x) and P,-,\(x) from Eqs. (A-3.16) and (A-3.19). 
For this, we introduce in Eq. (A-3.19) the expression for P,.,(x) from Eq. 
(A-3.16), then differentiate the expression obtained with respect to x and use 
once more formula (A-3.16). In this manner, we arrive at the equation 


(1 — x°)P2'(x) — 2xPa(x) + n(n + 1)P,(x) = 0. (A-3.20) 


Thus the Legendre polynomials are eigenfunctions of the following bound- 
ary-value problem: 

Find those 2-values, for which, in the region —1< x <1, nontrivial solu- 
tions of the Legendre differential equation 


d | 2 ol ; 
pean War ll [a —|+ —=0 A-3.21 
( x) Ay ( ) 


exist, that are bounded for x=1 and satisfy the normalization condition 
P,(1)=1. The eigenvalue corresponding to P,(x) is 4, = 2 (z+ 1). 


4. The orthogonality of the Legendre polynomials. The Vegendre equa- 
tion (A-3.21) appears as a special case of the equation 


a 


| a S| — g(x)y + hov = 0 (A-3.22) 
dx dx 


with for g=0, o=1, k(x) =1-—-x*. Therefore, the general theory developed 
for Eq. (A-3.22) applies to the Legendre equation. From this theory it follows 
that: 

(a) The Legendre polynomials of different orders are orthogona! to each 
other in the interval (— 1, 1): 
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1 
| P60) Pplx) dx = 0 for mA#An. (A -3.23) 
1 


(b) Ikach additional linearly independent solution of the Legendre equation 
for 2- nia + 1) becomes infinite at the point x = +1 as log!1+ «|. 

A system of orthogonal polynomials, as is well known, is closed.*° 

It now follows that the Legendre equation for 24» (2 +1) can possess 
no nontrivial bounded solution y/x). For if such a solution ¥,(x) were to exist 
for 242 (2 +1), then it must be orthogonal to all P,(x). However, on the 
basis of the closedness of the system of orthogonal polynomials P(x), it would 
follow that 

Vax) =O. 


56 A system {y,} of orthogonal functions is said to be closed if there exists no con- 
tinuous function which does not vanish identically and is orthogonal to all functions of 
the system, that is, if the only continuous function which is orthogonal to every ¢n is 
the zero function. 

A system of {o,} of orthogonal functions is called complete in the interval [a, b] if 
an arbitrary continuous function can be approximated by a linear combination of the 
functions ¢, in the mean with arbitrary small error. In other words, to each number 
é > 0, a linear combination 

Sa = ¢igi t +++ + nga 
can be found such that 


Wee — Sa(x)P dz <e. 


For a complete system of functions {v,} the so-called completeness relation or Parseval 
equation holds: 


°° 


b 
| fXa) dz = EF Nast. 
where > 


1 cb 
f= 5 J" s@yente) dé 


are the Fourier coefficients of the function f(z). 

Closedness is a consequence of completeness. Let yn(x) be a complete system of 
orthogonal functions. 

We assume that there exists a continuous function f(z) #0, which is orthogonal to 
all «-»(x). Then, because of the completeness of the system {y,}, the equation 


5 °° 
| fia)de => Nafi=0 
a n:.\ 


must hold since, by assumption, f, =0 for all n. However, from this, f(r) = 90 follows, 
which contradicts our assumption, that is, the system {yn(x)} is closed. 

The completeness and, therefore, also the closedness of a system of orthogonal poly- 
nomials P,(2) are a consequence of the Weierstrass approximation theorem: 

For each function f(x) continuous in a closed interval [a, b], there exists a polynomial 
Q,(x) which approximates f(x) in [a,b], arbitrarily closely, that is, for arbitrary « > 0 
and for all x in [a, bd], 

| f(x) — Qr{a)| <e.- 

For proof of the completeness of the system of P,(z), we only need to represent 
the polynomial Q,(z) as a linear combination of the orthogonal polynomials P,(x) and 
apply the above inequality. Then the completeness relation for the system of orthogonal 
polynomials results directly. 
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5. The norm of the Legendre polynomials. We shall calculate the norm 

1 
Na = | P(x) dx (A-3.24) 

-1 


of the Legendre polynomials. For this we consider the polynomial 


an 
Qn-1 


Q(x) = P,{x) a xP a—\(X) , (A-3.25) 


where a, denotes the coefficient of x” in P,(x) and a,., the coefficient of x” ' 


in Pp-(x). Q(x) is a polynomial of degree #— 2 and can be written in the 
form 


QU) ="¥ APula) « 


The coefficients can be determined successively beginning with k =n — 2. 
Here we compare the coefficients of the highest powers of the polynomial 
P(x). 

It then follows that Q(x) is orthogonal to P,(x): 


( Pwoode=: (A-3.26) 


so] 
Therefore, 


N, = | P,(2)| Se ¢Py (x) + Qa) | dx = a | XP a(x) Pn-i(x) ax . 
-1 -1 


~1 Qn n-1 


Now by using the first recursion formula 


n+1 n 
(O= Pr ——— P,_ ; 
xP,(X) n+l (x) + m+ \(X) 
we find 
N,=—~“ N,.. A-3.27 
2n + ] Qn-1 : ( ) 
Since, because of Eq. (A-3.12), 
Gn 2n—1 
Gn-1 n , 
we find 
eee 
By consideration of 
Pix k, No = 2 
we find successively from Eq. (A-3.28) that 
N, = § ’ N, = 5 
and, in general, by complete induction that 
2 (A-3.29) 


NN“. 
2n+1 


A 3. SPHERICAL FUNCTIONS 577 


Consequently, the Legendre polynomial P,(x) forms an orthogonal system 
with norm WN, = 2/(2n + 1): 


P,,(x)P,(x) dx = { ; for m+n, (A-3.30) 
=f for m=n. 


2n +1 


6. A differential relation for the Legendre polynomials. Now we shall 
prove that the Legendre polynomials are representable in the form 


hag 
2"n! dx” 
This formula is usually called the formula of Rodrigues. 

For the proof of formula (A-3.31), it is sufficient to prove the following 
facts: 

(a) P,(x) = 1/2"n! d"/dx"[(x? — 1)") is a solution of the Legendre equation. 


Px) = f(x? —1)"]. (A-3.31) 


(b): Pela k 
If we set 
u=(x*—1)", 
then 


wu’ = 2nx(x* — 1)". 
Therefore, we also find 
(x? — Lu! — 2nxu = 0. 
By (m+ 1) times differentiation of this equation, we obtain 
(x® — 1)u0'™*?? — (29 — 2am — 2)xu'™*? + [mim + 1) — 2n(m + 1Ju'™ =0. 


If we set m= and consider that the expression in the square brackets 
equals — 2(m + 1), then we obtain 
(1 — x™e'"*? — 2xu™! 4 nin + 1)u'™ = 0, 
that is, the function 
5 _ 1 du 
2"n! dx” 


satisfies the Legendre equation 
(1 — x*)P,’ — 2xP, + nn +P, =0. 
Consequently, 
Pi) SCP (a) (A-3.31’) 
where C, denotes a fixed constant. 
Now we shall show that P,(1)=1. For this we consider the derivative 


Ft — yy) = Aer + ye — 1) = ole + Me 1" 
ax ax 


+ C(x Bie iid ae © _ 1)""" ais aed oe Cr(X tt 1)*(x — ; Oa P 


If m <n, then all summands vanish at the points x= +1: 
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{ Cae = iy} =0, (m<n). 


ax 


However, if m =n, then 


{ salle" _ vt = 2"! 
from which it follows that 
P,Q) =1. 
Now if in Eq. (A-3.31’) we set x =1, then we obtain 
Ch = 1 ’ 
that is, _ 
PAX) = P(X) 
Thus we have 
da” 2 n 
n — —] . 
Pa(x) 2*n! dx” Ux y] 


With the help of this formula, we can easily prove the following important 
properties of the Legendre polynomials: 

The Legendre polynomial P,(x) possesses exactly 2 zeros within the inter- 
val (—1, +1). Let the &th derivative (d‘/dx")P,(x) (k =n) have exactly n—k 
zeros within (— 1, + 1) and at the end points let it be different from zero. 

The function (#? — 1)" vanishes at the end points of the interval [— 1, 1]. 
Its first derivative vanishes at the ends of the interval. Based on Rolle’s 
theorem, the derivative must possess at least one zero within the interval. 
The second derivative has at least two zeros within the interval and vanishes, 
moreover, at the ends of the interval (Figure 97). By repetition of these 


A 


((@ — Int 


=1 (8 = py" 
FIG. 97 


results, we find that the wth derivative has at least » zeros in the interval 
(—1,1). There, indeed, it has exactly » zeros since it can be treated as 
a polynomial of the wth degree. Thus, the first part of the above proposition 
is proved. The derivative (d/dx) P,(x) must, on the basis of these theorems, 
possess at least » — 1 zeros within the interval. However, since the derivative 
represents a polynomial of degree » —1, it must possess exactly 2 — 1 zeros 
within the interval. Correspondingly, (d*/dx*)P, has exactly » — k zeros within 
the interval. Therefore, the above statements are completely proved. 


7. An integral formula. The boundedness of the Legendre polynomials. 
The Legendre polynomials P,(#) are bounded for all values of the argument 
—l1s 735 +1. This shall now be proved. 
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First, we consider the integral 
f= | —— 
0a—ibcos¢ 


in which a and b denote any constants. To calculate these integrals, we make 
the following transformation: 


_ oF dy (7  cosgdy 
r= al’ a’ +b’ cos’ iol’ a’ + bcos’ ¢ 
= ae ae stile 
= eet eee Kh, A-3.32 
a \ o + Be cost 2 ol” a ra Be Sine db 1 I; ( ) 


(4), 


The integral /, is equal to zero since the integrand is an odd function. The 
calculation of the integral J, gives 


=; fora>0O, 
Va + b (A-3.32’) 
= -l Se fora<0O. 
a 


Now if we set 


a=1l—x,b=xY1l—j7?, O<x<1, -lspsl) 
and use formula (A-3.32’), then we obtain 
a Gg do 1 
SI ey (A-3.33) 
x | eae V1 + x? — 2x 
The generating function standing on the right side of this equation serves to 
define the Legendre polynomials as follows: 
1 C-) 
a  P.( 5 
V1 + x2? — 2xp 2 #) 
Now we expand the integrand in the series 
1 bad i, ; 
$e O(n +1 V1 HK pl cOS gD)”. (A-3.34) 
1—x(e + iV1— p? cos ¢) Xo oc é e 
Since 
|x + iV — écosy)| = «V2 sin?g + cos*g sx <1, 
series (A-3.34) converges uniformly. It can be integrated termwise: 
1* ] Se Sd 1 [ . n 
— |) —— dr = x” — | (ne tiV1 — pcos) dy. 
~\ yea oroap e 2 a ras 
On the other hand, because of Eqs. (A-3.3) and (A-3.17), we obtain 


1 oo oo l z . +“ 
Sek ete "P(n) = are +iV1 — 4 cos dy . 
V1 + x? — 2xp Ze cae ae z \\ : nee 
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From this we obtain the integral representation 


PAY) = \ 4iV1 — pe cosy)" dy , (-lsSypsl) (A-3,35) 
0 


for the Legendre polynomials. If —1 7 4 7 1, then 
lye] iV p2 COS & | V pe stn? y 1 cote S l, 


and further, for /?,(7) the inequality 


| Pal) |S |. 1 for -l Spl 
g 


ur 


holds. Were the equality signs are valid only for po - + 1. 
The Legendre polynomials, therefore, are bounded, and in faet, 


[Pall 7 1 (A 3.36) 
holds for all » between = 1] and |} J. 


8 The associated Legendre polynomials. Together with the Legendre 


polynomials P(x) the so-called associated Legendre polynomials /?,"'(x) play 
a darge role. Vhey are the solutions of the equation 
2 
te ee | (- us i) 2 ( (A 3.37) 
dx dx 1 x 
or 
m 
Cex! Qe! | (: : i) # 0, (A 3.37’) 
x 


which are bounded t the interval (1, 1). 
The associated polynomial of with order can be defined through the Legendre 
polynomial as 
zomsz a” oad 
Pee TO. - ey te (A 3.38) 
dx 
We shall now prove the validity of this relation. 
The equation for the associated Legendre polynomials (A 3.37") with the 
substitution 
z (bo #7)" V(x) 


assumes the form 
Qoox)¥ 2am | Wye! | tA mon 1 IYO. (A 3,39) 


We shall now show that Eq. (A 3.39) is satished by the wth derivative 
of the corresponding Legendre polynomials. We differentiate the Legendre 
differential equation (A 3.21) am times with respect to x. After some simpli- 
fication, we obtitin 


2 dm '?y d™'y d y ; 
9 0 rere AC] On Seemed 10) mf QO. (A 3.40) 
( 


dx? i™ Hy Fg 


mn" 
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By comparison of these results with formula (A-3.39), we recognize that the 
function 


¥(x) = B® 


a 
is a particular solution of Eq. (A-3.39), Consequently, the expression 
Z=0-2)"* Y= ayn y(x) (A-3.41) 
x 


satisfies the equation for the associated polynomials and is bounded for x= +1. 
For 
A=nn+ 1) and y = P,(x) 


formula (A-3.41) represents the associated polynomial of mith order. From 
this formula, it is obvious that P,”'(x) is different from zero only for m <u. 

The associated Legendre polynomials form, on the basis of the general 
theory, an orthogonal system. Now we shall calculate the norm of the as- 
sociated polynomials. At the same time we shall prove its orthogonality. 
We multiply Eq. (A-3.40) = (1 — x*)” and write the result in the form 


d"P,, 
ax” 


d Pas +1 da” |= . 2\m 
— d— P,, —[4A- jd —-: 
f[a-# i [A — mn + 1)) ( x") 


If we set m’ = +1, then we obtain 


= relate " a ad” Ps | = = abn == “oT d” Ps (4.3.49) 


We now introduce the relation 


7 a | m m 
Lie =| P."'(OPL" (a) dx = | Q — xem @"Pa a Ps 
a =! de Gk 


Partial integration of the right side gives 
ae, d"P, _ 1 1 d™”'P, d nae P,, 
ee l— x)"; — —=—--—|(l-x di 
. Fa ax™ | ay i i ae al Hs dx” rol i 


The first term on the right side is equal to zero. If we transform the integral 
remaining on the right by taking into consideration the differential expression 
(A-3.42), then we obtain 


Fra . 4 d™! q™ 
Exe = [na + DP -— man — 1)) ec — xy" Tet Pa et —_ P,. dx 


=(a+m)(n=—in + DLE . 
By repetition of the above, we finally arrive at the formula 
Lie = (a + am) + ot — Ue Gt + Dat ee Gt — im + by Soa 


_ (a+ m)! iu! 0 _ (+m)! 


= ke 
n! (n— mm)” (1 — m)t* 


Hence, by using the equation 
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I 0 for kR#n, 
oy = | P,(x) P(x) dx = 2 
_ ——— fork=n 
2n +] 


[see system (A-3.30)], we obtain the integral relation 


; | 0 for k#u, 
| Po COPE Oat = 2 (1+ m)! 
oa 2n +1 G7 — an)! 


for k=n, (A-3.43) 


that is, the associated polynomials are orthogonal to each other and have a 
norm given by 


2 Gn -- a1)! 


. A 3.43’ 
2n+ 1 (2 — 1)! ( 2) 


is [Pi" (x)) dx = 

9. The closedness of the systems of associated Legendre polynomials. We 
shall prove that through the system of associated polynomials P,”'(x) all 
bounded solutions of Eq. (A-3.37) are included. 

For 2= (1 +1), each solution which is linearly independent of P,”’(x) 
is infinite at the point x= +1. For 4#n(n+ 1), however, each bounded 
solution must be orthogonal to all P,”'(x). 

We now show that no bounded solution of Eq. (A-3.37) different from 
P,”" (x) exists. For this it is sufficient to show that the system {P,”(x)} of 
associated polynomials is closed, that is, there exists no non-identically vanish- 
ing continuous function which is orthogonal to all functions of the system. 


Lemma. Each function f(x) continuous in the interval [—1, 1], which is equal 
to zero at the end points x= 1 and «= —1, can be approximated with arbi- 
trary accuracy uniformly by the associated Legendre polynomials of arbitrary 
order 92. 


Proof. We note first that the derivatives of the Legendre polynomial 
(d™/dx™)P,(x) are polynomials of degree n -- a. Stnce an arbitrary polynomial 
in x can now be represented by a linear combination of these polynomials. 
and because of the Weierstrass approximation theorem, an arbitrary function 
f(x) which is continuous in the interval [—1, 1] can be approximated uniformly 
by linear combinations of the derivatives (d"/dx”)P,(x): 


I f(x) - s Co, < = — Pit) <e, if my > Me). (A-3.44) 
By multiplying this inequality by (1 — x”)"”, we obtain 
| fix) — ScwP xy) <e, if > Ne), (A-3.45) 
where 
A@B=S@a =)"; (A-3.46) 


that is, an arbitrary function f,(x%), which is represented in the form (A-3.46) 
by a function f(x) continuous in [—1, 1], can be approximated with arbitrary 
accuracy uniformly by linear combinations of associated Legendre polynomials. 
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We say that a function f\(x) belongs to class //, if it is continuous in 
the interval (~1,1) and vanishes identically in a small neighborhood of the 
point x= + I: 


f(x) =0 for |1-d|S|xe|/s1. 
Since for each function /,(x) belonging to the class H, the function 
F = fi(x) 
[x)= ad — x"? 


is continuous in | -1,1], our lemma is proved for a function of class M,. 

Now we consider an arbitrary function f(x) which is continuous in [—1, 1] 
and vanishes at the ends of the interval. Obviously, such a function can be 
approximated uniformly by a function f,(x) from the class H, with an accuracy 
of ¢/2: 


f(x) — fil) | < ae 


If we now approximate f,(x) by a linear combination of the associated poly- 
nomials with an accuracy of ¢/2, 


no 
IA) -— MGI <y,  SiG) = ¥ osPa2), 
then we obtain the inequality 
| f(x) — Six) | <e 

with which our lemma is proved. 

We can now easily prove the completeness of the system of associated 
polynomials and, thereby, also the closedness. 

We recall that a system of functions {y,(x)} is called complete in the 
interval [a@, 6] if an arbitrary function F(x), which is continuous in [a, 5], can 


be approximated in the mean with arbitrary accuracy by linear combinations 
of these functions: 


| [ F(x) - Y catrala)]° dx <e for m > Ne). 


Obviously, each function F(x) continuous in [—1,1] can be approximated in 
the mean with arbitrary accuracy by a function f(*) which is continuous in 
{—1, 1] and which, for x= +1, is equal to zero: 


[Fe fade es. 


Now we take a linear combination of associated polynomials which ap- 
proximates f(x) uniformly: 


l f(x) — Si(x)| <e". 
Then, using the inequality 
(a+b) S2a’°+6’), 
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we obtain 


| (F(x) — 3,’ dx < 2 (Fx) — f(x) dx + 2" [fy —S\Pdx<e, 
-1 —1 


1 
-1 

for 2’ + 4c’ < e, 
whereby the completeness and, at the same time, the closedness of the system 
of associated polynomials is proved. 


2. Harmonic polynomials and spherical functions 


1. Harmonic polynomials. A homogeneous polynomial which satisfies the 
Laplace equation 


Mu = Uy, + Uy + Uz = 0 (A-3.47) 


is called a harmonic polynomial. 
As we can easily prove, the first two homogeneous harmonic polynomials 
have the form 


u(x, y,2)= Ax+ By+Cz, 
u(x, y,z) = Ax’ + By —(A + B)z? + Cxy + Dxz + Eyz, 


where A, B,C, D, E denote arbitrary coefficients. 

We shall now calculate the number of linearly independent, homogeneous, 
harmonic polynomials 

Ue OS pee WS. (A-3.48) 
prqtran 

of degree ». A complete homogeneous function of the mth degree has 
[(( + 1)(m + 2)}/2 coefficients. Therefore, the right side of Eq. (A-3.48) can 
be written in the form 


n-1 
Ho,0,n2 + (A1,0,n-1% + Ao1,.n-19)2 : 
~1 -2 -1 
+ GAs ie ale On~2,1,1%" io pea Gon-11y- )z 
-1 0 
+ (Qn,0,0x" aa @n-1,1,0%" be ee Aon, oy 2 : 


For 2” one coefficient appears, for z”' there are two,---, for z, finally, there 
are n coefficients while for 2° there are altogether (7+ 1) coefficients. The 
total number of coefficients, therefore, is equal to 


(n+ a + 2) (A-3.49) 


Eq. (A-3.47) imposes on the coefficients [n(#— 1)]/2 linear homogeneous 
relations since 4U, represents a homogeneous function of degree » — 2. There- 
fore, the polynomial must possess not less than [(2 + 1)(# + 2)]/2 — [(#2 — 1)n]/2 
= 2n+1 linearly independent coefficients. For the case in which the [(# — 1)2]/2 
relations are linearly independent, the number of independent coefficients 
must be larger than 27 + 1. 

We shall now show that only 22 +1 coefficients are linearly independent. 
The coefficients a,,,,, of a homogeneous polynomial can be written in the form 


1+2+-+---+nu+(a+))= 
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_ oe O Un 
Per platrl ax?ay%é2" | 

Now, if 7, is a harmonic polynomial, then a,,,,, for 22 can be expressed 
by the coefficients a,.4,9 and a»,4,, whose number is exactly equal to 27 + 1. 


Therefore, 
oh eth a? Ott 
Cpr = r—-2 2 


piqtr! ox?ay%dz 6z 


ne oul on? O'tUn Un 
eg es |e 

pigiri ax?ay%az* ax” ay 
= BiQpreg.r-2 + Bo@pg+2.r—2 - 


If we now proceed correspondingly with the coefficients ap:2,g,r-2 aNd Mp,q-2,r-25 
then we have expressed the last a,,,, in terms of coefficients of the type 
Opq0(p+tg=n) and agg: (b+q+1=n). The number of coefficients of 
the type a,.4.0 however, is equal to # +1, and the number of coefficients of 
type a,,¢,, equals n. Thus, the total number of linearly independent coefficients 
and, consequently, the linearly independent harmonic polynomials of the mth 
degree exactly equal 27 + 1. 

We call all rational spherical functions (and also general spherical functions) 
homogeneous harmonic polynomials. 


2. Spherical functions. Spherical functions can be introduced simply in 
the solution of the Laplace differential equation for a spherical region by 
means of separation of variables. 

For this purpose we write the Laplace differential equation in polar co- 
ordinates 


1 0 / 20u 1 a oe au 1 ru 
Ge ap (7 x) = ry’ sind a0 (sin 00 i ry’ sin’ 0 dy” \ 


and for the solution make the Ansatz 
u(r,0,9)= RIV) YO, ¢). 
For the determination of R(r) we obtain the Euler differential equation 


YR" + 2ryR'—-—jJR=0, (A-3.50) 


and for the determination of Y(0,~) we obtain the equation 
G =) if i Sony 


—(sind— 
( sin’ 0 ay” 


AV ARGV S 
ree sind a0 a0 


+2Y =0 (A-3.51) 


with the auxiliary condition that Y(@,~) is bounded on the entire sphere. 
In particular Y(,) satisfies the condition 
Y(O,9 + 2x) = YO, ¢), 
| YO, ~)| <0, | Yia,y)|<o. (A-3.51) 
The bounded solutions of Eq. (A-3.51), which possess continuous derivatives 


up to and including the second order, are called spherical functions (or also 
spherical surface functions). 
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The solution of the equation for Y(,«) is also obtained by use of separa- 
tion of variables, by setting 


YO, ~) = ANDY) . 
The function #(y) satisfies the equation 
wo + nb =0 
and the periodicity condition 
Wy + 2x) = W¢) . 


The equation for @(y) for integers “=m” has only periodic solutions, 
that is, cos mg and sin my are linearly independent solutions. The function 
Q(8) is determined from the equation 


1 d/. ,do ; fe 
_— og— pire = 0) , 
sin @ (sin a) a" (7 xh7)9 


where its boundedness is required for 6=0 and @6=7. If we now introduce 
the substitution 


f{=cosé@ 


and write X(£)|t-coss = X(cos 0) = O(7), then we obtain the equation of the 
associated Legendre polynomials, 


d 2 aX - m 
—| (1 —t)— , -——~ |X = 0, —1 1 A-3.52) 
(aS |+G> ce) (-l<t<l) (A-3.52 
for X(t). As we have already seen in Section A-3.1, Eq. (A-3.52) has bounded 
solutions only for 4= n(m+ 1). These are 


X(f) |t=cos a = Reo limeont — Py’ (cos 0) = O(8) ’ 
where m=n. 

We now want to enumerate the system of spherical functions of the mth 
order. For this we make the convention that those functions which contain 
cos kg have a negative superscript and those functions which contain sin ky 
have a positive superscript. Then we have 


m=0 Y¥," =P, (cos. 8): 
=1 Yi-"(6,9) =P," (cosé)cosy, Y,n''(0,~) = Px'’ (cos #)sing , 
oe ua (A-3.53) 
m=k Yu7"'(0,) = Pr" (cos @)cosky, Y,"'(0, 9) = Py*' (cos 0) sin ke , 
(k=1,2,+++,n). 


The number of different spherical functions of th degree Y,”'(0,) is, 
therefore, equal to 22 +1. A linear combination of these 22+ 1 spherical 
functions (A-3.53), namely, 
¥.9, ¢) = 3 (Aam COS my + Bam Sin mg)P;”’ cos (0) (A-3.53') 
m=0 
or 
Vii = 5 CoV Oe). 
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where 


CZ Anm form<0O, 
"| Bam for m>0O 


is again a spherical function. 

The functions Y,°'(0) = P,(cos@) are independent of y; they are called 
zonal spherical functions. Since P,(t), according to the lemma in Section 
A-3.1(6), has exactly 2 zeros within the interval [—1, 1], it divides the spherical 
surface into 2+ 1 extended zones in which the zonal functions, as the case 
may be, retain their signs. 

We shall now consider the behavior of the functions 


= 


: d" sin Rk 
Y,*"' = sin‘ o| ees t | Ps 
dt" \ t=cos @ (COS ko 
on the sphere. Since sin@ at the poles, sinky or cosky on the 2k meridian 
circles, and (d*/dt)P,(t), according to the lemma mentioned, are equal to zero 
on the x — & extended circles, the entire spherical surface is divided into cells 
in which Y,**'(0, y) are called tesseral spherical functions (Figure 98). 


Uf .--h y , 
7 iY 


Y 
© 


LoL 
FIG. 98 


We turn now to the determination of the function A(r) and set 
R=r’. 


If we substitute this into the Euler differential equation (A-3.50), we obtain 
for a 


oa+1)—nn+1)=0, 
which is satisfied by the two values 
go=n and o=—(n4+1). 


Consequently, we have as special solutions of the Laplace differential equation 
the functions 


r” Yn; yy) ; (A-3.53’’) 
y ime) Y', ) . (A-3.53’"’) 
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The first of these obviously corresponds to the solution of interior problems, 
while the second function corresponds to exterior problems. 

We shall now show that these solutions of the Laplace differential equa- 
tion can be treated in terms of a homogencous polynomial of the mth degree. 
The general term, for example, in formula (A-3.53’’) can be written as follows: 


v= r"sin*0cosky cos” * 06, 


where q varies from zero to (#2 —~ k)/2. The function v can be represented as 
the product of three polynomials: 


UV = lly Up? U3, 
where 
wu, = r* sin‘ 0 cos ky = Re [rsin de’ }* = Re [(x + iy)*], 
tte = cog hg = grt 
Wer Se ty ee). 
From this it is apparent that the function 7” Y,"'(0,¢) is indeed a homo- 
geneous harmonic polynomial of degree k+”—k— 2q+ 2q=n. 


Obviously, the spherical functions represent the values of the functions 
(A-3.53’") and (A-3.53'"") on the unit sphere. 


3. The orthogonality of the system of spherical functions. We now show 
that spherical functions which correspond to different values of 4 are orthogonal 
to each other on the spherical surface ©. Let Y, and Y, be two functions 
which satisfy the equations 


Ao,» Y, + Ay Y, = 0, 40» Y, + AY. = 0 (A-3.51’) 
with 


| ee ere 1 @& 
do... = — —(sind—)+- ar ae 
*-? ‘sin 0 va a) sin’ 0 dy” 
As can be shown by partial integration, 


aY,a¥%,. 1 aY, aY 
Vo, Vege ese | te | ie ( A-3.54 
\,| Bene Weg 00 rey: dp day dQ, ( ) 


(dQ = sin 0 dd dg) 


holds. 
On the spherical surface we have 
prada peal ot; 
a0" sind dp’ 
lives (sin 0A») + ad 
sin @ | 00 09 
so that 


do pt = div gradu. 


Formula (A-3.54), therefore, can also be written in the form 


| | Ye Y,dQ= — | | grad Y,- grad Y,- dQ. 


ys 
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lf, in formula (A-3.54), the functions Y, and Y, are interchanged with each 
other and the expression thus obtained subtracted from (A-3.54), we obtain 


J~\ Nive eV = Videw Yad d@ = 0. (A 3.55) 
Formulas (A-3.54) and (A 3.55) are Green’s formulas for the operator of 
spherical functions. 

From formula (A 3.55) the orthogonality of the functions Y, and Y, is 
easily obtained. By using Eq. (A 3.51) we obtain, namely from formula 
( A-3.55), 


adees a) | V¥,d0=0, 
whereas for 4, # Ay 
|, | ¥¥2d2 =o 


or 


Ize 
||, 1. oA 9) sin 0 a dy 0 
0 0 


follows. Thus the orthogonality of the spherical functions which correspond 
to different values of 4 is proved. 

In the above, for 2 — n(n 4 1) we obtained a system of 27 + 1 spherical 
functions of the ath order. These spherical functions are also orthogonal to 
each other on the sphere. 

Let Y;"" and Y,"° be two such spherical functions. By integration of 
their products, and bearing in mind formulas (A 3.7) and (A 3.26), we obtain 


| | yet vat ae [oY vt go ¥s' a, 9) sin odo de 
wy 0 


0 


|" cos k, ¢ cos ky ¢ dy | PE (cos OPE (cos 0) sin 0 dd 
0 


20 tl ; : 
| cos ky ¢ Cos ky ¢ do | PAVE) PLP) dt 
“1 


0 (A-3.54') 
0) for k, + Rk, , 
22 (n-\ k)! 
2n + 1 (2 —k)! 
2 
2x for ky ~ hk, 0. 
2n-+ | 
In other words, the spherical functions defined by formulas (A-3.53) form an 
orthogonal system in the region 0S¢@S 7,089 S$ 2x. For their norms we 
obtain 


fork, ke ~-k#OQ, 


dae oa 2 (n+ ky! gral 
7 (O, ©) sin 6 dd de - ——— ze, A-3.54 
i \ [Yn (4, ¢)) sin 0 dé dg Bel as hy ( ) 


where «7 2 and e | for k > 0. 
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Under the assumption that the function f(8, ©) can be expanded in a series 
of spherical functions [the possibility of such an expansion for twice con- 
tinuously differentiable functions will be proved more precisely in Section 
A-3.2(5)}] which can be integrated termwise, we obtain 


f(0,0)= ¥ ¥ (Agm C08 me + Bam Sin me)P.™ (cos 6) = ¥ Yq(8, ¢) 5 
n=0 m=0 n=0 


where Anzm and B,, are Fourier coefficients defined by 


| { f0. Os” (ont ices mesin edi dy 
Se 


Anam = , 
Num 
2nfz 
| f(8, »)P,,”’ (cos 0) sin me sin 0 dé de 
a 
Naw 
2rtm (4+m)! | _2 form=0, 


nm » &m — 


~On+1(n— my)! 1 for m>0. 


The general solution of the Laplace differential equation can be represented 
in the form 


n=0 


u(r, 8,9) = ¥ (=) ¥00,9) 
a 
for the interior boundary-value problem and in the form 


n+l 
Sf a 
ur ,¢)= 3 (2) YO) 
for the exterior boundary-value problem. 

If the boundary condition |: = f(6, ») is given on the sphere of radius a, 
then we obtain 


f(9, 9) = 2 Y,(9, y) . 


4. The completeness of the system of spherical functions. The complete- 
ness of the system of spherical functions defined by formula (A-3.53) will 
now be proved. To do this we shall first prove that each twice continuously 
differentiable function f(@,) can be approximated uniformly by polynomials 
in the spherical functions. 

For this purpose we consider the Fourier series of such a function. 


F(8, 9) = ¥ [An(6) cosmg + B,,(8) sin mg] . 


On the basis of the boundedness of the second derivatives, we easily obtain 
the estimates 
An <1 Bal <4, 
m m 
where 
M = max | fe» | 
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for the coefficients A, and B, of this expansion. From these estimates, for 
a sufficiently large m) = m)(«’), the estimate 


mo 
f- 2 [An@) cos mg + B,,(0)sin mg}! = | Rn,| < 2M so 5 <« (A-3.56) 
= m mo } 
follows, where ¢«’ > 0 is an arbitrarily prescribed number. 

The Fourier coefficients A,(g) and B,(@) are continuous functions of @ 
which are equal to zero for 6=0 and 6=-x. Thus, on the basis of Section 
A-3.1(8), they can be approximated uniformly by linear combinations of the 
associated Legendre polynomials of the mth order: 


/ 


eo 
mot 1’ 


Mo 7 Ee 
From the inequalities (A-3.56) and (A~-3.57), however, we obtain 


| Aaa) _ > a, P,,”' (cos 8) <5 < 
_ (A-3.57) 
| Bn(8) — be Pe x.” (cos 4) \<3 


t(6, 9%) — > = [a,P.™' (cos 0) cos my + by Pi” (cos 6) sin my] | < 2e’, (A-3.58) 


whereby the possibility of the uniform approximation of every twice con- 
tinuously differentiable function (0,9) by polynomials in spherical functions 
is proved. From this it also follows that every continuous function can be 
uniformly approximated and, therefore, also approximated in the mean by 
polynomials of spherical functions. Consequently, the system of functions 
(A-3.53) is complete. From the completeness follows the closedness of the 
system. 

We have therefore shown that the equation for spherical functions for 
4+ n(n +1) possesses no bounded solutions and that every spherical function 
of the mth order (2= n(n + 1)) is representable by formula (A-3.53’). 


5. The expansion in spherical functions. Spherical functions are the 
bounded eigenfunctions of the equations 


1 af. ,6u 1 0'u 
——(sind—)+ —- —7 + 4Uu=0 or 4o..4 + 4u=0 (A-3.59) 
sin @ z( sa) sin’@ dy ou" es ( 

on the surface of the sphere 2(0 Sy S$ 2x, 0S 6-2). In order to prove that 
each twice continuously differentiable function f(@,¢) can be expanded in a 
series of spherical functions, we make use of the corresponding integral equa- 
tion. For this purpose we construct the Green’s function of the equation 


1. @ fx. 0K 1 ou 
4a = fae in 6— = 0 ’ A-3.60 
i sin @ of (s at sin’@ de ay? : 
with the additional requirement that the solution for 6=0 and @==z is tobe 


bounded. 
As already noted above, on the spherical surface we have 


4o,,% = (div grad zo, . (A-3.61) 
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Equation (A-3.60) can be regarded as the equation of a stationary temperature 
distribution or a stationary electrical current on the spherical surface. 
From this viewpoint, it is also clear that no solution of the homogeneous 
equation 
Ao,pu = 0 (A--3.62) 


can be constructed, showing a singularity only at one point. For the exist- 
ence of a stationary temperature distribution, therefore, it is necessary that 
the sum of all sources and sinks equal zero. 

For this reason we introduce a generalized Green's function. In our case, 
this is defined as the solution of the equation 


Mou =q, (a = x) : (A-3.63) 


which is regular everywhere with the exception of the pole 6=0; there it 
possesses a logarithmic singularity. The right side of Eq. (A-3.63) gives the 
density of the negative sources (sinks) of heat which are uniformly distributed 
on the spherical surface, so that 


[ {2 do = 1. (A-3.64) 


With the assumption that the Green’s function sought depends only on the 
variable 9, we obtain for uw an ordinary differential equation with the solution 


“= —qinsind +clntg =. (A-3.65) 


Now, if « possesses a singularity only for 6 = 0, then necessarily 


c=-q, 
and consequently, 


“= — 2ginsin 5 = gin2, 


Since “, = const solves the homogeneous equation, Green’s function G is de- 
termined only to within an arbitrary constant. Therefore, we can write: 


G=-— o In sin + : (A-3.66) 


Tv 
If the source lies at the point M,, then Green's function has the form 


G(M, M,) = — = In sin Tito (A-3.67) 


where 7m, is the angle between the points M,(6o, ¢o) and M¢(é, eo)" 
We turn now to the solution of the inhomogeneous equation 


a a2 
46 ptt = : ay (sino) of Eee es —F(#,¢). (A-3.68) 


sin @ 60 60 sin’ @ 60” 
57 The angle 7 is calculated from the formula 


cos 7 = Cos # cos Jy + Sin J Sin My Cos (yp — ¢») - 
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This equation can possess only a regular solution everywhere on JY, if 
the condition 


| Fye=0 (A-3.69) 


is satisfied. This condition says that the sum of the sources and sinks must 
be equal to zero. We obtain it easily from Green’s formulas established in 
Section A-3.2 (3) for the operator 4o,,. 

Now we shall show that each solution of Eq. (A-3.68) which satisfies the 
condition (A-3.69) can be represented in the form 


WM) =| \GUM, PIP) dan + A. 


Here A denotes a fixed constant and G(M, P) is the Green’s function defined 
by Eq. (A 3.67). Let M be a fixed point on the sphere which we choose as 
the north pole (9 =0) and let M, be its diametrically opposite point. The 
points M and M, are then singular points of Eq. (A-3.68). We surround these 
points with small circles K*, K"! and consider the integral 


[2 \| yg UG — Gu) do. 
-* uy 
Fiet-K, =k; 
By substitution of the expression for dw and dG into the right side, we obtain 
EE. 207 ao OG. Of... ou 
j= als = )- 62 (si 0) do d 
| | Ee et a OR A OO ¥ 


m-E 2 a2 a2 
+| uu | Ce ~ 65% | de : 
2 sind Jo 0” oy 


Now, if we bear in mind that in the square brackets the derivatives of the 
expressions 


sin 0 E UG | and u 0G _ Gat 
a0 a0 ap ay 


occur, then we obtain by integration 


l= \ | sin 0 (1 aG = oe] a 
; 30 A 


Furthermore, because of 


there results 


2n m—et 
 — a sin + Cos + ctg zo u] dg 
ana m-€ 
as sin In sin | oF dy =/,+ 17, 
2r 2 0 0 € 
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From this it is apparent that 


lim /, = w(M) and lim, QO. 
te 0 


rao) 


Consequently, 


uM) = | cum, P)F(P) dep | A, (A-3.70) 


x 


A: an ude 


is constant. The solution of our problem is defined only up to an additive 
constant. Thus, when 

| | ds 0, 

. 


the solution is given by the formula 


where 


uM) = \ G(M, P)FUP) dap . 


By application of Eq. (A-3.70) to the equation for spherical functions Jo,.2 
= —ju, we arrive at the following conclusions. 

The spherical functions defined by Eq. (A-3.53) represent the totality of 
all linear independent eigenfunctions of the integral equation 


u(M ) = a | Gam. P)u(P) dap 
with symmetrical kernel G(M, P) defined by Eq. (A-3.67). 

The general theory of integral equations with a symmetrical kernel is 
applicable to this equation. From this theory it follows that each twice 
continuously differentiable function /(0,%) can be expanded in a uniformly 
and absolutely convergent series of spherical functions: 


oo 


flO, 0) = F YA0,¢)= ¥ ¥ (Aan CoS me + Bam Sin me)P’™'(cos 0), (A-3.71) 
=0 n=0 m=0 


n= 


where 
Rn 


Y,(0,¢) = Y (Anm COS me + Bam Sin me)P,” (Cos 0) (A-3.72) 


m=0 


and A,.m, Baim denote the Fourier coefficients. 


3. Some examples of the application of spherical functions 


1. The polarization of a sphere in a homogencous field. As an example 
of the application of spherical functions, we shall treat the problem of the 
polarization of a dielectric sphere in a homogeneous field. 

Consider an electrostatic field in a homogeneous isotropic medium with 
the dielectric constant ¢,. In this medium we place a dielectric sphere of 
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radius a with dielectric constant e, (Figure 99). We seek the potential of the 
resulting field in the form 


yee ie =u) +v, outside of the sphere 
Up = to + v2 inside of the sphere. 


—— eee 
—— 


—— i 


€2 > € 
FIG. 99 


Here uw, denotes the potential of the field which would be present in the 
absence of the dielectric sphere, and v is the perturbation of the field caused 
by the presence of the sphere. The potential u satisfies the equation 
4u=—0 
with the additional conditions 
Uy =u, on S 
eae =? Olle ons 
on on 


Ey 


The boundary of the sphere is S; the values of wu outside and inside the 
sphere are w#, and w, respectively. From this it follows that the potential v. 
can be determined from the requirements 


vi; = Vv, On S, (A-3.74) 
peas — & ae = —(¢, — €2) ote on S, (A-375) 
On on 0 


since for the function uw, we have 
Atty = 0 ’ (to): = (tlo)e on S ’ 


(Se) = (St) on S. 

on /, on Je 

On the right side of the Eq. (A-3.75) is a known function of @ and yg, which 
we expand in spherical functions 


Og 


5 UG) 
on 2, ( ”) 


Ss 
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If we now Set 


0 nm+i oo nm 
i= Ss (=) VG. 23s (+) y,, 
0 Y a 


n= 


then, by consideration of the boundary conditions (A-3.74) and (A-3.75), we 
obtain 


Ye = Vn ’ 
and 
co = n+l oo n~-1 a 
a) ar’ (2) V| -«3%(4) %)_ =-G-od ys. 
n=0 r ry yon nz0a\a oe wed 
from which 
y= ¥. _ (a = &)a (A-3.76) 


"ex( + 1) + eon 
follows. 

We shall consider a special case. The sphere is immersed in a homo- 
geneous parallel external field Ey, which is parallel to the z-axis. The potential 
of this field is equal to 

Uy = — Eypz = — EqrcosO, 
so that 
uy 
on 
From Eq. (A-3.76) we obtain 


Yo= 00 fore 4.1, 


_ Oly 


= E, cos 8 = Y,(0) . 
S or 


r=a 


% () — &)a 
Y, = — E, cos 6. 
, 2e, + & 
For the potential] of the resulting field in the presence of the sphere, 
3 
“= Enz) + go*(4) | outside of the sphere, (7 > a), 
22, + Eo r 
to = — Boz = inside of the sphere, (7 < a), 


2e, + & 


from which 


| a =|! €1 — &2 2a Be. 


0z 2e, + €& 7 
Cuz 32; 

E, = i = 
02 2e, + &2 


follows, that is, the field inside the sphere is parallel and homogeneous. 

If «2 >¢,, then the equipotential surfaces are represented by planes which 
are perpendicular to the direction of the field and lie further apart than in 
the original field without the sphere. The lines of force, which are the 
orthogonal trajectories of the equipotential planes, are imbedded in the sphere 
with the larger dielectric constant. In the case ¢, > s, the picture is reversed. 


A-3. SPHERICAL FUNCTIONS 597 


In a similar manner, the problem of polarization of a sphere in the 
presence of a point source can be solved if the expansion of 1/r in spherical 
functions is employed (see Section A-3.1). 

Let us recall that the corresponding problems in the investigation of 
magnetic and thermal fields, as well as for fields of stationary electrical 
currents, occur when the existing inhomogeneity has the form of a sphere. 
For thermal problems, in the boundary condition (A-3.75), in place of «, and 
2 we have the heat conductivity coefficients k, and k&; in the case of a 
magnetic field, the magnetic permeabilities », and y., and, finally, in the case 
of a field of a stationary current, the conductivities 2, and A). 


2. The eigenvibrations of a sphere. The eigenvibrations of a sphere of 
radius 7, with homogeneous boundary conditions of the first kind will now be 
determined. This problem leads to the determination of the eigenvalues and 
eigenfunctions of the equation 

4v+iv=0 (A-3.77) 
with the boundary condition 
rao (A-3.78) 
on the surface of sphere. If we introduce polar coordinates and place the 
origin at the center of the sphere, then Eq. (A-3.77) has the form 


ae ae) ae =o, 92 +i0=0, (A-3.77') 


a 


where 


1 Of. ,éu 1 dv 
No.0 = 7 sg (sin 6 7) += 2 xT: 
sin@ 06 sin @ oe 


The solution of this equation is determined by separation of variables in 
which we set 


ur, 6,¢) = RV)Y@G, ¢) . (A-3.78") 
If we put this into Eq. (A-3.77), then we obtain 
£(eaf 
oe 4 ort Sect =i (A-3.79) 
from which 
4oo¥ t+ phY =O, (A-3.80) 
1 d/.2dR F Lt 
EE ge EES eee ke =0 A-3.81 
r? a’ i) tl? f)R SOLD) 


follow. 
For the solutions of Eq. (A-3.80) we naturally require that they are 
bounded at the poles of the sphere 


|Yle=0,n < © (A-3.82) 
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and possess the period 2x with respect tog: Y(@,9) = Y(6,9 + 2x). These re- 
quirements are satisfied by the eigenfunctions corresponding to the eigenvalues 
= n(n +1) (A-3.83) 

and, in fact, to each of these eigenvalues belongs the 2” + 1 spherical functions 
Y,?'(0, ¢) = P,”' (cos 8) cos jg , 

Y,"'(6, 0) = P,”’ (cos 0) sin jy , 

We turn now to Eq. (A-3.81). By consideration of Eq. (A-3.83), the boundary 


condition for r=~7,, and the boundedness condition for ,=0, we obtain the 
eigenvalue problem for R(r) 


(7 = 0,1; 2) seen) (A-3.84) 


1 d(,: dR nate 3.81 
a dr (r | a (a- r? = ’ (A 3.81 ) 
R(ro) = 0 ’ (A-3.85) 
|R(O)| < ©. (A-3.86) 

With the help of the substitution 
Rr) ==, A-3.87 
(1) = an ( ) 


Eq. (A-3.81’) leads to the Bessel equation of see (n+ 4) 
2 


whose general solution has the form 


yr) = AT nari(V ar) + BNasiplV An) (A-3.89) 


[see Section A-2.1 (1)]. From the boundedness requirement (A-3.86), there 
now follows 


B=0. 
Furthermore, the boundary condition (A-3.85) gives 
AJnuiplV 247) =0. 


Since only the nontrivial solutions are of interest to us, A # 0 and, consequently, 


Foxit V7 2%) = 0. 


Now let vi’, »2"', ..., um, ... be the roots of the transcendental equation 
Tn+1/2(v) =0-. (A-3.90) 
Then afess 
tai = =) (A-3.91) 
Yo 


are the eigenvalues sought. Each eigenvalue ’4,,, corresponds to 2n+1 
eigenfunctions. We introduce the expression 


Gl) = Jz Ti (A-3.92) 
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Then the eigenfunctions of Eq. (A-3.77) with the boundary condition (A-3.78) 
can be represented in the following manner: 


in) 
Dam dti 09) = $a( Er) YO.) , 


0 
Gig = 104 iw: (A-3.93) 


We shall now treat the first interior boundary-value problem for the 
vibration equation 
4vu + k’v =0 (A-3.94) 
with the boundary condition 
v= f(O, ¢) (A-3.95) 


on the surface of a sphere of radius 7%. 
From the above investigation we infer that the solution of this problem 
can be represented in the form 


= oS PAR) vrij 3 A-3.96 
u(r, 0, y) 2, ian tag bal) ne tes ¢) ’ ( 96) 


where f,; are the coefficients in the expansion of f(@, ©) in spherical functions 
fO.9)= 5 3S fus¥n@. 9) (A-3.97) 
n=0 j=—n 


If k’ coincides with one of the eigenvalues 


pito? 2 

2 

R = Among — ( ™o ) ; 
ro 


then the problem (A-3.94)-(A-3.95) does not have a solution for every function 
(6, ¢). Formula (A-3.96) shows that our problem has exactly one solution 
if the coefficients fngi are equal to zero: 


Fngi = 9 


n per 
| | f0. ¢)Y2'(6, ¢) sin 0 dd dp =0. 


0 JO 


or 


If these conditions are satisfied, then the solution is given by formula (A-3.96) 
in which the missing summands correspond to the index »=x,. However, 
here the solution is not uniquely determined since it still can include an 
arbitrary linear combination of eigenfunctions which correspond to the eigen- 
value #’ = Toms 

3. The exterior boundary-value problem for the sphere. The exterior first 
boundary-value problem for the sphere reads 


4vu+kv=0, (k? > 0), 
U|r=r, = FO, ¢) , 


»=0(—) for roo 
Yr 
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lim (oe zn ikv --0, (radiation condition). 
or 


r-00 


As was shown in Section 7-3, this problem possesses a unique solution. We 
first expand the function sought and f(0, ¢) in a series of spherical functions 


lrag)= > > RYO 0) 


n=0 j=- 
fG,9) = 2, pa fag ¥ al Oi ~) 

n=0 j=--n 

The expansion coefficients R,(v) obviously satisfy the equation 
Roe (# = ee. >) Ry =; 
r r 

the boundary condition 

Rr) = Te , 


and, further, the radiation conditions for r— oo: 


R,(”) = o(-) ; 


lim 7(R, + ikR.) = 0. 


ron 


The general solution of this equation has the form [see Section A-3.3 (2) and 
Vol. I, Appendix, p. 364] 


Ril) = Anbn (Rr) + Buln (Rr) » 


where 
op) = \é Hilaplo) 
t. (= \z Heil), (p=kr). 


Now if we use the asymptotic representation of the Hankel functions 
H,'(p) and H,”’(p) (see Vol. I, Appendix, p. 364) 


H(p) = A ia, aA aires 


H,"(p) — oe ee +: sree 


(the dots denote those terms of higher order which are smaller than 1/p), 
then for the functions ¢;)' and €;7’ we obtain the asymptotic representations 


‘ eilkr~(xn/2i—(r/4V] 
( 
on (kr) = —————————- + -:-, 
Y 
—t[kr—(2n/2)-(1/4)] 


nS i 
r 
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a wt2 
As we see from these representations, only £,’' 


tion. Thus 


satisfies the radiation condi- 


A,=0. 
From the boundary condition for r = r, we obtain 


Tas 
By =e. 
} Cx (kro) 


From this we obtain the function v(r,0,¢) in the form 


oo n wi) 
DOO ie\ ay SS Sain (RY) y, 2" 


Ue 
=0 j=—n Ca (Rr) ae 


2 


where 
nr aan 
| | £0.) YO, ¢) sin 0 a0 de 
i Se Oe 
nj My; 
and 
apes 
Nie | | [Yi }*sin 0 d0 de 
0 J0 
be 2zs; (2+ 7)! a= {P P=. 
2n+1 G2— jl’ : 1, j>0 


are the norms of the spherical function Y,?'(4, ¢). 


A-4,. THE TSCHEBYSCHEFF-HERMITE AND THE TSCHEBYSCHEFF- 
LAGUERRE POLYNOMIALS 
1. The Tschebyscheff-Hermite polynomial 


For the treatment of the linear harmonic oscillator in quantum mechanics, 
we arrive at the equation 


a’ dy : 
oe a 2x +iv=0, (A-4.1) 
which can also be written in the form 
d[ -.2dy ee 
a) gee je y=0. A-4.2 
rr le ia + je ( ) 


The Tschebyscheff-Hermite polynomials are defined as solutions of eigen- 
value problems for Eq. (A-4.2) on the unbounded straight line — «© <x < o 
with the following boundary condition: The solution, as x— oo, is to be 
infinite only as the same order as a finite power of x. 

We shall seek the solution in a power series: 


Ve 5 Unk” . (A-4.3) 
n=0 
If we put series (A-4.3) into Eq. (A-4.1), we obtain 


y {Anan + 2) + 1) — 2na, + Janlx” = 0. 
n=0 
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From this we obtain, for the coefficients, the recursion formula 


2n — 2 ‘ 
(n+2)a+1) °° 


From formula (A-4.4) it follows that series (A-4.3) for a, =0 contains only 
even powers of x and for a =0 only odd powers of x. The coefficients a, 
and a, are arbitrary constants which determine the special solutions of Eq. 
(A-4.1). 

For 4 = 2n, Eq. (A-4.1) is solved by the polynomial of the mth degree 


(A-4.4) 


Ante = 


A(x) = dy + ax? + +++ + ax", (m-even), 
or (A-4.5) 
Hi,(x) = aux tage? +++ + ax", (n-odd). 


Except for the normalizing factors, these are indeed the Tschebyscheff- 
Hermite polynomials. They represent eigenfunctions of the boundary-value 
problem considered. 

If 2 # 2n (that is, if 2 is not an even nonnegative integer), then the power 
Series possesses infinitely many coefficients different from zero which, with 
the possible exception of finitely many terms, have the same sign. In this 
case, there exists a term a,x" with sufficiently large » which for x—» 0 
becomes greater than an arbitrarily prescribed power of x. Accordingly, the 
power series does not satisfy the boundary conditions posed and, therefore, 
cannot be a solution of our boundary-value problem. Thus we have shown 
that the Tschebyscheff-Hermite polynomials are unique solutions of the 
problem. 

From the definition of the Tschebyscheff-Hermite polynomials H,(x), we 
are led to introduce the generating function 


W(x, t) = ee? (A-4.6) 


and its expansion in a Taylor series in the variable f: 
W(x, = Ce = ¥ Boe. (A~4.7) 
n=0 . 


We see immediately that the expansion coefficients H,(x) are polynomials of 
the mth degree. 

We shall now show that the polynomial H,(x) coincides with the poly- 
nomial H,(x) defined by Eq. (A-4.5) except for a proportionality factor. From 
the relations 


ov = 
Ox 
and 
or 
—+2¢—x)¥ =—0, 
ot 
we obtain 


Hi(x) = 2nH,-1(x) (A-4.8) 
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and, correspondingly, 
Ana, = 2xH,, + QnA} =0. (A-4.9) 


Furthermore, from Eqs. (A-4.8) and (A-4.9) we find that H,(x) satisfies the 
equation 
H,! — 2xH, + 2nH, =0. 


In other words, the Tschebyscheff-Hermite polynomial H,(x) coincides with 
the polynomial H,(x) except for a proportionality factor. This remains un- 
determined in Eq. (A-4.5). 

From Eq. (A-4.7) the following differential formula for the Tschebyscheff- 
Hermite polynomials is obtained: 


Hy(x) = (= =) = (—1)"e" =, ae (A-4.10) 


ot” =0 


In particular, we find a, = 2”. 
By using this formula, we obtain for the first five polynomials H,(x): 


A(«x)=1, 
A(x) = 2x, 
HAx) = 4x? — 2, 


H,(x) = 8x" — 12x , 
H,(x) = 16x‘ — 48x7 - 12. 


The Tschebyscheff-Hermite polynomials form, as we shall show, an 


orthogonal system with density e’ in the interval — 0 <x < co: 
ea - 0 for m#=n 
Hn(x)Ha(xe"* dx = { = A-4.11 
\" a 2ut!V= formo=n. ( ) 


Thus, 
J= |" Hp(OH (xe dx = (— al Hale") dx. 


We take m=. By partial integration and by consideration of both formula 
(A-4.8) and the fact that for x— co the product of each polynomial with e™* 
and all the derivatives of arbitrarily higher order vanish, we obtain 


J=(- 1am |" a ws Se) dra... 


09 


n-™ 


=(-—1)"" anni |” Se *) dx . 


If m2 <n, then 
yee mt et” a0. 
If m =n, then 
Ja on! \"e dx = OVS , 


090 
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since 


| ev dx=Vn. 


—o 


Thus the relations (A-4.11) are proved. 
In applications, the functions 


Hy(xer?? 


tale) = Te 


are often used. These form a normalized orthogonal system in the interval 
—c <x< oo. They satisfy the equation 


on + [Qn +1) — x7]¢, = 0. 


2. The Tschebyscheff-Laguerre polynomials 


1. The Tschebyscheff-Laguerre polynomials can be defined as solutions of 
the equation 


xy’ + (l— xy +ay=0, OK<x< 00), (A-4.12) 
or in the self-adjoint form 
(xe“y’)' + de*y = 0, (0<x< 0), (A-4.12’) 


with the following boundary conditions: The solutions, bounded for x=0 
and for x-» co, do not become greater at infinity than a finite power of x. 
We form the solutions of Eq. (A-4.12) as a power Series in x: 


y= 2 a,x". (A-4.13) 
If we introduce Eq. (A-4.13) into Eq. (A-4.12), we find 


Sy [Qnai(n + 1)t + Gaos(n + 1) — na, + 2a,)x” = 0 
n=0 
or 


y [a@nsi(a + 1)? — a(n — AD]x* = 0, 
n=0 


from which, for the coefficients of series (A-4.13), we obtain the recursion 
formula 


n—Aa 


——— a, .« -4.14 
(2 +1) - co 


Aas = 
The coefficient @ can be chosen arbitrarily. It corresponds to a special 
solution of Eq. (A-4.12). For 4=n, Eq. (A-4.12) has a polynomial of the 
nth degree as a solution. If @ is so chosen that the coefficient of the highest 
power x” is equal to (— 1)”, then we obtain directly the Tschebyscheff-Laguerre 
polynomial 1,(x%). Thus a == 2!. 
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The first five polynomials L,(x) read 
L(x)=1, 
L(x)=—-—x+l1, 
LoS 2 = 4y +472, 
L(x) = — 0° + 9x7 — 184 +6, 
Li(x) = x’ — 16x* + 72x? — 96x 4+ 24. 
The Tschebyscheff-Laguerre polynomial has the generating function 
: ais Sea a 
Vx.o=——. (A-4.15) 
1—f 
If this is expanded in powers of ft, then we obtain 
eotitine) 


Ge Piet eS es (A-4.16) 
1-— ft n=0 n! 


where the expansion coefficients L,(x) are equal to 


ee bie Ke 
Ln = | ie 
or 
Lio je a (x"e-*) . (A-4.17) 


From this we see that L,(x) is a polynomial of » th degree. 
Now we prove that 


Lik = Los 


To this end we show: 

(a) The polynomial L,(x) satisfies the Tschebyscheff-Laguerre differential 
equation. 

(b) The coefficient of x” is equal to a, =(— 1)”. 

Property (b) follows easily from formula (A-4.17). Property (a) we shall 
prove as follows: 


We set 
= d"z 
L,(x0) = e* 
eee dx” 
with 
z=x"e" 
Then 
Ge an... NZ 
: z+ re ’ 


so that we obtain the equation 
x2) +(x —n)z=0 


for z. 
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By (2 + 1) times differentiation, we obtain the identity 


x2'P (eg $12 + ne D2’ =0, 


that is, the function 


we d"2 
dx” 
satisfies the equation 
xu + (x+1lu’+(m4+1lu=0. (A-4,18) 


Now we calculate the first two derivatives of L,: 
L=e(utu’), (A-4.19) 

and 

Ly = (ul + Qu’ + u). (A-4.20) 
Using Eqs. (A-4.19), (A-4.20) and (A-4.21) we then find 

xl + — Lh =e [xu +d + ou’ + uj = — nL, , 
that is, L,(x) satisfies the differential equation. 
cL + —xLitnl, =0. 


With this, however, we prove that L(x) = L,(x). 
Consequently, for the Tschebyscheff-Laguerre polynomial we obtain the 
differential formula 


dete), (A-4.21) 
dx 


Using Eq. (A-4.12) for L,(x), we can easily see that the polynomials 
L(x) and L,(x) are orthogonal to each other with weight e* formz#zn. We 
shall prove the orthogonality starting from the differential formula, since 
with this the norm of L,(x) is also obtained. 

First, we consider the integral 


L,(x) = e* 


nh 


J= \. Ln(x)La(xe* dx = |" Lm(x) - (x"e"") dx . 
0 0 ax 


Let msn. By m partial integrations, we obtain 


Sab a 
Suez, 1 m ™ 
p= |" oe 


(x"e*) dx, 


since the term which contains the factor of the form x‘e~*(k > 0), vanishes. 
If m <n, then by repeated partial integration and because (d”*'/dx”*')Ln = 0, 


we find that / = 0, that is, we obtain 


| Lilnti,@e dk =6. 


0 


However, if #2 =, then we obtain 
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pete y\- I"nlxte* de = n(n + 1) = (nl). 
0 
Thus we also obtain 


[nl xdLa(a}e™* de = { ORME Ns (A-4.22) 
0 (a!) for m=n, 
In other words, the Tschebyscheff-Laguerre polynomial L,(x) forms an or- 
thogonal system of eigenfunctions of the differential equation (A-4.12) (with 
weight e *) which corresponds to the eigenvalue 4 = n. 

The normalized polynomial has the form 


Exl add pte | (A-4.23) 
n. i 


[,(x) = 


To the Tschebyscheff-Laguerre polynomials correspond the orthogonal 
normalized functions 


eve 


Pn = t L(x) , (A-4,24) 
n. 


which satisfy the equation 
(xp’)’ + (> = a)e + if =0 (A-4.25) 


and are bounded for x = 0 and for xo are equal to zero. 
Often we also must consider the functions 


S.S 2" On; (A-4.26) 
which are solutions of the self-adjoint differential equation 
2 
ats'y -2=F—1 $4 ixs=0 (A-4.27) 


and which for x— co are equal to zero. In both cases, the eigenvalues are 
positive integers 


A=n. 


The orthogonality relations have the form 


at 0 formH#n 
= : A-4,28 
| 0 Pals n(x) de {; for m=n, ( ) 


|"Sa(a)Sala)x Nea PEE: (A-4.29) 
0 


2. In the investigation of the motion of electrons in a Coulomb field, as 
well as in an entire series of other problems of modern physics, besides the 
polynomials L,(x), the generalized Tschebyscheff-Laguerre polynomials 


yx = Q(x), (ssn) (A-4.30) 


occur. The polynomials (A-4.30) satisfy the differential equation 
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ny 4 (st 1—ay' + (a— et )y a7 UF (A-4.31) 


which can also be written in the self-adjoint form 


(x Mety’y’ + xe ‘(2 sane . s )y =0. (A 4.32) 


The boundary conditions here read: 


y(x) is finite for x= 0, 
y(x) is of order x” (2 > 0 and finite) for x- >. (A -4.33) 


If we write the solution of Eq. (A-4.31) in the form 
y= Sax", (A-4.34) 
n=0 


then we obtain the recursion formula 


_nt(st)/2—2 


mtL = ig A~4.35 
et nin + s) 7 \ ) 
for the coefficients. If 

Pegs 4 = (A-4,36) 


where ” is a positive integer, then series (A-4.34) truncates after a finite 
number of terms and we obtain a polynomial as a solution. 

The coefficient a, is arbitrarily chosen. The normalization of the solution 
is determined by it. If a@ is so chosen that the coefficient of the highest 
power x” is equal to (— 1)” 

fs a aa paar (A-4.37) 
then we obtain the generalized Tschebyscheff-Laguerre polynomials. Obvi- 
ously, these represent the unique solutions of Eq. (A-4.32) which satisfy the 


requirements (A-4.33) and (A-4.37). 
The generating function of the polynomials Q,°'(x) is the function 


eott/ti-t) 
yr = —___ | A-4.38 
(x, t) (1 ‘eo pe ( ) 
since the MacLaurin series of ¥(x, ¢) has the form 
W(x.) = 2 wa. (A-4.39) 
n=0 ui 


For s=0, we obtain formula (A-4.16) for the Tschebyscheff-Laguerre 
polynomials. 
For Q,''(x), the differential formula 


os Mae as (erage) (A-4.40) 
x dx 


holds. 
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Thus we recognize at once from 
e d” 


y pie = 
) x’ dx" 


x way) 
’ 


(é 


that T,,"'(x) represents a polynomial of the x th degree, where the coefficient 
of x" is equal to (— 1)”. 

Now we show that the polynomial T,‘'(x) satisfies Eq. (A-4.31). 

For this purpose we introduce the function 

eee 8 
Obviously, in this case the relation 
xz+(x—n—s)z=0 
holds. By differentiating (#2 + 1) times with respect to x, we obtain 
zit?) af (x 4 ] fas sin? ae (1 eis 1)z'" = 0 : 


that is, the function 


Satisfies the equation 
xu’ +(x+1l—su+nmt+Du=0. 


If we calculate the derivatives of T,°’(x), then by consideration of the last 
equation for # we obtain 


ri 


ie = xT," —sT. + ex" u' ", 
be 
2 (8) (3s) 
ts = (x-—s—1) oe +7," + etx fxn’ + (x—s t+ 1)u'] 
(8) 
(y= 65 1) - ss ae 
x 


that is, the polynomial 7,,°'(x) satisfies Eq. (A-4.31) for 24= + (x + 1)/2. 
However, from this there follows immediately 


Ta’ '(x) = Qn (x) . 


We shall now prove that the generalized polynomials with weight x*e 
are orthogonal to each other in the region 0 < x < ow. Moreover, we shall 
calculate their norms. 

First we consider the integral 


x 


os n 
(8) d 
m 

0 dx” 


j= | oh lark yt dx pes | 
0 


Let # <n. By m partial integrations we obtain 


m—m 
(a) d —x, n+8 


~(-y (Pe 
J=C-D ‘ee Te) de, 
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If me <n, then by repeated partial integrations we obtain /=0 because 
da" ON fdx”'' = 0, that is, we find 


\° MnO Miune txtdx = 0. 


0 


If #2 =n, then we obtain 


{= nt| eK dx--ntMiats 41), 


0 
that is, 


Tay wore" dx-=niln+s41). 
0 
Therefore, we have 
oe aati (sl, Seige Dy 0 for meARN, (s > —)) 
m . i= 7 : A-4.41 
\"@ a ae form=n. ( ) 


(8) 


To the generalized Tschebyscheff-Laguerre polynomials Q,, (x) correspond 
the orthonormalized functions 


xe PON (x) 


02x“) = —— A-4.42 
) ValTa+st1) ( ) 
* p(x) @'2"(x) is i for m#n, 

0 1 form=n, 

which are solutions of the equation 
d adv P x s 
— ( x—— ,; —-— — —)|G=0 -4, 
altae) + (4 4 x) (A-4.43) 
for the eigenvalue 
a s+] 
A=nrt+ oe ‘ 


The boundary conditions which these functions satisfy are obvious from 
the above observations. Often we use the normalized polynomials 


(8) = ah) i 
Qa w= Tors 1) ‘ (A-44.4) 


3. Simple problems for the Schrodinger equation” 


1. The Schrodinger equation. In quantum mechanics the behavior of the 
particles in a potential field are described by the Schrddinger equation 


po —  # A-4.45 
U Gt Se ee = U(x, Jy, Zz, Lyd . ( ~4.45) 


68 The problems treated here for the Schrédinger equation are considered as examples 
of the application of the Tschebyscheff-Hermite and Tschebyscheff-Laguerre polynomials. 
Our investigations make no claim to the complete clarification of questions related to 
the Schrédinger equation. 
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Here # = 1.05-10°" erg sec denotes Planck’s constant, » is the mass of the 
particles, U its potential energy in the force field, and ¢ = ¢(x, y,z, t) is the 
wave function; further, i= U—1. 

If the forces are time independent, U = U(x, y,z), then stationary states 
for the given energy state are possible, that is, there exist solutions of the 
form 

P= P(x, y, ze CHIME , (A-4.46) 


where E is the total energy of the particles. If we put this expression into 
Eq. (A-4.45), we arrive at the second Schrodinger equation 


Ag? + 2E(E ~ Uw 20, (A-4.47) 


in which E plays the role of an eigenvalue yet to be determined. In the 
following discussion, in place of ¢° we shall write ¢: 


A + “ECE —U)\p=0. (A-4.48) 


If no force field is present, then U=0, and Eq. (A-4.48) assumes the 
form 


g=0. (A-4.49) 


We immediately recognize the similiarity of this equation with the vibration 
equation of classical physics 


4p + kb =0, (A-4.50) 


in which k= w/c = 2z/4 (A is the wave length) denotes the wave number. 
However, this similiarity is purely superficial and formal because of the 
different physical meaning of the functions occurring in Eqs. (A-4.49) and 
(A-4,50). 

In the Schrodinger equation, the function ¢ itself has no direct physical 
meaning, only the function ||’. This can be explained statistically in the 
following manner: The expression |¢j’dxdydz denotes the probability of 
finding the particle considered within the volume element dxdydz at the 
point x, y, z. 

In this connection, the normalization of the eigenfunctions to one, which 
we repeatedly impose for the purpose of mathematical simplicity, now has 
a basic significance. The normalization condition 


|\\iwitaeay dz2=1 (A-4.51) 


means that the particle can be found at a certain point of space and that, 
therefore, the probability of a particle being found anywhere in space is 
equal to one (a certain event). 


2. The harmonic oscillator. The Schrédinger equation for the harmonic 
oscillator reads 
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hi dy 


oF aa t(E~ Up =0. 


Here U = (1w}/2)x and w, is the eigenfrequency of the (cyclic) oscillator. Our 
problem, therefore, is to determine the stationary states. Thus we have to 
determine the spectrum of the eigenvalues of the energy £ and the correspond- 
ing eigenfunctions # from the equation 


2 
ll 4 (z 2 wot xt) 2G (A-4.52) 
with the auxiliary condition 
\" lp? dx = 1. (A-4.53) 
With the relations 
= 2E 
hug 
he 
Sil A-4.54 
a 4 ( ) 
ee 
é= re, 


we then obtain for the function ¢ = ¢(€), after a few simple transformations, 
the equation 


d’ gy as 
qt — Hb = 0 (A-4.55) 


with the auxiliary normalization condition 


" pide = 1. (A-4.56) 


Xo 
On the basis of the observation made at the end of Section A-4.1, the functions 


1 eo? PH) 
Vx V2 2 


represent the solutions of these problems. They correspond to the eigenvalue 


Prl§) = 


An = On+i1. 
In the original coordinates, we have 
é (x) = Ls eR HG) 
- V xo V2 = , 


Baas, (n + >) . SO. 5s (A-4,58) 


(A-4.57) 


In classical mechanics, the energy of the oscillator 


p: 103 
5 9 2 


= ort 2 
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(p, denotes the momentum) can assume a continuous set of values. From 
the standpoint of quantum mechanics, on the other hand, as formula (A-4.58) 
shows, the oscillator can have only a discrete set of energy values F£,. The 
number 2 which gives the number of quantum levels is called the principal 
quantum number. In the lowest quantum state for 7 = 0, the energy of the 
oscillator remains different from zero; in fact, it is equal to 


i — = ho ‘ 


3. The eigenvalue problem of rotators. In the following discussion, we 
shall investigate the eigenvalues of the energy of a rotator about a spatially 
fixed axis, that is, particles which rotate at one and the same distance about 
a fixed center. 

The potential energy U of the rotators for all positions of the particles 
has a fixed value and can be set equal to zero, U — 0. 

In a polar coordinate system (7, @,¢) whose origin lies at the fixed center, 
the Schrodinger equation for the rotator 


4p + ERY = 0 


can be written in the form 


~ a2 
raz (sino) sp OO A (A-4.59) 


r’ sind 60 r’ sin’ 0 a¢* : 


Here the condition 


2 = 0 
or 
is used. 
If, in place of the mass ys, the moment of inertia 
T= pr’ 


is introduced, we obtain 


1 6 ad 1 a¢ 
: (sina) + ———§ + ig =0 
ag 


sind 30 od sin’ @ 
or 
dg .g~t+ipg=O, (A-4.60) 
where 
its = E. (A-4.61) 
Thus we arrive at the eigenvalue problem for the equation 
Sood + 4p =O. (A-4.60) 
In addition, it is required that the eigenfunctions for 6=0 and §=7z be 


bounded and the normalization condition 
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i | “idl? sin 6 d0 dy = 1 (A-4.62) 
0 


0 


be satisfied. As we know, the normalized spherical! functions 


— (22+ 1d — my! yim _ {2 for m=0 7 
LinB, 9) = Cee Y, 6, 9) ’ (c = f (op die .) ‘ (A 4.63) 


¥i"'(6, 9) = im\(c0s 0) eo (m = 0,1, ...,2) 


are the solutions of this problem. They correspond to the eigenvalue 
=Ul+1). een 


If we replace 4 according to Eq. (A-4.61), then for the energy value of the 
rotators we obtain 


2 A : 
Eim = 1b + Ey; . (A-4.65) 


4. Motion of electrons in a Coulomb field. One of the simplest problems 
of atomic theory is the problem of the motion of electrons in the Coulomb 
field of a nucleus. This problem has extensive practical significance since 
its solution leads not only to the theory of the spectrum of hydrogen, but 
also to an approximate theory of the spectra of atoms with one valence 
electron (hydrogenlike atoms). Thus, for example, the problem pertains to 
the sodium atom. 

In the hydrogen atom we have a single electron in the Coulomb field of 
the nucleus (the protons), so that the potential energy U(x, y, z) is equal to 


Uf at sen (A-4.66) 


where + is the distance of the electrons from the nucleus, —e is the charge 
of the electron, and +e the charge of the nucleus. 
The Schrodinger equation reads 


Ab + “(E be “Vs ai (A-4.67) 


Our problem is to determine those energy values FE for which Eq. (A-4.67) 
admits solutions that are continuous in the entire space and that satisfy the 
normalization condition 


\\" [iste, », aay ay dea (A-4.68) 


First we introduce a spatial polar coordinate system whose origin is in 
the nucleus. The nucleus itself we regard as being at rest. In this system, 
the Schrodinger equation assumes the form 


1 6 f.20¢ 1 ; Qu e 
2S) oS phat a | = —)\e= 0 ; -4.69 
tae (r a) tarde + (4 +< \ (A-4.69) 
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For the solution, we make the Ansatz 
fr, 0,9) = xn)¥1™'G, ¢) » (A-4.70) 
As is known, the spherical functions Y;"'(@, c) satisfy the differential equation 
do0¥i™(O,0) 410+ D¥i"'6,¢) = 0, 


and we obtain 


2 2 
Henceforth, the quantity 
hi 
a= —>z = 0.529-10°* cm 
pe 


will be used as the unit of length and the quantity 
2 


4 
Le é 
Ey = r = 


as the unit of energy. Furthermore, we set 


r E 
=— =—(e< 0). A-4.72 
Pik é BE, ) ( ) 
Then we can also write 
2 
S44 2H 4 (+2 —- GED), =0 (A-4.73) 
dp dp p p 
for Eq. (A-4.71). With the help of the substitution 
1 
= — A-4.74 
x Wo ys ( ) 
we bring Eq. (A-4.73) to the form 
dy 1 dy 2 s ) 
—_—= aera paat 2 —_- — =0.; (A-4.75) 
dp p ant (2+ p 40)? 
where 
s=2]+4+1. 
If we now introduce 
x= pV —8e (A-4.76) 


as the independent variable, then in place of Eq. (A-4.75) we obtain the 
equation 


2 
ay + y' — (+ + zy + ay =0 (A-4.77) 


or 
2 


d dy x Ss = ’ 
gee Nea eh ee Ay=0, A-4.77 
a(*2) (4 a a y \ 
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where 
1 
l=. 
W—2. 
This has already been investigated in Section A-4.2 (see Eq. (A~-2.48)). 
Its eigenvalues were found to be 


(A-4.78) 


s+1 
A= Tr ’ 
Np + 5 


whereas the eigenfunctions can be expressed in terms of the generalized 
Tschebyscheff-Laguerre polynomials Q*”’: 


elt le UO, OO (A-4.79) 
The polynomials Q7;" are defined by formula (A-4.43). 
Since 
s=24+1, 
we find 
A=n,-tl+l=n, Co — ee (A-4.80) 


The integer m is called the principal quantum number, while , is called the 
radial and / the azimuthal quantum number (secondary quantum number). 

If we replace 2 according to Eqs. (A-4.78) and (A-~4.72), we obtain the 
energy values 


4 

E, = — 5. A-4.81 

Zhen” \ 

Thus these depend only on the principal quantum number 2. 

Now we set E equal to the energy of a quantum hw=/y, E= — hy. 

Here v = w/2z denotes the frequency. Then 
4 
eee (A-4.82) 


v= = 
Qhn*h = on? 


where R = (pe*)/(2h*h) is the so-called Rydberg constant. 

We shall now examine the frequencies of the spectral lines. The observed 
frequency of a spectral line corresponds to the transition of a state with 
energy E, to a state with energy E,,. 

The frequency v,,, of a quantum which is emitted by such a transition 
is equal to 


van, = R(= Z =) , (A-4.83) 


If we set 2, = 1 and let » successively take the values 2 = 2,3,..., then we 
obtain a series of lines which together form the so-called Lyman series 


] 
an, =~ R(l—-— +). 
Ymny ( 7) 
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For the values 2, = 2, 2 = 3,4, ..., we obtain the Balmer series 
1 1 
Van, = R R2 °° ©2 }? 
my (= 7) 
and for #2, = 3, 2 =—4,5,..., the Paschen series 


1 1 
van, = Ra — sr) . 


We turn now to the determination of the eigenfunctions of the hydrogen 
atom. According to formula (A-4.70), it is sufficient to determine the radial 
functions (0). 

By applying formulas (A-4.79), (A-4.76), (A -4.74), (A~4.78), and (A-4.80), 
we can write 


t 
Xni(0) = A,( 2) "eal © as aly (=2) (A-4.84) 


Here A, denotes the normalization factors to be determined, which can 
be calculated from the condition 


Wao dp=1. (A-4.85) 
0 


From the calculation of A,, we obtain for the normalized radial functions 


the expression 

l 

Xap) = = (=) Paatass 9 a a (2) (A-4.86) 
n\n n 

From formula (A-4.70) and functions (A-4.63), the normalized eigenfunctions 

then have the form 


— f22+ 10 — my! yim 
Grant x Emad + m)! oe 


where the y,(o) are to be taken according to expression (A-4.86). 

The number (m= 0, +1, +2,..., +/) is called the magnetic quantum 
number. 

Since 2, is nonnegative (7, = 0,1,2,...), the quantum number 7 cannot 
be larger than 2 —1 (J =0,1,2,...,2 — 1) for a prescribed principal quantum 
number 2 because 


9, v)xnilp) ; 


n=nt+lt+il. 


Therefore, for a fixed value of the principal quantum number z, / can assume 
the #2 values /=0,1,...,2—1. However, here each value of / corresponds 
exactly to the 2/ + 1 value of m. It also follows that to a given energy value 
E,, that is, to a given value », belong 


'S GPS reyes too yea 
t=0 


distinct eigenfunctions. The multiplicity of the degeneracy of each energy 
level is thus equal to n’. 
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The discrete spectrum of the negative eigenvalues of the energy FE, 
consists of infinitely many numbers whose limit point is the number zero. 

The problem considered above for the Schrodinger equation can be dis- 
tinguished further by the existence of a continuous spectrum of positive 
eigenvalues [each positive number E£ is an eigenvalue of Eq. (A-4.6)]. In this 
case, the electron is not bound to the nucleus, nevertheless it exists in a field 
(ionized hydrogen atoms). For the proof of the existence of this complicated 
spectrum, we refer the reader to the special literature.’ 


t Editors note: G. Hellwig, Differential Operators of Mathematical Physics, 
Springer-Verlag, Berlin, (1964); R. Courant and D. Hilbert, Methods of Mathematical 
Physics, Vol. I. Interscience, 1953. 
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